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ABSTRACT. In this paper we introduce and study weighted
anisotropic Hardy spacesHpw(Rn;A) associated with general ex-
pansive dilations and A∞ Muckenhoupt weights. This setting
includes the classical isotropic Hardy space theory of Fefferman
and Stein, the parabolic theory of Calderón and Torchinsky, and
the weighted Hardy spaces of Garcı́a-Cuerva, Strömberg, and
Torchinsky.

We establish characterizations of these spaces via the grand
maximal function and their atomic decompositions for p ∈
(0,1]. Moreover, we prove the existence of finite atomic decom-
positions achieving the norm in dense subspaces ofHpw(Rn;A).
As an application, we prove that for a given admissible triplet
(p, q, s)w , if T is a sublinear operator and maps all (p, q, s)w-
atoms with q < ∞ (or all continuous (p, q, s)w-atoms with
q = ∞) into uniformly bounded elements of some quasi-Banach
space B, then T uniquely extends to a bounded sublinear oper-
ator from Hpw(Rn;A) to B. The last two results are new even
for the classical weighted Hardy spaces on Rn.

1. INTRODUCTION

The theory of Hardy spaces on the Euclidean space Rn plays an important role
in various fields of analysis and partial differential equations; see, for examples,
[14, 16, 27, 29–31]. One of the most important applications of Hardy spaces is
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that they are good substitutes of Lebesgue spaces when p ∈ (0,1]. For example,
when p ∈ (0,1], it is well-known that Riesz transforms are not bounded on
Lp(Rn), however, they are bounded on Hardy spaces Hp(Rn).

On the other hand, there were several efforts of extending classical function
spaces arising in harmonic analysis from Euclidean spaces to other domains and
non-isotropic settings; see [2, 10–12, 17, 34, 36–38]. Calderón and Torchinsky
initiated the study of Hardy spaces on Rn with anisotropic dilations [10–12]. The
theory of Hardy spaces associated to expansive dilations was recently developed
in [2, 5]. The other direction of extending classical function spaces is the study
of weighted function spaces associated with general Muckenhoupt weights; see
[4, 6–9, 18]. Garcı́a-Cuerva [18] and Strömberg and Torchinsky [33] established
a theory of weighted Hardy spaces on Rn.

To establish the boundedness of operators in Hardy spaces on Rn, one usually
appeals to the atomic decomposition characterization (see [13, 23]) or the molec-
ular characterization (see [35]) of Hardy spaces, which means that a function or
distribution in Hardy spaces can be represented as a linear combination of func-
tions of an elementary form, namely, atoms or molecules. Then, the boundedness
of linear operators in Hardy spaces can be deduced from their behavior on atoms
or molecules in principle.

However, Meyer [25, p. 513] (see also [3,19]) gave an example of f ∈ H1(Rn)
whose norm cannot be achieved by its finite atomic decompositions via (1,∞,0)-
atoms. Based on this fact, a surprising example was constructed in [3, Theorem
2] that there exists a linear functional defined on a dense subspace of H1(Rn),
which maps all (1,∞,0)-atoms into bounded scalars, but yet cannot extend to a
bounded linear functional on the whole H1(Rn). This implies that the uniform
boundedness in some quasi-Banach space B of a linear operator T on all (p,∞, s)-
atoms does not generally guarantee the boundedness of T from Hp(Rn) to B.
This phenomenon has also essentially already been observed by Y. Meyer in [26,
p. 19]. Recall that a function a on Rn is a (p, q, s)-atom, where p ∈ (0,1],
p < q ∈ [1,∞] and integer s ≥ bn(1/p − 1)c, if it satisfies the following three
conditions:

• (support) suppa ⊂ B for some ball B ⊂ Rn,
• (size) ‖a‖Lq(Rn) ≤ |B|1/q−1/p,

• (vanishing moments)
∫
Rn
a(x)xα dx = 0 for all |α| ≤ s.

Here and in what follows, bαc for any α ∈ R denotes the integer no more than α.
Motivated by this, Yabuta [40] gave some sufficient conditions for the bound-

edness of T from Hp(Rn) with p ∈ (0,1] to Lq(Rn) with q ≥ 1 or Hq(Rn)
with q ∈ [p,1]. Yabuta’s results were generalized to the setting of spaces of ho-
mogeneous type in [21]. However, these conditions are not necessary. In [41],
a boundedness criterion was established using Lusin function characterizations of
Hardy spaces as follows: a sublinear operator T uniquely extends to a bounded
sublinear operator from Hp(Rn) with p ∈ (0,1] to some quasi-Banach space
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B if and only if T maps all (p,2, s)-atoms into uniformly bounded elements of
B. This result shows the structural difference between atomic characterization of
Hp(Rn) via (p,2, s)-atoms and (p,∞, s)-atoms, which was also generalized to
Hardy spaces Hp with p close to 1 on spaces of homogeneous type having the
reverse doubling property in [42].

Recently, Meda, Sjögren and Vallarino independently obtained some simi-
lar results by grand maximal function characterizations of Hardy spaces on Rn.
In fact, let p ∈ (0,1], p < q ∈ [1,∞] and integer s ≥ bn(1/p − 1)c. Let
Hp,q,s�n (Rn) be the set of all finite linear combinations of (p, q, s)-atoms. For any
f ∈ Hp,q,s�n (Rn), define

(1.1) ‖f‖Hp,q,sfin (Rn)

= inf
{[ k∑

j=1

|λj|p
]1/p

: f =
k∑
j=1

λjaj, k ∈ N,
{
aj
}k
j=1 are (p, q, s)-atoms

}
.

Meda, Sjögren and Vallarino in [24] proved the following result.

Theorem 1.1. Let p ∈ (0,1], p < q ∈ [1,∞] and integer s ≥ bn(1/p − 1)c.
The quasi-norms ‖ · ‖Hp,q,sfin (Rn) and ‖ · ‖Hp(Rn) are equivalent on Hp,q,s�n (Rn) when
q <∞ and on Hp,q,s�n (Rn)∩C(Rn) when q = ∞. Here, C(Rn) denotes the set of all
continuous functions.

From this, they further deduced that if T is a linear operator and maps all
(1, q,0)-atoms with q ∈ (1,∞) or all continuous (1, q,0)-atoms with q = ∞ into
uniformly bounded elements of some Banach space B, then T uniquely extends
to a bounded linear operator from H1(Rn) to B which coincides with T on these
(1, q,0)-atoms. These results were generalized in [20] to Hardy spaces Hp with p
close to 1 on spaces of homogeneous type having the reverse doubling property.

The main purpose of this paper is twofold. The first goal is to introduce
weighted anisotropic Hardy spaces Hpw(Rn;A) associated with an expansive di-
lation A and w ∈ A∞(Rn;A) (the weight class of Muckenhoupt). This setting
includes the classical isotropic theory of Fefferman-Stein [16], the parabolic theory
of Calderón-Torchinsky [11,12], the anisotropic Hardy spaces of Bownik [2], and
the weighted Hardy spaces of Garcı́a-Cuerva [18] and Strömberg-Torchinsky [33].
We introduce weighted anisotropic Hardy spaces Hpw(Rn;A) via grand maximal
functions and then establish their weighted atomic decomposition characteriza-
tions extending the results in [2].

The second goal is to generalize Theorem 1.1 to our setting. More precisely,
assume that (p, q, s)w is an admissible triplet (see Definition 3.2 below). Let
Hp,q,sw,�n(Rn;A) be the set of all finite linear combinations of (p, q, s)w-atoms, and
for any f ∈ Hp,q,sw,�n(Rn;A), define ‖f‖Hp,q,sw,fin(Rn;A) as in (1.1) with (p, q, s)-atoms
replaced by (p, q, s)w-atoms. Then we show that Theorem 1.1 also holds for the
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more general quasi-norms ‖ · ‖Hp,q,sw,fin(Rn;A) and ‖ · ‖Hpw(Rn;A). As an application,
we then prove that if T is a sublinear operator and maps all (p, q, s)w-atoms
with q < ∞ (or all continuous (p, q, s)w-atoms with q = ∞) into uniformly
bounded elements of some quasi-Banach space B, then T uniquely extends to a
bounded sublinear operator from Hpw(Rn;A) to B which coincides with T on
these (p, q, s)w-atoms. This extends both the results of Meda-Sjögren-Vallarino
[24] and Yang-Zhou [41].

The paper is organized as follows. In Section 2, we first recall some notation
and definitions concerning expansive dilations, Muckenhoupt weights, Schwartz
functions and grand maximal functions; and we then obtain a basic approxima-
tion of the identity result (see Proposition 2.9 below) and the grand maximal func-
tion characterization (see Proposition 2.11 below) for Lqw(Rn) with q ∈ (qw,∞],
where qw is the critical index of w (see (2.8) below). In Section 3, we intro-
duce weighted anisotropic Hardy spaces Hpw,N(Rn;A) via grand maximal func-
tions and weighted atomic anisotropic Hardy spacesHp,q,sw (Rn;A) for any admis-
sible triplet (p, q, s)w . Some basic properties of these spaces are also presented in
this section. Section 4 is devoted to generalizing the Calderón-Zygmund decom-
position associated to the grand maximal function on anisotropic Rn in [2] to the
weighted setting. Applying this, in Section 5, we further prove that for any ad-
missible triplet (p, q, s)w , Hpw,N(Rn;A) = Hp,q,sw (Rn;A) with equivalent norms;
see Theorem 5.5 below. Moreover, in Section 6, we prove that ‖·‖Hp,q,sw,fin(Rn;A) and
‖ · ‖Hpw(Rn;A) are equivalent quasi-norms on Hp,q,sw,�n(Rn;A) when q < ∞ and on
Hp,q,sw,�n(Rn;A) ∩ C(Rn) when q = ∞. Finally, in Section 7 we obtain criterions
for boundedness of sublinear operators in Hpw(Rn;A) (see Theorem 7.2 below).
The results in Sections 6 and 7 are also new even for the classical weighted Hardy
spaces on Rn.

We finally make some conventions. Throughout this paper, we always use C
to denote a positive constant that is independent of the main parameters involved
but whose value may differ from line to line. Constants with subscripts do not
change through the whole paper. Denote by N the set {1,2, . . . } and by Z+ the
set N ∪ {0}. We use f Ü g to denote f ≤ Cg, f Ý g to denote f ≥ Cg, and if
f Ü g Ü f , we then write f ∼ g. For a set A, we denote by ]A its cardinality.

2. PRELIMILARIES

We begin with recalling the following notions and properties concerning expansive
dilations in [2, 6].

Definition 2.1. A real n × n matrix A is said to be an expansive matrix,
sometimes shortly a dilation, if minλ∈σ(A) |λ| > 1, where σ(A) is the set of all
eigenvalues of A.
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Throughout the paper, we always let A be a fixed dilation and b ≡ |detA|.
Let λ− and λ+ be positive numbers such that

1 < λ− < min{|λ| : λ ∈ σ(A)} ≤ max{|λ| : λ ∈ σ(A)} < λ+.

Furthermore, if A is diagonalizable over C, then we take λ− = min{|λ| : λ ∈
σ(A)} and λ+ = max{|λ| : λ ∈ σ(A)}.

It was proved in [2, Lemma 2.2] that for a given dilation A, there exist an
open ellipsoid ∆ and r > 1 such that ∆ ⊂ r∆ ⊂ A∆, and one can additionally
assume that |∆| = 1, where |∆| denotes the n-dimensional Lebesgue measure of
the set ∆. Set Bk = Ak∆ for k ∈ Z. Then Bk is open, Bk ⊂ rBk ⊂ Bk+1 and
|Bk| = bk. Throughout the whole paper, let σ be the minimum integer such that
rσ ≥ 2 and for any subset E of Rn, let E� = Rn \ E. Then for all k ∈ Z,

Bk + Bk ⊂ Bk+σ ,(2.1)

Bk + (Bk+σ )� ⊂ (Bk)�,(2.2)

where E+F denotes the algebraic sums {x+y : x ∈ E, y ∈ F} of sets E, F ⊂ Rn.
Define the step homogeneous quasi-norm ρ associated to A and ∆ by that for

all x ∈ Rn,

(2.3) ρ(x) =
∑
k∈Z
bk−1χBk\Bk−1

(x).

