THE SCHUR-HORN THEOREM FOR OPERATORS WITH FINITE
SPECTRUM

MARCIN BOWNIK AND JOHN JASPER

ABSTRACT. We characterize the set of diagonals of the unitary orbit of a self-adjoint op-
erator with a finite spectrum. Our result extends the Schur-Horn theorem from a finite
dimensional setting to an infinite dimensional Hilbert space, analogous to Kadison’s theo-
rem for orthogonal projections [I7] [I8], and the second author’s result for operators with
three point spectrum [16].

1. INTRODUCTION

The classical Schur-Horn theorem [15, 28] characterizes diagonals of self-adjoint (Her-
mitian) matrices with given eigenvalues. It can be stated as follows, where Hy is an N
dimensional Hilbert space over R or C, i.e., Hy = RY or CV.

Theorem 1.1 (Schur-Horn theorem). Let {\;}Y, and {d;}}, be real sequences in nonin-
creasing order. There exists a self-adjoint operator E : Hy — Hy with eigenvalues {\;} and
diagonal {d;} if and only if

N N n n
(1.1) ddi=) N and D di<> XA foralll <n<N.
=1 =1 =1 =1

The necessity of (1.1)) is due to Schur [28], and the sufficiency of (1