Obviously, for all k ∈ Z, Bk = {x ∈ Rn : ρ(x) < bk}. From (2.1) and (2.2), it
follows that for all x, y ∈ Rn,

ρ(x +y) ≤ bσ max{ρ(x), ρ(y)} ≤ bσ[ρ(x)+ ρ(y)];

see [2, p. 8]. Moreover, (Rn, ρ,dx) is a space of homogeneous type in the sense
of Coifman and Weiss [15], where dx is the n-dimensional Lebesgue measure.

Recall that the homogeneous quasi-norm associated with A was introduced in
[2, Definition 2.3] as follows.

Definition 2.2. A homogeneous quasi-norm associated with an expansive ma-
trix A is a measurable mapping ρ : Rn → [0,∞) satisfying

(i) ρ(x) = 0 if and only if x = 0;
(ii) ρ(Ax) = bρ(x) for all x ∈ Rn;

(iii) ρ(x + y) ≤ H[ρ(x) + ρ(y)] for all x, y ∈ Rn, where H is a constant no
less than 1.

In the standard dyadic case A = 2In×n, ρ(x) = |x|n is an example of homo-
geneous quasi-norms associated with A, where and in what follows, In×n denotes
the n × n unit matrix and | · | is the Euclidean norm in Rn. It was proved that
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all homogeneous quasi-norms associated to a given dilation A are equivalent; see
[2, Lemma 2.4]. Therefore, for a given expansive dilation A, in what follows, for
the convenience, we always use the step homogeneous quasi-norm ρ as in (2.3).

The following inequalities concerning A, ρ and the Euclidean norm | · | es-
tablished in [2, Section 2] are used in this paper: There exists a positive constant
C such that

C−1[ρ(x)]ln(λ−)/ lnb ≤ |x| ≤ C[ρ(x)]ln(λ+)/ lnb for all ρ(x) ≥ 1,(2.4)

C−1[ρ(x)]ln(λ+)/ lnb ≤ |x| ≤ C[ρ(x)]ln(λ−)/ lnb for all ρ(x) < 1,(2.5)

and

C−1(λ−)j|x| ≤ |Ajx| ≤ C(λ+)j|x| for all j ≥ 0,(2.6)

C−1(λ+)j|x| ≤ |Ajx| ≤ C(λ−)j|x| for all j < 0.(2.7)

We also need the following slight variant of the Whitney covering lemma,
which generalizes Lemma 2.7 of [2]. Here we borrow some ideas from Lemma 2
in [30, p. 15].

Lemma 2.3. Let Ω be an open proper subset of Rn. Then for each integer d ≥ 0,
there exist a positive constant L depending only on d, a sequence {xj}j ⊂ Ω and a
sequence {`j}j of integers such that

(i) Ω = ⋃j(xj + B`j ),
(ii) (xi + B`i−2σ )∩ (xj + B`j−2σ) = ∅ for all i, j with i 6= j,

(iii) (xj + B`j+d)∩Ω� = ∅ and (xj + B`j+d+1)∩Ω� 6= ∅ for all j,
(iv) (xi + B`i+d−2σ )∩ (xj + B`j+d−2σ ) 6= ∅ implies that |`i − `j| ≤ σ ,
(v) ]{j : (xi + B`i+d−2σ )∩ (xj + B`j+d−2σ ) 6= ∅} ≤ L for all i.

Proof. For any x ∈ Ω, let `(x) = max{` ∈ Z : x + B` ⊂ Ω}. We first claim
that `(x) ∈ Z. To see this, since Ω� ≠ ∅, we let z ∈ Ω�; then for any x ∈ Rn,
we have b`(x) ≤ ρ(x − z) < ∞ and thus `(x) < ln[ρ(x − z)]/ lnb < ∞. On
the other hand, for any given x ∈ Ω, the fact that Ω is open implies that there
exists a δ ∈ (0,1) such that {y ∈ Rn : |x − y| < δ} ⊂ Ω. By (2.1) and (2.5),
for any z ∈ Bk with k = bln(δ/C)/ ln(λ−)c − 1 < 0 and C as in (2.5), we have
|z| < δ, which implies that x + Bk ⊂ {y ∈ Rn : |x − y| < δ} and therefore
`(x) ≥ k > −∞. Thus, the claim holds.

Obviously, the collection {x + B`(x)−d−2σ}x∈Ω forms a cover of Ω. Now, let
{xj + B`(xj)−d−2σ }j be a maximal disjoint subcollection of Ω, namely, for any i,
j with i 6= j, (xi + B`(xi)−d−2σ )∩ (xj + B`(xj)−d−2σ ) = ∅, and for any x ∈ Rn,
there exists k such that (x + B`(x)−d−2σ )∩ (xk + B`(xk)−d−2σ ) 6= ∅.

For all j, set `j = `(xj)− d. Obviously, (ii) and (iii) hold.
To prove (i), for any x ∈ Ω, there exists i such that (x + B`(x)−d−2σ ) ∩

(xi + B`(xi)−d−2σ ) 6= ∅. We claim that |`(x)− `(xi)| ≤ σ . If this is true, then
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by (2.1),

x − xi ⊂ B`(x)−d−2σ + B`(xi)−d−2σ

⊂ B`(xi)−d−σ + B`(xi)−d−2σ ⊂ B`(xi)−d,

which implies that x ∈ xi + B`(xi)−d = xi + B`i and thus gives (i). To prove the
claim, if `(x) ≥ `(xi)+σ+1, then by (2.1), xi−x ⊂ B`(xi)−d−2σ+B`(x)−d−2σ ⊂
B`(x)−d−σ , which together with (2.2) implies that

xi + B`(xi)+1 ⊂ x + (xi − x)+ B`(xi)+1

⊂ x + B`(x)−d−σ + B`(x)−σ ⊂ x + B`(x) ⊂ Ω.
This implies that `(xi)+ 1 ≤ `(xi) by the definition of `(xi), which is a contra-
diction. Thus `(x) ≤ `(xi)+σ . By interchanging the roles of x and xi, we also
have `(xi) ≤ `(x)+σ , which verifies the claim and hence, (i).

The proofs for (iv) and (v) are, respectively, as in Lemma 2.7 (iv) and (v) of
[2]. We omit the details. This completes the proof of Lemma 2.3. ❐

Remark 2.4. Lemma 2.3 when |Ω| <∞ is just Lemma 2.7 of [2] except that
Lemma 2.3 (ii) is replaced by (xi + B`i−σ ) ∩ (xj + B`j−σ ) = ∅ for all i, j with
i 6= j.

For any locally integrable function f , the Hardy-Littlewood maximal function
M(f) is defined by

M(f)(x) ≡ sup
k∈Z

sup
y∈x+Bk

1
|Bk|

∫
y+Bk

|f(z)|dz, x ∈ Rn.

Bownik in [2, Theorem 3.6] proved that M is bounded on Lp(Rn) with p ∈
(1,∞] and bounded from L1(Rn) to weak-L1(Rn).

Recall that the weight class of Muckenhoupt associated to A was introduced
in [6].

Definition 2.5. Let p ∈ (1,∞) andw be a nonnegative measurable function
on Rn. The function w is said to belong to the weight class of Muckenhoupt Ap ≡
Ap(Rn;A), if there exists a positive constant C such that

sup
x∈Rn

sup
k∈Z

{
1
|Bk|

∫
x+Bk

w(y)dy
}{

1
|Bk|

∫
x+Bk

[w(y)]−1/(p−1)
dy
}p−1

≤ C.

The function w is said to belong to the weight class of Muckenhoupt A1 ≡
A1(Rn;A), if there exists a positive constant C such that

sup
x∈Rn

sup
k∈Z

{
1
|Bk|

∫
x+Bk

w(y)dy
}{

sup
y∈x+Bk

[w(y)]−1
}
≤ C.

DefineA∞ ≡
⋃

1≤p<∞Ap.
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Recall that (Rn, ρ,dx) is a space of homogeneous type. For some basic prop-
erties of Ap weights, we refer the reader to [19, Chapter IV], [30, Chapter V],
[33], and [39]. Here we only state some properties that will be used later. In fact,
it is easy to see thatAp ⊂ Aq for 1 ≤ p < q ≤ ∞. If w ∈ Ap with p ∈ (1,∞),
then there exists an ε ∈ (0, p − 1] such that w ∈ Ap−ε by the reverse Hölder
inequality. For any given w ∈A∞, define the critical index of w by

(2.8) qw ≡ inf{p ∈ [1,∞) : w ∈ Ap}.
Obviously, qw ∈ [1,∞). If qw ∈ (1,∞), then w 6∈ Aqw ; and if qw = 1, Johnson
and Neugebauer [22, p. 254] gave an example of w 6∈ A1 such that qw = 1.

In what follows, for any w ∈ A∞ and any Lebesgue measurable set E, let

w(E) =
∫
E
w(x)dx. For any w ∈ A∞, Lpw(Rn) with p ∈ (0,∞) denotes the set

of all measurable functions f such that

‖f‖Lpw(Rn) ≡
{∫

Rn
|f(x)|pw(x)dx

}1/p
< ∞,

and L∞w(Rn) = L∞(Rn). The space weak-L1
w(Rn) denotes the set of all measurable

functions f such that

‖f‖weak−L1
w(Rn) ≡ sup

λ>0
λ ·w({x ∈ Rn : |f(x)| > λ}) <∞.

Moreover, we have the following conclusions.

Proposition 2.6.
(i) Let p ∈ [1,∞) and w ∈Ap. Then there exists a positive constant C such that

for all x ∈ Rn and k,m ∈ Z with k ≤m,

C−1b(m−k)/pw(x + Bk) ≤ w(x + Bm) ≤ Cb(m−k)pw(x + Bk).
(ii) Let w ∈ A∞. Then the Hardy-Littlewood maximal operator M is bounded on

Lpw(Rn) if and only if w ∈ Ap with p ∈ (1,∞); and M is bounded from
L1
w(Rn) to weak-L1

w(Rn) if and only if w ∈A1.

Proof. Proposition 2.6 (ii) is just Theorem 2.4 of [6].
To see (i), recall that if w ∈Ap, then for any measurable sets E ⊂ B,( |B|

|E|
)1/p

Ü w(B)
w(E)

Ü
( |B|
|E|

)p
(see [33, pp. 7–8]). For any x ∈ Rn and k, m ∈ Z with k ≤ m, if we set
B = x + Bm and E = x + Bk, then

w(x + Bm) Ü
( |Bm|
|Bk|

)p
w(x + Bk) Ü b(m−k)pw(x + Bk),

and
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w(x + Bm) Ý
( |Bm|
|Bk|

)1/p
w(x + Bk) Ý b(m−k)/pw(x + Bk).

This completes the proof of Proposition 2.6. ❐

We remark that Proposition 2.6 (i) implies that the measure w(x)dx is doubling
and thus (Rn, ρ,w(x)dx) is also a space of homogenous type.

Now we recall the space of Schwartz functions and its dual space in [2].

Definition 2.7. A complex valued function ϕ on Rn is said to belong to the
Schwartz class S(Rn), if ϕ is infinitely differentiable and for every α ∈ (Z+)n and
m ∈ Z+,

‖ϕ‖α,m ≡ sup
x∈Rn

[ρ(x)]m |∂αϕ(x)| < ∞,

where α = (α1, . . . , αn) and ∂α = (∂/∂x1)α1 · · · (∂/∂xn)αn .

The space S(Rn) endowed with pseudonorms {‖ · ‖α,m}α∈(Z+)n,m∈Z+ be-
comes a complete locally convex topological vector space. Moreover, from (2.4)
and (2.5), it follows that S(Rn) coincides with the classical space of Schwartz
functions. The dual space of S(Rn), i.e., the space of tempered distributions on Rn,
is denoted by S′(Rn).

Lemma 2.8. Let w ∈A∞, qw be as in (2.8), and p ∈ (qw,∞]. Then

(i) if 1/p + 1/p′ = 1, then S(Rn) ⊂ Lp′w−1/(p−1)(Rn);
(ii) Lpw(Rn) ⊂ S′(Rn) and the inclusion is continuous.

Proof. We only prove the case p < ∞. The proof for the case p = ∞ is easier
and we omit the details. Since p ∈ (qw,∞), then w ∈ Ap. Therefore, by the
definition ofAp, for all k ∈ Z, we have

(2.9)
∫
Bk
[w(x)]−1/(p−1)

dx Ü [w(Bk)]−1/(p−1) |Bk|p′ ,

where 1/p + 1/p′ = 1. Then, by (2.9), for any ϕ ∈ S(Rn), we have

(2.10) ‖ϕ‖Lp′
w−1/(p−1) (Rn)

Ü
(
‖ϕ‖0,0 + ‖ϕ‖0,2

){
1+

∞∑
k=1

∫
Bk\Bk−1

1
[ρ(x)]2p′

[w(x)]−1/(p−1)
dx
}1/p′

Ü
(
‖ϕ‖0,0 + ‖ϕ‖0,2

)
<∞.

Thus (i) holds.
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To see (ii), for any f ∈ Lpw(Rn) and ϕ ∈ S(Rn), by the Hölder inequality
and (2.10), we have

|〈f ,ϕ〉| ≤ ‖f‖Lpw(Rn)
{∫

Rn
|ϕ(x)|p′ [w(x)]−1/(p−1)

dx
}1/p′

Ü ‖f‖Lpw(Rn)(‖ϕ‖0,0 + ‖ϕ‖0,2),

which implies the desired conclusions of (ii) and hence, completes the proof of
Lemma 2.8. ❐

For ϕ ∈ S(Rn) and k ∈ Z, set

(2.11) ϕk(x) ≡ b−kϕ(A−kx)

for all x ∈ Rn. Let ϕ ∈ S(Rn) and
∫
Rn
ϕ(x)dx = 1. Then {ϕk}k∈Z forms an

approximation of the identity. Precisely, we have the following conclusions.

Proposition 2.9. Let ϕ ∈ S(Rn) and
∫
Rn
ϕ(x)dx = 1.

(i) For any ψ ∈ S(Rn) and f ∈ S′(Rn), ψ ∗ϕk → ψ in S(Rn) as k → −∞
and f ∗ϕk → f in S′(Rn) as k→ −∞.

(ii) Let w ∈ A∞ and qw be as in (2.8). If q ∈ (qw,∞), then for any f ∈
Lqw(Rn), f ∗ϕk → f in Lqw(Rn) as k→ −∞.

Proof. Proposition 2.9 (i) is just Proposition 3.8 of [2].
To prove (ii), denote by L∞c (Rn) the set of all bounded functions with com-

pact support. Obviously, L∞c (Rn) is dense in Lqw(Rn). For any g ∈ L∞c (Rn), since
L∞c (Rn) ⊂ L1(Rn), by Theorem 1.25 in [32, p. 13], we know that g ∗ϕk → g
almost everywhere as k → −∞. Recall that qw ∈ [1,∞). By ϕ ∈ S(Rn), we have
|ϕk ∗g(x)| ÜM(g)(x) for all x ∈ Rn, which together with Proposition 2.6 (ii)
and the Lebesgue dominated convergence theorem implies that g ∗ϕk → g in
Lqw(Rn) with q ∈ (qw,∞) as k → −∞. From this and the density of L∞c (Rn) in
Lqw(Rn), it further follows the desired conclusion (ii), which completes the proof
of Proposition 2.9. ❐

Let N ∈ Z+ and

SN(Rn) ≡
{
ϕ ∈ S(Rn) : ‖ϕ‖SN(Rn) ≡ sup

x∈Rn
sup
|α|≤N

|∂αϕ(x)| [1+ ρ(x)]N ≤ 1
}
.

Definition 2.10. Let N ∈ Z+. For any f ∈ S′(Rn), the nontangential grand
maximal function MN(f) of f is defined for all x ∈ Rn by

MN(f)(x) ≡ sup
ϕ∈SN(Rn)

sup
k∈Z

sup
y∈x+Bk

|f ∗ϕk(y)|,
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and the radial grand maximal function M0
N(f) of f is defined for all x ∈ Rn by

M0
N(f)(x) ≡ sup

ϕ∈SN(Rn)
sup
k∈Z
|f ∗ϕk(x)|,

where ϕk for k ∈ Z is as in (2.11).

For every N ∈ Z+, there exists a positive constant C such that for all f ∈
S′(Rn) and x ∈ Rn,

(2.12) M0
N(f)(x) ≤MN(f)(x) ≤ CM0

N(f)(x);

see [2, Proposition 3.10]. Moreover, we have the following conclusions.

Proposition 2.11. Let A be an expansive dilation and N ≥ 2.
(i) There exists a positive constant C such that for all f ∈ (L1

loc(Rn) ∩ S′(Rn))
and almost everywhere x ∈ Rn, |f(x)| ≤M0

N(f)(x) ≤ CM(f)(x).
(ii) If w ∈ Ap with p ∈ (1,∞], then f ∈ Lpw(Rn) if and only if f ∈ S′(Rn)

and M0
N(f) ∈ Lpw(Rn); moreover, ‖f‖Lpw(Rn) ∼ ‖M0

N(f)‖Lpw(Rn).
(iii) If w ∈A1, then M0

N is bounded from L1
w(Rn) to weak-L1

w(Rn).

Proof. Let ϕ ∈ SN(Rn) have compact support. For any f ∈ L1
loc(Rn), write

f = ∑q∈J(fχQ), where J denotes the set of all classical dyadic cubes of Rn with
side length 1 and χQ denotes the characteristic function ofQ. Then obviously, for
all x ∈ Rn,

ϕk ∗ f(x) =
∑
Q∈J

ϕk ∗ (fχQ)(x).

Since fχQ ∈ L1(Rn), by [32, Theorem 1.25], we have that for almost everywhere
x ∈ Rn, ϕk ∗ (fχQ)(x) → f(x)χQ(x), which further implies ϕk ∗ f(x) →
f(x). Thus, for almost everywhere x ∈ Rn, |f(x)| ≤ M0

N(f)(x).
On the other hand, for any ϕ ∈ SN(Rn), since N ≥ 2, we have that for all

k ∈ Z, f ∈ L1
loc(Rn) and x ∈ Rn,

|(ϕk ∗ f)(x)| ≤
∫
Rn

b−k

[1+ b−kρ(x −y)]2 |f(y)|dy ÜM(f)(x),

which implies that for all x ∈ Rn, M0
N(f)(x) ÜM(f)(x). This verifies (i).

By (i) and Proposition 2.6 (ii), we have that ifw ∈A1, thenM0
N are bounded

from L1
w(Rn) to weak-L1

w(Rn), which gives (iii).
To see (ii), if f ∈ S′(Rn) and M0

N(f) ∈ Lpw(Rn), obviously, {f ∗ ϕk :
k ∈ Z} is bounded in Lpw(Rn). By the Alaoglu theorem there exists a subse-
quence {kj}j∈N with kj → −∞ such that {f ∗ ϕkj}j∈N converges weak-∗ in

Lpw(Rn). Notice that (Lpw(Rn))∗ = Lp
′

w−1/(p−1)(Rn). By Lemma 2.8 (i), we know
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that {f ∗ϕkj}j∈N converges also in S′(Rn). By Proposition 2.9 (i), this limit is
just f and thus f ∈ Lpw(Rn), which together with (i) implies that ‖f‖Lpw(Rn) Ü
‖M0

N(f)‖Lpw(Rn). Conversely, if f ∈ Lpw(Rn), by w ∈ Ap and Lemma 2.8 (ii),
we see that f ∈ (L1

loc(Rn) ∩ S′(Rn)). Thus, by (i) and Proposition 2.6 (ii), we
have M0

N(f) ∈ Lpw(Rn) and ‖M0
N(f)‖Lpw(Rn) Ü ‖f‖Lpw(Rn), which gives (ii) and

hence completes the proof of Proposition 2.11. ❐

We remark that by (2.12), Proposition 2.11 still holds with M0
N replaced by MN .

3. THE GRAND MAXIMAL FUNCTION DEFINITION OF HARDY SPACES

In this section, we introduce weighted anisotropic Hardy spaces via grand maximal
functions and weighted anisotropic atomic Hardy spaces. Some basic properties
of these spaces are also presented.

Definition 3.1. Let p ∈ (0,∞], A be an expansive dilation, w ∈ A∞, and
qw be as in (2.8). Set

Np,w ≡


⌊(
qw
p
− 1

)
lnb

ln(λ−)

⌋
+ 2, p ≤ qw ;

2, p > qw.

For each N ≥ Np,w , the weighted anisotropic Hardy space associated with the dila-
tion A is defined by

Hpw,N(R
n;A) ≡

{
f ∈ S′(Rn) : MN(f) ∈ Lpw(Rn)

}
.

Moreover, we define ‖f‖Hpw,N(Rn;A) ≡ ‖MN(f)‖Lpw(Rn).

For any integers N, Ñ with Np,w ≤ N ≤ Ñ, since the facts that SÑ(Rn) ⊂
SN(Rn) ⊂ SNp,w (Rn) imply that MÑ(f)(x) ≤ MN(f)(x) ≤ MNp,w (f )(x) for all
x ∈ Rn, we have

(3.1) Hpw,Np,w (R
n;A) ⊂ Hpw,N(Rn;A) ⊂ Hpw,Ñ(R

n;A)

and the inclusions are continuous.
Notice that if p ∈ (qw,∞] and N ≥ Np,w = 2, then by Proposition 2.11

(ii), we have Hpw,N(Rn;A) = Lpw(Rn) with equivalent norms. However, if p ∈
(1, qw), the element of Hpw,N(Rn;A) may be a distribution, and hence,
Hpw,N(Rn;A) 6= Lpw(Rn) (see [33, p. 86]); but, by Proposition 2.11 (i), we have
(Hpw,N(Rn;A)∩ L1

loc(Rn)) ⊂ Lpw(Rn). For applications considered in this paper,
we concentrate only on Hpw,N(Rn;A) with p ∈ (0,1].
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We remark that if w ≡ 1, then Hpw,N(Rn;A) is just the Hardy space HpA(Rn)
in [2] when p ∈ (0,1] and Lp(Rn) when p ∈ (1,∞] (see [2, p. 17]), and the
index Np,w just coincides with the Np therein (see [2, p. 17]).

We introduce the following weighted anisotropic atoms.

Definition 3.2. Let A be an expansive dilation, w ∈ A∞ and qw be as in
(2.8). A triplet (p, q, s)w is called to be admissible, if p ∈ (0,1], q ∈ (qw,∞]
and s ∈ N with s ≥ b(qw/p − 1) lnb/ ln(λ−)c. A function a on Rn is said to be
a (p, q, s)w-atom if

(i) suppa ⊂ x0 + Bj for some j ∈ Z and x0 ∈ Rn,
(ii) ‖a‖Lqw(Rn) ≤ [w(x0 + Bj)]1/q−1/p,

(iii)
∫
Rn
a(x)xα dx = 0 for α ∈ (Z+)n with |α| ≤ s.

When w ≡ 1, we write (p, q, s)-atom instead of (p, q, s)w-atom.
We remark that if A = 2In×n, w ∈ A∞ and p ∈ (0,1], Hpw,N(Rn;A) is just

the weighted Hardy space in [18, 33] and the least vanishing moment of atoms,
b(qw/p − 1) lnb/ lnλ−c, in this case becomes b(qw/p − 1)nc which coincides
with the index in [18, 33].

Definition 3.3. Let A be an expansive dilation, w ∈ A∞ and (p, q, s)w be
an admissible triplet. The weighted atomic anisotropic Hardy space Hp,q,sw (Rn;A)
is defined to be the set of all f ∈ S′(Rn) satisfying that f = ∑∞i=1 λiai in S′(Rn),
where {λi}i∈N ⊂ C,

∑∞
i=1 |λi|p < ∞, and {ai}i∈N are (p, q, s)w-atoms. More-

over, the quasi-norm of f ∈ Hp,q,sw (Rn;A) is defined by

‖f‖Hp,q,sw (Rn;A) ≡ inf
{[ ∞∑

i=1

|λi|p
]1/p}

,

where the infimum is taken over all the decompositions of f as above.

It is easy to see that if the triplets (p, q, s)w and (p, q̃, s̃)w are admissible and
satisfy q̃ ≤ q and s̃ ≤ s, then (p, q, s)w-atoms are (p, q̃, s̃)w-atoms, which further
implies that Hp,q,sw (Rn;A) ⊂ Hp,q̃,s̃w (Rn;A) and the inclusion is continuous.

Though (Rn, ρ,w(x)dx) is a space of homogeneous type in the sense of
Coifman and Weiss [15], the atoms in Definition 3.2 are different from those in
[15] since the vanishing moments for the weighted atoms are with respect to the
measure dx, not to w(x)dx, and thus the Coifman-Weiss atomic Hardy spaces
on (Rn, ρ,w(x)dx) are different from the weighted atomic anisotropic Hardy
spaces Hp,q,sw (Rn;A).

We give some basic properties concerning Hpw,N(Rn;A) and Hp,q,sw (Rn;A).

Proposition 3.4. Let A be an expansive dilation and w ∈ A∞. If p ∈ (0,1]
and N ≥ Np,w , then the inclusion Hpw,N(Rn;A)↩ S′(Rn) is continuous.
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Proof. Let f ∈ Hpw,N(Rn;A). For any ϕ ∈ S(Rn), we have

|〈f ,ϕ〉| = |f ∗ ϕ̃(0)| ≤ ‖ϕ̃‖SN(Rn) inf
x∈B0

MN(f)(x)

≤ [w(B0)]−1/p ‖ϕ‖SN(Rn) ‖f‖Hpw,N(Rn;A),

where ϕ̃(x) ≡ ϕ(−x). This implies f ∈ S′(Rn) and the inclusion is continuous,
which completes the proof of Proposition 3.4. ❐

The proof of the following proposition is a weighted variant of Proposition 3.12
in [2].

Proposition 3.5. Let A be an expansive dilation and w ∈ A∞. If p ∈ (0,1]
and N ≥ b(qw/p − 1) lnb/ ln(λ−)c + 2, then the space Hpw,N(Rn;A) is complete.

Proof. For every ϕ ∈ S(Rn) and sequence {fj}j∈N ⊂ S′(Rn) such that∑
j∈N fj converges in S′(Rn) to the tempered distribution f , the series

∑
j∈N fj∗

ϕ converges to f ∗ϕ pointwise. Thus for any x ∈ Rn, we obtain

(3.2) [MN(f)(x)]p ≤
[ ∑
j∈N
MN(fj)(x)

]p
≤
∑
j∈N
[MN(fj)(x)]p

and hence ‖f‖Hpw,N(Rn;A) ≤
∑
j∈N ‖fj‖Hpw,N(Rn;A).

To prove the completeness of Hpw,N(Rn;A), it suffices to prove that for every
sequence {fj}j∈N with ‖fj‖Hpw,N(Rn;A) < 2−j for any j ∈ N, the series

∑
j∈N fj

converges in Hpw,N(Rn;A). Since {∑ji=1 fi}j∈N are Cauchy sequences in
Hpw,N(Rn;A), by Proposition 3.4 and the completeness of S′(Rn), {∑ji=1 fi}j∈N
are also Cauchy sequences in S′(Rn) and thus converge to some f ∈ S′(Rn).
Therefore,

∥∥∥f − j∑
i=1

fi
∥∥∥p
Hpw,N(Rn;A)

=
∥∥∥ ∞∑
i=j+1

fi
∥∥∥p
Hpw,N(Rn;A)

≤
∞∑

i=j+1

2−ip → 0

as j →∞. This completes the proof of Proposition 3.5. ❐

Theorem 3.6. Let A be an expansive dilation and w ∈ A∞. If (p, q, s)w
is an admissible triplet and N ≥ Np,w , then Hp,q,sw (Rn;A) ⊂ Hpw,Np,w (Rn;A) ⊂
Hpw,N(Rn;A), and moreover, there exists a positive constant C such that for all f ∈
Hp,q,sw (Rn;A),

‖f‖Hpw,N(Rn;A) ≤ ‖f‖Hpw,Np,w (Rn;A) ≤ C‖f‖Hp,q,sw (Rn;A).
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Proof. By (3.1), we only need to prove Hp,q,sw (Rn;A) ⊂ Hpw,Np,w (Rn;A) and
for all f ∈ Hp,q,sw (Rn;A), ‖f‖Hpw,Np,w (Rn;A) Ü ‖f‖Hp,q,sw (Rn;A). To this end, it
suffices to prove that

(3.3) ‖M0
Np,w (a)‖Lpw(Rn) Ü 1 for all (p, q, s)w-atoms a.

Indeed, for any f ∈ Hp,q,sw (Rn;A), there exist numbers {λi}i∈N ⊂ C and (p, q, s)w-
atoms {ai}i∈N such that f = ∑i∈N λiai in S′(Rn) and

∑
i∈N |λi|p Ü ‖f‖pHp,q,sw (Rn;A).

Then by (2.12) and (3.2), we have

∥∥f∥∥pHpw,Np,w (Rn;A) =
∫
Rn

[
MNp,w

( ∑
i∈N
λiai

)
(x)

]p
w(x)dx

Ü
∑
i∈N
|λi|p

∫
Rn
[M0

Np,w (ai)(x)]
pw(x)dx Ü

∑
i∈N
|λi|p,

which implies f ∈ Hpw,Np,w (Rn;A) and ‖f‖Hpw,Np,w (Rn;A) Ü ‖f‖Hp,q,sw (Rn;A).

Let now a be a (p, q, s)w-atom supported in the ball x0 + Bj for some x0 ∈
Rn and j ∈ Z. Write

∫
Rn
[M0

Np,w (a)(x)]
pw(x)dx

=
[∫

x0+Bj+σ
+
∫
(x0+Bj+σ )�

]
[M0

Np,w (a)(x)]
pw(x)dx = I+ II.

Recall that q ∈ (qw,∞]. Thus w ∈ Aq. Using the Hölder inequality, the
Lqw(Rn)-boundedness of M0

Np,w (see Proposition 2.11 (ii)) and w ∈ Aq together
with Proposition 2.6 (i), we have

I ≤
∥∥M0

Np,w (a)
∥∥p
Lqw(Rn)

[w(x0 + Bj+σ )]1−p/q

Ü
∥∥a∥∥pLqw(Rn) [w(x0 + Bj)]1−p/q Ü 1.

To estimate II, we claim that for allm ∈ Z+ and x ∈ x0+ (Bj+σ+m+1 \Bj+σ+m),

(3.4) M0
Np,w (a)(x) Ü [w(x0 + Bj)]−1/p [b(λ−)s0+1]−m,

where s0 = b(qw/p − 1) lnb/ ln(λ−)c. If this claim is true, choosing η > 0 such
that b−(qw+η)+p(λ−)(s0+1)p > 1, then by w ∈Aqw+η and Proposition 2.6 (i), we



3080 MARCIN BOWNIK, BAODE LI, DACHUN YANG & YUAN ZHOU

have

II Ü
∞∑
m=0

w(x0 + Bj+σ+m+1) sup
x∈x0+(Bj+σ+m+1\Bj+σ+m)

[M0
Np,w (a)(x)]

p

Ü
∞∑
m=0

[b−(qw+η)+p(λ−)(s0+1)p]−m Ü 1.

Combining the estimates for I and II yields (3.3).
To prove the estimate (3.4), we follow the techniques from the proof of The-

orem 4.2 in [2]. By the Hölder inequality, Definition 3.2 (ii) and w ∈ Aq, we
have ∫

x0+Bj
|a(y)|dy ≤ ‖a‖Lqw(Rn)

(∫
x0+Bj

[w(y)]−q
′/q

dx
)1/q′

(3.5)

Ü bj[w(x0 + Bj)]−1/p.

Let x ∈ x0 + (Bj+m+σ+1 \ Bj+m+σ ), k ∈ Z, and ϕ ∈ SN(Rn). For j > k and
y ∈ x0 + Bj , we have ρ(A−k(x − y)) Ý bj−k+m. Observe that Np,w ≥ s0 + 2
implies that b(λ−)s0+1 ≤ bNp,w . By this, (3.5), ϕ ∈ SNp,w (Rn), and j > k, we
have

|a∗ϕk(x)| ≤ b−k
∫
x0+Bj

|a(y)| |ϕ(A−k(x −y))|dy(3.6)

Ü b−Np,w(j−k+m)bj−k[w(x0 + Bj)]−1/p

Ü [b(λ−)s0+1]−m [w(x0 + Bj)]−1/p.

For j ≤ k, let P be the Taylor expansion of ϕ at the point A−k(x − x0) of order
s0. Thus, by the Taylor remainder theorem, (2.6) and (2.7), we have

sup
y∈x0+Bj

|ϕ(A−k(x −y))− P(A−k(x −y))|

Ü sup
z∈Bj−k

sup
|α|=s0+1

|∂αϕ(A−k(x − x0)+ z)| |z|s0+1

Ü (λ−)(s0+1)(j−k) sup
z∈Bj−k

[1+ ρ(A−k(x − x0)+ z)]−Np,w

Ü (λ−)(s0+1)(j−k)min(1, b−Np,w(j−k+m)).

In the last step, we used (2.2) and the fact that

A−k(x − x0)+ Bj−k ⊂ (Bj−k+m+σ )� + Bj−k ⊂ (Bj−k+m)�,
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sincem ≥ 0. By this, (3.5), j ≤ k, and the fact that a has vanishing moments up
to order s0, we have

|a∗ϕk(x)|(3.7)

≤ b−k
∫
x0+Bj

|a(y)| |ϕ(A−k(x −y))− P(A−k(x −y))|dy

Ü [w(x0 + Bj)]−1/p(λ−)(s0+1)(j−k)bj−kmin(1, b−Np,w(j−k+m)).

Observe that when j − k+m > 0, by b(λ−)s0+1 ≤ bNp,w again, we have

(3.8) |a∗ϕk(x)| Ü [(λ−)(s0+1)b]−m [w(x0 + Bj)]−1/p.

Finally, when j−k+m ≤ 0, (3.7) trivially yields (3.8). This shows that (3.8) holds
for all j ≤ k. Combining this together with (3.6) and taking the supremum over
k ∈ Z verify the claim (3.4) and thus complete the proof of
Theorem 3.6. ❐

4. CALDERÓN-ZYGMUND DECOMPOSITIONS

In this section, we generalize the Calderón-Zygmund decomposition associated
with grand maximal functions on anisotropicRn in [2] to the weighted anisotropic
Rn. We follow the constructions in [17] and [2].

Throughout this section, we consider a tempered distribution f so that for all
λ > 0,

w({x ∈ Rn :MN(f)(x) > λ}) <∞,
where N ≥ 2 is some fixed integer. Later with regard to the weighted anisotropic
Hardy space Hpw,N(Rn;A) with p ∈ (0,1], we restrict to

N > bqw lnb/[p ln(λ−)]c.

For a given λ > 0, we set

Ω ≡ {x ∈ Rn : MN(f)(x) > λ}.

Since by Proposition 2.6 (i),w(Rn) = ∞, which together withw(Ω) < ∞ implies
that Ω is a proper subset of Rn. Observe also that Ω is open. Applying Lemma
2.3 to Ω with d = 4σ , we obtain a positive constant L independent of Ω and f , a
sequence {xj}j ⊂ Ω and a sequence of integers {`j}j such that

Ω = ⋃j(xj + B`j ),(4.1)

(xi + B`i−2σ)∩ (xj + B`j−2σ) = ∅ for all i, j with i 6= j,(4.2)

(xj + B`j+4σ )∩Ω� = ∅ and (xj + B`j+4σ+1)∩Ω� 6= ∅ for all j,(4.3)

(xi + B`i+2σ)∩ (xj + B`j+2σ) 6= ∅ implies that |`i − `j| ≤ σ,(4.4)

]{j : (xi + B`i+2σ )∩ (xj + B`j+2σ ) 6= ∅} ≤ L for all i.(4.5)
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Remark 4.1. Notice that w(Ω) <∞ does not generally imply that |Ω| <∞.
For example, if n = 1, A = 2, w(x) = |x|α with α ∈ (−1,− 1

2), and Ω =⋃
i∈N(i2, i2 + 1), then w ∈ A1 and w(Ω) < ∞, but |Ω| = ∞. Hence, Lemma

2.7 of [2] might not be applicable and the use of Lemma 2.3 is necessary.

Fix θ ∈ S(Rn) such that suppθ ⊂ Bσ , 0 ≤ θ ≤ 1 and θ ≡ 1 on B0. For
each j and all x ∈ Rn, define θj(x) ≡ θ(A−`j (x − xj)). Clearly, suppθj ⊂
xj + B`j+σ and θj ≡ 1 on xj + B`j . By (4.1) and (4.5), for any x ∈ Ω, we have
1 ≤∑j θj(x) ≤ L. For every i, define

(4.6) ζi(x) ≡ θi(x)∑
j
θj(x)

.

Then ζi ∈ S(Rn), suppζi ⊂ xi + B`i+σ , 0 ≤ ζi ≤ 1, ζi ≡ 1 on xi + B`i−2σ by
(4.2), and

∑
i ζi = χΩ. The family {ζi}i forms a smooth partition of unity on Ω.

Let s ∈ Z+ be some fixed integer and Ps(Rn) denote the linear space of
polynomials in n variables of degrees no more than s. For each i and P ∈ Ps(Rn),
set

(4.7) ‖P‖i ≡

 1∫
Rn
ζi(x)dx

∫
Rn
|P(x)|2ζi(x)dx


1/2

.

Then (Ps(Rn),‖·‖i) is a finite dimensional Hilbert space. Let f ∈ S′(Rn). Since

f induces a linear functional on Ps(Rn) via Q 7 -→ 1/
∫
Rn
ζi(x)dx〈f ,Qζi〉, by

the Riesz lemma, there exists a unique polynomial Pi ∈ Ps(Rn) for each i such
that for all Q ∈ Ps(Rn),

1∫
Rn
ζi(x)dx

〈f ,Qζi〉 = 1∫
Rn
ζi(x)dx

〈Pi,Qζi〉

= 1∫
Rn
ζi(x)dx

∫
Rn
Pi(x)Q(x)ζi(x)dx.

For every i, define distribution bi ≡ (f − Pi)ζi.
We will show that for suitable choices of s and N, the series

∑
i bi converges

in S′(Rn), and in this case, we define g ≡ f −∑i bi in S′(Rn).
Definition 4.2. The representation f = g + ∑i bi, where g and bi are as

above, is said to be a Calderón-Zygmund decomposition of degree s and height λ
associated with MN(f).
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The rest of this section consists of a series of lemmas. In Lemma 4.3 and
Lemma 4.4, we give some properties of the smooth partition of unity {ζi}i.
In Lemmas 4.5 through 4.8, we derive some estimates for the bad parts {bi}i.
Lemma 4.9 and Lemma 4.10 give controls over the good part g. Finally, Corol-
lary 4.11 shows the density of Lqw(Rn) ∩ Hpw,N(Rn;A) in Hpw,N(Rn;A), where
q ∈ (qw,∞).

Lemma 4.3 through Lemma 4.6 are essentially Lemma 5.2, Lemma 5.3,
Lemma 5.4, and Lemma 5.6 of [2]; respectively. Here we omit the details.

Lemma 4.3. There exists a positive constant C1, depending only on N, such that
for all i and ` ≤ `i,

sup
|α|≤N

sup
x∈Rn

|∂α[ζi(A`·)](x)| ≤ C1.

Lemma 4.4. There exists a positive constant C2, independent of f and λ, such
that for all i,

sup
y∈Rn

|Pi(y)ζi(y)| ≤ C2 sup
y∈((xi+B`i+4σ+1)∩Ω�)

MN(f)(y) ≤ C2λ.

Lemma 4.5. There exists a positive constant C3, independent of f and λ, such
that for all i and x ∈ xi + B`i+2σ , MN(bi)(x) ≤ C3MN(f)(x).

Lemma 4.6. If N > s ≥ 0, then there exists a positive constant C4, independent
of f and λ, such that for all t ∈ Z+, i and x ∈ xi + (Bt+`i+2σ+1 \ Bt+`i+2σ ),
MN(bi)(x) ≤ C4λ(λ−)−t(s+1).

Lemma 4.7. Let w ∈ A∞ and qw be as in (2.8). If p ∈ (0,1], s ≥
bqw lnb/[p ln(λ−)]c and N > s, then there exists a positive constant C5 such that
for all f ∈ Hpw,N(Rn;A), λ > 0 and i,

(4.8)
∫
Rn
[MN(bi)(x)]pw(x)dx ≤ C5

∫
xi+B`i+2σ

[MN(f)(x)]pw(x)dx.

Moreover, the series
∑
i bi converges in Hpw,N(Rn;A) and

(4.9)
∫
Rn

[
MN

(∑
i
bi
)
(x)

]p
w(x)dx ≤ LC5

∫
Ω[MN(f)(x)]pw(x)dx,

where L is as in (4.5).

Proof. By Lemma 4.5, we have∫
Rn
[MN(bi)(x)]pw(x)dx Ü

∫
xi+B`i+2σ

[MN(f)(x)]pw(x)dx

+
∫
(xi+B`i+2σ )�

[MN(bi)(x)]pw(x)dx.
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Notice that s ≥ bqw lnb/[p ln(λ−)]c implies b−(qw+η)(λ−)(s+1)p > 1 for suffi-
ciently small η > 0. Using Proposition 2.6 (i) with w ∈ Aqw+η, Lemma 4.6 and
the fact that MN(f)(x) > λ for all x ∈ xi + B`i+2σ , we have

∫
(xi+B`i+2σ )�

[MN(bi)(x)]pw(x)dx

=
∞∑
t=0

∫
xi+(Bt+`i+2σ+1\Bt+`i+2σ )

[MN(bi)(x)]pw(x)dx

Ü λpw(xi + B`i+2σ )
∞∑
t=0

[b−(qw+η)(λ−)(s+1)p]−t

Ü
∫
xi+B`i+2σ

[MN(f)(x)]pw(x)dx,

which gives (4.8).
By (4.8) and (4.5), we have

∫
Rn

[∑
i
MN(bi)(x)

]p
w(x)dx Ü

∑
i

∫
xi+B`i+2σ

[MN(f)(x)]pw(x)dx

Ü
∫
Ω[MN(f)(x)]pw(x)dx,

which together with the completeness of Hpw,N(Rn;A) (see Proposition 3.5) im-
plies that

∑
i bi converges in Hpw,N(Rn;A). So by Proposition 3.4, the series

∑
i bi

converges in S′(Rn), and therefore MN(
∑
i bi)(x) ≤

∑
i MN(bi)(x), which gives

(4.9) and thus completes the proof of Lemma 4.7. ❐
Lemma 4.8. Let w ∈ A∞, qw be as in (2.8), s ∈ Z+, and N ≥ 2. If

q ∈ (qw,∞] and f ∈ Lqw(Rn), then the series
∑
i bi converges in Lqw(Rn) and there

exists a positive constant C6, independent of f and λ, such that ‖∑i |bi| ‖Lqw(Rn) ≤
C6‖f‖Lqw(Rn).

Proof. The proof for q = ∞ is similar to that for q ∈ (qw,∞). So we only
give the proof for q ∈ (qw,∞). By Lemma 4.4 and Proposition 2.6 (i),

∫
Rn
|bi(x)|qw(x)dx

Ü
∫
xi+B`i+σ

|f(x)|qw(x)dx +
∫
xi+B`i+σ

|Pi(x)ζi(x)|qw(x)dx

Ü
∫
xi+B`i+σ

|f(x)|qw(x)dx + λqw(xi + B`i−2σ ).
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Therefore, by (4.2), (4.5) and Proposition 2.11 (ii), we have

∑
i

∫
Rn
|bi(x)|qw(x)dx Ü

∫
Ω |f(x)|qw(x)dx + λqw(Ω)

Ü
∫
Rn
|f(x)|qw(x)dx,

which together with (4.5) again gives ‖∑i |bi| ‖Lqw(Rn) Ü ‖f‖Lqw(Rn) and thus
completes the proof of Lemma 4.8. ❐

The following conclusion is essentially Lemma 5.9 in [2]. Here we omit the details
of the proof.

Lemma 4.9. If N > s ≥ 0 and
∑
i bi converges in S′(Rn), then there exists a

positive constant C7, independent of f and λ, such that for all x ∈ Rn,

MN(g)(x) ≤ C7λ
∑
i
(λ−)−ti(x)(s+1) +MN(f)(x)χΩ�(x),

where

ti(x) ≡


κi, if x ∈ xi + (Bκi+`i+2σ+1 \ Bκi+`i+2σ ) for some κi ≥ 0,

0, otherwise.

Lemma 4.10. Let w ∈ A∞, qw be as in (2.8), p ∈ (0,1], and q ∈ (qw,∞).
(i) If N > s ≥ bqw lnb/[p ln(λ−)]c and MN(f) ∈ Lpw(Rn), then MN(g) ∈
Lqw(Rn) and there exists a positive constant C8, independent of f and λ, such
that∫

Rn
[MN(g)(x)]qw(x)dx ≤ C8λq−p

∫
Rn
[MN(f)(x)]pw(x)dx.

(ii) If N ≥ 2 and f ∈ Lqw(Rn), then g ∈ L∞w(Rn) and there exists a positive
constant C9, independent of f and λ, such that ‖g‖L∞w(Rn) ≤ C9λ.

Proof. Since f ∈ Hpw,N(Rn;A), by Lemma 4.7,
∑
i bi converges inHpw,N(Rn;A)

and therefore in S′(Rn) by Proposition 3.4. Then by Lemma 4.9,

∫
Rn
[MN(g)(x)]qw(x)dx Ü λq

∑
i

∫
Rn
(λ−)ti(x)(s+1)qw(x)dx

+
∫
Ω�[MN(f)(x)]qw(x)dx,
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where ti(x) is as in Lemma 4.9. Observe that s ≥ bqw lnb/[p ln(λ−)]c implies
that b−(qw+η)(λ−)(s+1)q > 1 for sufficiently small η > 0. Then for any i, by
w ∈Aqw+η and Proposition 2.6 (i), we have

∫
Rn
(λ−)−ti(x)(s+1)qw(x)dx

=
∫
xi+B`i+2σ

w(x)dx +
∞∑
t=0

∫
xi+(B`i+2σ+t+1\B`i+2σ+t)

(λ−)−t(s+1)qw(x)dx

Ü w(xi + B`i+2σ )
{

1+
∞∑
t=0

[b−(qw+η)(λ−)(s+1)q]−t
}
Ü w(xi + B`i−2σ ).

Taking the sum over all i, by (4.1) and (4.2), we obtain∫
Rn
[MN(g)(x)]qw(x)dx

Ü λq
∑
i
w(xi + B`i−2σ )+

∫
Ω�[MN(f)(x)]qw(x)dx

Ü λqw(Ω)+ ∫Ω�[MN(f)(x)]qw(x)dx
Ü λq−p

∫
Ω[MN(f)(x)]pw(x)dx + λq−p

∫
Ω�[MN(f)(x)]pw(x)dx

Ü λq−p
∫
Rn
[MN(f)(x)]pw(x)dx,

namely, (i) holds.
Moreover, if f ∈ Lqw(Rn), then g and {bi}i are functions, and by Lemma

4.8,
∑
i bi converges in Lqw(Rn) and thus in S′(Rn) by Lemma 2.8. Write

g = f −
∑
i
bi = f

(
1−

∑
i
ζi
)
+
∑
i
Piζi = fχΩ� +∑

i
Piζi.

By Lemma 4.4 and (4.5), we have |g(x)| Ü λ for all x ∈ Ω, and by Proposition
2.11 (i) and (2.12), |g(x)| = |f(x)| ≤ MN(f)(x) ≤ λ for almost everywhere
x ∈ Ω�, which leads to that ‖g‖L∞w(Rn) Ü λ and thus yields (ii). This completes
the proof of Lemma 4.10. ❐

Corollary 4.11. LetA be an expansive dilation,w ∈A∞ and qw be as in (2.8).
If q ∈ (qw,∞), N > bqw lnb/[p ln(λ−)]c and p ∈ (0,1], then Hpw,N(Rn;A) ∩
Lqw(Rn) is dense in Hpw,N(Rn;A).

Proof. Let f ∈ Hpw,N(Rn;A). For any λ > 0, let f = gλ + ∑i bλi be the
Calderón-Zygmund decomposition of f of degree s with bqw lnb/[p ln(λ−)]c ≤
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s < N and height λ associated to MN(f) as in Definition 4.2. Here, we rewrite g
and bi in Definition 4.2 into gλ and bλi ; respectively. By (4.9) in Lemma 4.7,∥∥∥∑

i
bλi
∥∥∥p
Hpw,N(Rn;A)

Ü
∫
{x∈Rn: MN(f)(x)>λ}

[MN(f)(x)]pw(x)dx → 0,

and therefore gλ → f in Hpw,N(Rn;A) as λ → ∞. Moreover, by Lemma 4.10 (i),
MN(gλ) ∈ Lqw(Rn), so by Proposition 2.11 (ii), gλ ∈ Lqw(Rn), which completes
the proof of Corollary 4.11. ❐

5. WEIGHTED ATOMIC DECOMPOSITIONS OF Hpw,N(Rn;A)

In this section, we shall establish the equivalence between Hpw,N(Rn;A) and
Hp,q,sw (Rn;A) by using the Calderón-Zygmund decomposition associated to grand
maximal functions in Section 4.

Letw ∈ A∞, qw be as in (2.8), p ∈ (0,1] andN > s ≡ bqw lnb/[p ln(λ−)]c.
Let f ∈ Hpw,N(Rn;A). For each k ∈ Z, as in the Definition 4.2, f has a Calderón-
Zygmund decomposition of degree s and height λ = 2k associated to MN(f),
f = gk +∑i bki , where Ωk ≡ {x ∈ Rn : MN(f)(x) > 2k}, bki ≡ (f − Pki )ζki ,
and Bki ≡ xki + B`ki . Recall that for fixed k ∈ Z, {xi = xki }i is a sequence inΩk and {`i = `ki }i is a sequence of integers such that (4.1) through (4.5) hold
for Ω = Ωk, {ζi = ζki }i are given by (4.6), and {Pi = Pki }i are projections of
f onto Ps(Rn) with respect to norms given by (4.7). Moreover, for each k ∈ Z
and i, j, let Pk+1

i,j be the orthogonal projection of (f −Pk+1
j )ζki onto Ps(Rn) with

respect to the norm associated to ζk+1
j given by (4.7), namely, the unique element

of Ps(Rn) such that for all Q ∈ Ps(Rn),∫
Rn
[f (x)− Pk+1

j (x)]ζki (x)Q(x)ζ
k+1
j (x)dx =

∫
Rn
Pk+1
i,j (x)Q(x)ζ

k+1
j (x)dx.

For convenience, we set B̂ki ≡ xki +B`ki+σ . Lemma 5.1 through Lemma 5.3 below
are just Lemma 6.1 through Lemma 6.3 in [2].

Lemma 5.1.
(i) If B̂k+1

j ∩ B̂ki 6= ∅, then `k+1
j ≤ `ki + σ and B̂k+1

j ⊂ xki + B`ki+4σ .

(ii) For any i, ]{j : B̂k+1
j ∩ B̂ki 6= ∅} ≤ 2L, where L is as in (4.5).

Lemma 5.2. There exists a positive constant C10 independent of f such that for
all i, j and k ∈ Z,

sup
y∈Rn

|Pk+1
i,j (y)ζ

k+1
j (y)| ≤ C10 sup

y∈U
MN(f)(y) ≤ C102k+1,

where U ≡ (xk+1
j + B`k+1

j +4σ+1)∩ (Ωk+1)�.
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Lemma 5.3. For every k ∈ Z,
∑
i
∑
j Pk+1
i,j ζ

k+1
j = 0, where the series converges

pointwise and in S′(Rn).
The following lemma establishes the weighted atomic decompositions for a

dense subspace of Hpw,N(Rn;A).

Lemma 5.4. Let w ∈ A∞ and qw be as in (2.8). If q ∈ (qw,∞), p ∈ (0,1],
s ≥ bqw lnb/[p ln(λ−)]c and N > s, then for any f ∈ (Lqw(Rn)∩Hpw,N(Rn;A)),
there exist numbers {λki }k∈Z,i ⊂ C and (p,∞, s)w-atoms {aki }k∈Z,i such that

f =
∑
k∈Z

∑
i
λki a

k
i ,

where the series converges almost everywhere and in S′(Rn),

suppaki ⊂ xki + B`ki +4σ for all k ∈ Z and i,(5.1)

Ωk =⋃
i
(xki + B`ki+4σ ) for all k ∈ Z,(5.2)

(xki + B`ki−2σ )∩ (xkj + B`kj−2σ ) = ∅ for all k ∈ Z and i, j, i 6= j.(5.3)

Moreover, there exists a positive constant C, independent of f , such that

|λki aki | ≤ C2k for all k ∈ Z and i,(5.4) ∑
k∈Z,i

|λki |p ≤ C
∥∥f∥∥pHpw,N(Rn;A).(5.5)

Proof. Let f ∈ (Hpw,N(Rn;A)∩Lqw(Rn)). For each k ∈ Z, f has a Calderón-
Zygmund decomposition of degree s ≥ bqw lnb/[p ln(λ−)]c and height 2k as-
sociated to MN(f), f = gk +

∑
i bki as above. The conclusions (5.2) and (5.3)

are immediate by (4.1) through (4.3). By (4.9) in Lemma 4.7 and Proposition
3.4, gk → f in both Hpw,N(Rn;A) and S′(Rn) as k → ∞. By Lemma 4.10 (ii),
‖gk‖L∞w(Rn) → 0 as k → −∞, which implies that gk → 0 almost everywhere as
k → −∞, and moreover, by Lemma 2.8 (ii), gk → 0 in S′(Rn) as k → −∞.
Therefore,

(5.6) f =
∞∑

k=−∞
(gk+1 − gk)

in S′(Rn). Moreover, since supp(
∑
i bki ) ⊂ Ωk and w(Ωk) → 0 as k → ∞, then

gk → f almost everywhere as k → ∞. Thus, (5.6) also holds almost everywhere.
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By Lemma 5.3 and
∑
i ζki b

k+1
j = χΩkbk+1

j = bk+1
j for all j,

gk+1 − gk =
(
f −

∑
j
bk+1
j

)
−
(
f −

∑
j
bkj
)

=
∑
j
bkj −

∑
j
bk+1
j +

∑
i

(∑
j
Pk+1
i,j ζ

k+1
j

)
=
∑
i

[
bki −

∑
j
(ζki b

k+1
j − Pk+1

i,j ζ
k+1
j )

]
≡
∑
i
hki ,

where all the series converge in S′(Rn) and almost everywhere. Furthermore,

(5.7) hki = (f − Pki )ζki −
∑
j
[(f − Pk+1

j )ζki − Pk+1
i,j ]ζ

k+1
j .

By definitions of Pki and Pk+1
i,j , for all Q ∈ Ps(Rn), we have

(5.8)
∫
Rn
hki (x)Q(x)dx = 0.

Moreover, since
∑
j ζk+1

j = χΩk+1
, we rewrite (5.7) into

hki = fχ(Ωk+1)�ζ
k
i − Pki ζki +

∑
j
Pk+1
j ζki ζ

k+1
j +

∑
j
Pk+1
i,j ζ

k+1
j .

By Proposition 2.11 (i) and (2.12), |f(x)| ≤ MN(f)(x) ≤ 2k+1 for almost ev-
erywhere x ∈ (Ωk+1)�, and by Lemma 4.4, Lemma 5.1 (ii) and Lemma 5.2,

(5.9) ‖hki ‖L∞w(Rn) Ü 2k.

Recall that Pk+1
i,j 6= 0 implies B̂k+1

j ∩ B̂ki 6= ∅ and hence by Lemma 5.1 (i),
suppζk+1

j ⊂ B̂k+1
j ⊂ xki + B`ki+4σ . Therefore, by (5.7),

(5.10) supphki ⊂ xki + B`ki +4σ .

Let λki = C2k[w(xki +B`ki+4σ )]
1/p and aki = (λki )−1hki , where C is a positive

constant independent of i, k and f . Obviously, (5.9) and (5.10) imply (5.4) and
(5.1), respectively. Moreover, by (5.8), (5.9), (5.10) and a suitable choice of C, we
know that aki is a (p,∞, s)w-atom. Byw ∈ Aq, Proposition 2.6 (i) and (4.2), we
have

∞∑
k=−∞

∑
i
|λki |p Ü

∞∑
k=−∞

∑
i

2kpw(xki + B`ki −2σ ) Ü
∞∑

k=−∞
2kpw(Ωk)

Ü
∥∥MN(f)∥∥pLpw(Rn) Ü ∥∥f∥∥pHpw,N(Rn;A),
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which gives (5.5). This completes the proof of Lemma 5.4. ❐

The following is one of the main results in this paper.

Theorem 5.5. Let A be an expansive dilation, w ∈ A∞ and qw be as in (2.8).
If q ∈ (qw,∞], p ∈ (0,1], N ≥ Np,w , and s ≥ b(qw/p − 1) lnb/ ln(λ−)c, then
Hp,q,sw (Rn;A) = Hpw,N(Rn;A) = Hpw,Np,w (Rn;A) with equivalent norms.

Proof. Observe that by (3.5), Definition 3.3 and Theorem 3.6, we have

Hp,∞,s̃w (Rn;A) ⊂ Hp,q,sw (Rn;A) ⊂ Hpw,Np,w (Rn;A)

⊂ Hpw,N(Rn;A) ⊂ Hpw,Ñ(R
n;A),

where s̃ is an integer no less than s and Ñ is an integer larger thanN, and the inclu-
sions are continuous. Thus, to finish the proof of Theorem 5.5, it suffices to prove
that for any N > s ≥ bqw lnb/[p ln(λ−)]c, Hpw,N(Rn;A) ⊂ Hp,∞,sw (Rn;A), and
for all f ∈ Hpw,N(Rn;A), ‖f‖Hp,∞,sw (Rn;A) Ü ‖f‖Hpw,N(Rn;A).

To this end, let f ∈ Hpw,N(Rn;A). By Corollary 4.11, there exists a sequence
of functions, {fm}m∈N ⊂ (Hpw,N(Rn;A)∩Lqw(Rn)), such that ‖fm‖Hpw,N(Rn;A) ≤
2−m‖f‖Hpw,N(Rn;A) and f = ∑m∈N fm in Hpw,N(Rn;A). By Lemma 5.4, for each
m ∈ N, fm has an atomic decomposition fm =

∑
i∈N λmi a

m
i in S′(Rn), where∑

i∈N |λmi |p ≤ C‖fm‖
p
Hpw,N(Rn;A) and {ami }i∈N are (p,∞, s)w-atoms. Since

∑
m∈N

∑
i∈N
|λmi |p Ü

∑
m∈N

∥∥fm∥∥pHpw,N(Rn;A) Ü
∥∥f∥∥pHpw,N(Rn;A),

then f = ∑
m∈N

∑
i∈N λmi a

m
i ∈ Hp,∞,sw (Rn;A) and ‖f‖Hp,∞,sw (Rn;A)

Ü ‖f‖Hpw,N(Rn;A), which completes the proof of Theorem 5.5. ❐

For simplicity, from now on, we denote by Hpw(Rn;A) the weighted Hardy space
Hpw,N(Rn;A) associated with A and w, where N ≥ Np,w . Moreover, it is easy
to see that H1

w(Rn;A) ⊂ L1
w(Rn) via weighted atomic decomposition. However,

generally speaking, the elements in Hpw(Rn;A) with p ∈ (0,1) are not neces-
sarily functions and thus Hpw(Rn;A) 6= Lpw(Rn). But, for any q ∈ (qw,∞),
following (5.5) in Lemma 5.4 and pointwise convergence of weighted atomic
decompositions, we have (Hpw(Rn;A) ∩ Lqw(Rn)) ⊂ Lpw(Rn), and for all f ∈
(Hpw(Rn;A)∩ Lqw(Rn)), ‖f‖Lpw(Rn) ≤ ‖f‖Hpw(Rn;A).

6. FINITE ATOMIC DECOMPOSITIONS

In this section, we prove that for any given finite linear combination of weighted
atoms when q < ∞ (or continuous weighted atoms when q = ∞), its norm
in Hpw(Rn;A) can be achieved via all its finite weighted atomic decompositions.
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This extends Theorem 1.1 due to Meda, Sjögren, and Vallarino [24] to the setting
of weighted anisotropic Hardy spaces.

Definition 6.1. Let A be an expansive dilation, w ∈ A∞ and (p, q, s)w be
an admissible triplet. Denote by Hp,q,sw,�n(Rn;A) the vector space of all finite linear
combinations of (p, q, s)w-atoms, and the norm of f in Hp,q,sw,�n(Rn;A) is defined
by

‖f‖Hp,q,sw,fin(Rn;A)

= inf
{[ k∑

j=1

|λj|p
]1/p

: f =
k∑
j=1

λjaj, k ∈ N,
{
ai
}k
i=1 are (p, q, s)w-atoms

}
.

Obviously, for any admissible triplet (p, q, s)w , the setHp,q,sw,�n(Rn;A) is dense
in Hp,q,sw (Rn;A) with respect to the quasi-norm ‖ · ‖Hp,q,sw (Rn;A).

Theorem 6.2. Let A be an expansive dilation, w ∈A∞, qw be as in (2.8), and
(p, q, s)w be an admissible triplet.

(i) If q ∈ (qw,∞), then ‖·‖Hp,q,sw,fin(Rn;A) and ‖·‖Hpw(Rn;A) are equivalent quasi-
norms on Hp,q,sw,�n(Rn;A).

(ii) ‖·‖Hp,∞,sw,fin (Rn;A) and ‖·‖Hpw(Rn;A) are equivalent quasi-norms on

Hp,∞,sw,�n (Rn;A)∩C(Rn).
Proof. Obviously,Hp,q,sw,�n(Rn;A) ⊂ Hpw(Rn;A) and for all f ∈ Hp,q,sw,�n(Rn;A),

‖f‖Hpw(Rn;A) ≤ ‖f‖Hp,q,sw,fin(Rn;A).

Thus we only need to prove that there exists a positive constant C such that for all
f ∈ Hp,q,sw,�n(Rn;A) when q ∈ (qw,∞) and for all f ∈ (Hp,q,sw,�n(Rn;A) ∩ C(Rn))
when q = ∞, ‖f‖Hp,q,sw,fin(Rn;A) ≤ C‖f‖Hpw(Rn;A).

Step 1. Assume that q ∈ (qw,∞], and by homogeneity, f ∈ Hp,q,sw,�n(Rn;A)
and

‖f‖Hpw(Rn;A) = 1.

Notice that f has compact support. Suppose that suppf ⊂ Bk0 for some k0 ∈ Z,
where Bk0 is as in Section 2. For each k ∈ Z, set

Ωk ≡ {x ∈ Rn : MN(f)(x) > 2k},
where and in what follows N ≡ Np,w . We use the same notation as in Lemma
5.4. Since f ∈ (Hpw(Rn;A)∩ Lq̃w(Rn)), where q̃ = q if q < ∞ and q̃ = qw + 1 if
q = ∞, by Lemma 5.4, there exist numbers {λki }k∈Z,i ⊂ C and (p,∞, s)w-atoms
{aki }k∈Z,i such that f = ∑

k∈Z
∑
i λki a

k
i holds almost everywhere and in S′(Rn),

and moreover, (5.1) through (5.5) in Lemma 5.4 hold.
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Step 2. Let m ≡ 4σ . We first claim that there exists a positive constant C̃
such that for all x ∈ (Bm+k0)�,MN(f)(x) ≤ C̃[w(Bk0)]−1/p. To see this, for any
fixed x ∈ (Bm+k0)�, by (2.12), write

MN(f)(x) ÜM0
N(f)(x)

Ü sup
ϕ∈SN(Rn)

sup
k≥k0

|f ∗ϕk(x)| + sup
ϕ∈SN(Rn)

sup
k<k0

|f ∗ϕk(x)|

≡ I+ II.

Let θ ∈ S(Rn) such that suppθ ⊂ Bσ , 0 ≤ θ ≤ 1 and θ ≡ 1 on B0. For
k ≥ k0, from suppf ⊂ Bk0 , it follows that

(6.1) f ∗ϕk(x) =
∫
Rn
ϕk(x − z)θ(A−k0z)f(z)dz ≡ f ∗ϕk0(0),

where ϕ(z) ≡ bk0−kϕ(A−kx + Ak0−kz)θ(−z) and ϕk is defined as in (2.11).
Notice that for any |α| ≤ N, by (2.6), (2.7), λ− > 1, k ≥ k0 and ‖ϕ‖SN(Rn) ≤ 1,
we have

|∂α[ϕ(Ak0−k·)](z)| Ü (λ−)(k0−k)|α|‖ϕ‖SN(Rn) Ü 1.

This together with the product rule and suppθ ⊂ Bσ further implies that

(6.2) ‖ϕ‖SN(Rn)

= sup
|α|≤N

sup
z∈Bσ

∣∣∂αz [ϕ(A−kx +Ak0−kz)θ(−z)]
∣∣ [1+ ρ(z)]N Ü 1.

Therefore, noticing that (‖ϕ‖SN(Rn))−1ϕ ∈ SN(Rn) and for any u ∈ Bk0 , 0 ∈
u+ Bk0 , by the definition of MN , we have that for any u ∈ Bk0 ,

MN(f)(u) ≥ sup
y∈u+Bk0

∣∣∣∣∣∣
(

ϕ
‖ϕ‖SN(Rn)

)
k0

∗ f(y)
∣∣∣∣∣∣ ≥ 1

‖ϕ‖SN(Rn)
|f ∗ϕk0(0)|,

which together with (6.1) and (6.2) further implies that

|f ∗ϕk(x)| ≤ ‖ϕ‖SN(Rn) inf
u∈Bk0

MN(f)(u) Ü inf
u∈Bk0

MN(f)(u),

and hence, I Ü infu∈Bk0
MN(f)(u). Thus, by ‖f‖Hpw(Rn;A) = 1, we further have

I Ü [w(Bk0)]
−1/p ‖MN(f)‖Lpw(Rn) Ü [w(Bk0)]

−1/p.

For k < k0 and u ∈ Bk0 , since suppf ⊂ Bk0 and θ ≡ 1 on B0, we have

f ∗ϕk(x) =
∫
Rn
ϕk(x − z)θ(A−k0z)f(z)dz ≡ f ∗ψk(u),
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where ψ(z) ≡ ϕ(A−k(x − u) + z)θ(A−k0u − Ak−k0z) and ψk is defined as in
(2.11). Notice that if z ∈ suppψ, then ρ(A−k0u − Ak−k0z) < bσ and therefore
ρ(z) < b2σ+k0−k. Thus, using (2.1) and (2.2),

A−k(x −u)+ z ∈ (Bm+k0−k)
� + Bk0−k + Bk0−k+2σ

⊂ (B4σ+k0−k)
� + Bk0−k+3σ ⊂ (B3σ+k0−k)

�.

This implies that ρ(A−k(x−u)+z) > bk0−k+3σ . Sinceϕ ∈ SN(Rn) and k < k0,
we have

‖ψ‖SN(Rn) Ü sup
|α|≤N

sup
z∈suppψ

(λ−)(k−k0)|α|
[

1+ ρ(z)
1+ ρ(A−k(x −u)+ z)

]N
Ü 1.

Thus, by an argument similar to I, we have II Ü infu∈B0 MN(f)(u) Ü [w(Bk0)]−1/p.
Combining the estimates of I and II verifies the claim.

Step 3. Denote by k′ the largest integer k such that 2k < C̃[w(Bk0)]−1/p,
where C̃ is as in Step 2. Then, we have

(6.3) Ωk ⊂ Bm+k0 for k > k′.

Set h =∑k≤k′∑i λki aki and ` =∑k>k′∑i λki aki , where the series converge almost
everywhere and in S′(Rn). Clearly f = h+`, and supp` ⊂ ⋃k>k′ Ωk ⊂ Bm+k0 for
all k > k′, which together with suppf ⊂ Bm+k0 further yields supph ⊂ Bm+k0 .

Notice that for any q ∈ (qw,∞] and q1 ∈ (1, q/qw), by the Hölder inequal-
ity and w ∈Aq/q1 , we have∫

Rn
|f(x)|q1 dx ≤ bk0

∥∥f∥∥q1

Lqw(Rn)
[w(Bk0)]

−q1/q < ∞.

Observing that suppf ⊂ Bk0 and f has vanishing moments up to order s, we have
that f is a multiple of a (1, q1,0)-atom and therefore MN(f) ∈ L1(Rn). Then by
(6.3), (5.1), (5.4) in Lemma 5.4 and Lemma 5.1 (ii), for any |α| ≤ s, we have∫

Rn

∑
k>k′

∑
i
|λki aki (x)xα|dx Ü

∑
k∈Z

2k|Ωk| Ü ‖MN(f)‖L1(Rn) <∞.

This together with the vanishing moments of aki implies that ` has vanishing
moments up to order s and thus so does h by h = f − `. Using Lemma 5.1 (ii),
(5.4) in Lemma 5.4 and the fact 2k′ ≤ C[w(Bm+k0)]−1/p, we have

|h(x)| Ü
∑
k≤k′

2k Ü [w(Bm+k0)]
−1/p.

Thus there exists a positive constant C0, independent of f , such that h/C0 is a
(p,∞, s)w-atom and by Definition 3.2, it is also a (p, q, s)w-atom for any admis-
sible triplet (p, q, s)w .
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Step 4. To prove (i), let q ∈ (qw,∞). We first verify
∑
k>k′

∑
i λki a

k
i ∈

Lqw(Rn). For any x ∈ Rn, since Rn = ⋃k∈Z(Ωk \Ωk+1), there exists j ∈ Z such
that x ∈ (Ωj \ Ωj+1). Since suppaki ⊂ B`ki+σ ⊂ Ωk ⊂ Ωj+1 for k > j, then
applying Lemma 5.1 (ii) and (5.4) in Lemma 5.4, we have

∑
k>k′

∑
i
|λki aki (x)| Ü

∑
k≤j

2k Ü 2j ÜMN(f)(x).

Since f ∈ Lqw(Rn), we have MN(f) ∈ Lqw(Rn); by the Lebesgue dominated con-
vergence theorem, we further obtain

∑
k>k′

∑
i λki a

k
i converges to ` in Lqw(Rn).

Now, for any positive integer K, set FK = {(i, k) : k > k′, |i| + |k| ≤ K} and
`K =

∑
(i,k)∈FK λ

k
i a
k
i . Observing that for any ε ∈ (0,1), if K is large enough, by

` ∈ Lqw(Rn), we have (`−`K)/ε is a (p, q, s)w-atom. Thus, f = h+`K+(`−`K)
is a finite linear weighted atom combination of f . By (5.5) in Lemma 5.4 and Step
3, we have ∥∥f∥∥pHp,q,sw,fin(Rn;A) ≤ (C0)p +

∑
(i,k)∈FK

|λki |p + εp Ü 1,

which ends the proof of (i).

Step 5. To prove (ii), assume that f is a continuous function inHp,∞,sw,�n (Rn;A);
then aki is continuous by examining its definition (see also (5.7)). Since

MN(f)(x) ≤ Cn,N‖f‖L∞w(Rn) for x ∈ Rn,

where the constant Cn,N only depends on n and N, then the level set Ωk is empty
for all k such that 2k ≥ Cn,N‖f‖L∞w(Rn). We denote by k′′ the largest integer for
which the above inequality does not hold. Then the index k in the sum defining
` will run only over k′ < k ≤ k′′.

Let ε > 0. Since f is uniformly continuous, there exists a δ > 0 such that
if ρ(x − y) < δ, then |f(x) − f(y)| < ε. Write ` = `ε1 + `ε2 with `ε1 ≡∑
(i,k)∈F1

λki a
k
i and `ε2 ≡

∑
(i,k)∈F2

λki a
k
i , where F1 ≡ {(i, k) : b`

k
i +σ ≥ δ, k′ <

k ≤ k′′} and F2 ≡ {(i, k) : b`
k
i +σ < δ, k′ < k ≤ k′′}.

On the other hand, for any fixed integer k ∈ (k′, k′′], by (5.3) in Lemma 5.4
and Ωk ⊂ Bm+k0 , we see that F1 is a finite set, and thus `ε1 is continuous.

For any (i, k) ∈ F2 and x ∈ xki + B`ki +σ , |f(x) − f(xki )| < ε. Write

f̃ (x) ≡ [f (x)−f(xki )]χB`ki +σ
(x) and P̃ ki (x) ≡ Pki (x)−f(xki ). By the definition

of Pki in Section 5, for all Q ∈ Ps(Rn), we have

1∫
Rn
ζki (x)dx

∫
Rn
[f̃ (x)− P̃ ki (x)]Q(x)ζki (x)dx = 0.
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Since |f̃ (x)| < ε for all x ∈ Rn implies MN(f̃ )(x) Ü ε for all x ∈ Rn, then by
Lemma 4.4, we have

(6.4) sup
y∈Rn

|P̃ ki (y)ζki (y)| Ü sup
y∈Rn

MN(f̃ )(y) Ü ε.

Let P̃ k+1
i,j ∈ Ps(Rn) be such that∫

Rn
[f̃ (x)− P̃ k+1

j (x)]ζki (x)Q(x)ζ
k+1
j (x)dx =

∫
Rn
P̃k+1
i,j (x)Q(x)ζ

k+1
j (x)dx.

Since [f̃ − P̃ k+1
j ]ζki = [f − Pk+1

j ]ζki by suppζki ⊂ B`ki+σ , we have P̃ k+1
i,j = Pk+1

i,j .
Then by Lemma 5.2, we obtain

(6.5) sup
y∈Rn

|P̃ k+1
i,j (y)ζ

k+1
j (y)| Ü sup

y∈Rn
MN(f̃ )(y) Ü ε.

Thus by the definition of λki a
k
i ,
∑
j ζk+1

j = χΩk+1
and (5.7), we have

λki a
k
i = (f − Pki )ζki −

∑
j
[(f − Pk+1

j )ζki − Pk+1
i,j ]ζ

k+1
j

= f̃ χ(Ωk+1)�ζ
k
i − P̃ ki ζki +

∑
j
P̃k+1
j ζkj ζ

k+1
j +

∑
j
P̃k+1
i,j ζ

k+1
j .

From this together with (6.4), (6.5) and Lemma 5.1 (ii), it follows that |λki aki (x)| Ü
ε for all x ∈ xki + B`ki +σ and (i, k) ∈ F2.

Moreover, using Lemma 5.1 (ii) again, we have

|`ε2| ≤ C
∑

k′<k≤k′′
ε Ü (k′′ − k′)ε.

Since ε is arbitrary, we can thus split ` into a continuous part and a part that is
uniformly arbitrarily small. It follows that ` is continuous. Then, h = f − ` is a
C0 multiple of a continuous (p,∞, s)w-atom by Step 3.

Step 6. To find a finite atomic decomposition of `, we use again the splitting
` = `ε1 + `ε2. Clearly, for each ε, `ε1 is a finite linear combination of continuous
(p, q, s)w-atoms, and the `p norm of the coefficients is controlled by ‖f‖Hpw(Rn;A)
in view of (5.5) in Lemma 5.4. Observe that `ε2 = `−`ε1 is continuous. Moreover,
since supp`ε2 ⊂ Bm+k0 , `ε2 has vanishing moments up to order s and satisfies
|`ε2| Ü (k′′ − k′)ε. Choosing ε small enough, we can make `ε2 into an arbitrarily
small multiple of a continuous (p,∞, s)w-atom.

To sum up, f = h+ `ε1 + `ε2 gives the desired finite atomic decomposition of
f with coefficients controlled by ‖f‖Hpw(Rn;A). This finishes the proof of (ii) and
hence, the proof of Theorem 6.2. ❐
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7. APPLICATIONS

As an application of finite atomic decompositions, we establish boundedness in
Hpw(Rn;A) of quasi-Banach-valued sublinear operators.

Recall that a quasi-Banach space B is a vector space endowed with a quasi-
norm ‖ · ‖B which is nonnegative, non-degenerate (i.e., ‖f‖B = 0 if and only
if f = 0), homogeneous, and obeys the quasi-triangle inequality, i.e., there exists
a positive constant K no less than 1 such that for all f , g ∈ B, ‖f + g‖B ≤
K(‖f‖B + ‖g‖B).

Definition 7.1. Let γ ∈ (0,1]. A quasi-Banach space Bγ with the quasi-
norm ‖ · ‖Bγ is said to be a γ-quasi-Banach space if ‖f + g‖γBγ ≤ ‖f‖

γ
Bγ + ‖g‖

γ
Bγ

for all f , g ∈ Bγ .

Notice that any Banach space is a 1-quasi-Banach space, and the quasi-Banach
spaces `γ , Lγw(Rn) and Hγw(Rn;A) with γ ∈ (0,1) are typical γ-quasi-Banach
spaces. Moreover, according to the Aoki-Rolewicz theorem (see [1] or [28]), any
quasi-Banach space is, essentially, a γ-quasi-Banach space, where γ = [log2(2K)]

−1.
For any given γ-quasi-Banach space Bγ with γ ∈ (0,1] and a linear space Y,

an operator T from Y to Bγ is said to be Bγ-sublinear if for any f , g ∈ Y and λ,
ν ∈ C, we have

‖T(λf + νg)‖Bγ ≤
(
|λ|γ

∥∥T(f)∥∥γBγ + |ν|γ ∥∥T(g)∥∥γBγ)1/γ

and ‖T(f)− T(g)‖Bγ ≤ ‖T(f − g)‖Bγ .
We remark that if T is linear, then T is Bγ-sublinear. Moreover, if Bγ =

Lqw(Rn), and T is nonnegative and sublinear in the classical sense, then T is also
Bγ-sublinear.

Theorem 7.2. Let A be an expansive dilation, w ∈ A∞, 0 < p ≤ γ ≤ 1, and
Bγ be a γ-quasi-Banach space. Suppose one of the following holds:

(i) q ∈ (qw,∞), and T : Hp,q,sw,�n(Rn;A) → Bγ is a Bγ-sublinear operator such
that

S ≡ sup{‖T(a)‖Bγ : a is any (p, q, s)w-atom} <∞;

(ii) T is a Bγ-sublinear operator defined on continuous (p,∞, s)w-atoms such that

S ≡ sup{‖T(a)‖Bγ : a is any continuous (p,∞, s)w-atom} < ∞.

Then there exists a unique bounded Bγ-sublinear operator T̃ from Hpw(Rn;A) to Bγ
which extends T .

Proof. Suppose that the assumption (i) holds. For any f ∈ Hp,q,sw,�n(Rn;A), by
Theorem 6.2 (i), there exist numbers {λj}`j=1 ⊂ C and (p, q, s)w-atoms {aj}`j=1
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such that f = ∑`j=1 λjaj pointwise and
∑`
j=1 |λj|p Ü ‖f‖pHpw(Rn;A). Then by the

assumption (i), we have

‖T(f)‖Bγ Ü
[ ∑̀
j=1

|λj|p
]1/p

Ü ‖f‖Hpw(Rn;A).

Since Hp,q,sw,�n(Rn;A) is dense in Hpw(Rn;A), a density argument gives the desired
result.

Suppose that the assumption (ii) holds. Similarly to the proof of (i), us-
ing Theorem 6.2 (ii), we also have that for all f ∈ (Hp,∞,sw,�n (Rn;A) ∩ C(Rn)),
‖T(f)‖Bγ Ü ‖f‖Hpw(Rn;A). To extend T to the wholeHpw(Rn;A), we only need to
prove that Hp,∞,sw,�n (Rn;A) ∩ C(Rn) is dense in Hpw(Rn;A). Since Hp,∞,sw,�n (Rn;A)
is dense in Hpw(Rn;A), it suffices to prove Hp,∞,sw,�n (Rn;A) ∩ C(Rn) is dense in
Hp,∞,sw,�n (Rn;A) in the quasi-norm ‖ · ‖Hpw(Rn;A). Actually, we will show that
Hp,∞,sw,�n (Rn;A)∩ C∞(Rn) is dense in Hp,∞,sw,�n (Rn;A).

To see this, let f ∈ Hp,∞,sw,�n (Rn;A). Since f is a finite linear combination
of functions with bounded supports, there exists ` ∈ Z such that suppf ⊂ B`.
Take ϕ ∈ S(Rn) such that suppϕ ⊂ B0 and

∫
Rn
ϕ(x)dx = 1. By (2.1), it is

easy to check that supp(ϕk ∗ f) ⊂ B`+σ for k < `, and f ∗ϕk has vanishing
moments up to order s, where ϕk(x) = b−kϕ(A−kx) for all x ∈ Rn. Hence,
f ∗ϕk ∈ Hp,∞,sw,�n (Rn;A)∩C∞(Rn).

Likewise, supp(f −f ∗ϕk) ⊂ B`+σ for k < `, and f −f ∗ϕk has vanishing
moments up to order s. Take any q ∈ (qw,∞). By Proposition 2.9 (ii),

‖f − f ∗ϕk‖Lqw(Rn) → 0 as k→ −∞.

Hence, f−f∗ϕk = ckak for some (p, q, s)w-atom ak, and the constants ck → 0
as k → −∞. Thus, ‖f − f ∗ϕk‖Hpw(Rn;A) → 0 as k → −∞. This completes the
proof of Theorem 7.2. ❐

Remark 7.3. It is obvious that if T is a bounded Bγ-sublinear operator
from Hpw(Rn;A) to Bγ , then for any admissible triplet (p, q, s)w , T maps all
(p, q, s)w-atoms into uniformly bounded elements of Bγ . Theorem 7.2 shows
that the converse is true when q < ∞. However, such converse is generally false
for q = ∞ due to the example in [3, Theorem 2]. That is, there exists an oper-
ator T∞ uniformly bounded on (1,∞,0)-atoms, which does not have a bounded
extension to H1(Rn).

Despite this, Theorem 7.2 (ii) shows that the uniform boundedness of T on
a smaller class of continuous (p,∞, s)w-atoms, implies the existence of a bounded
extension on the whole space Hpw(Rn;A). In particular, the restriction of the op-
erator T∞ to the subspace H1,∞,0

�n (Rn) ∩ C(Rn) does have a bounded extension,
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denoted by T̃∞, to H1(Rn), whereas T∞ itself does not have this property. To
be precise, T∞ and T̃∞ coincide on continuous (1,∞,0)w-atoms, but not on all
(1,∞,0)w -atoms; see also [24]. This shows the necessity of using only continuous
atoms when q = ∞ in Theorem 7.2 (ii). Consequently, such a bounded exten-
sion must be obtained in a rather delicate and non-trivial way using only finite
decompositions into continuous atoms.
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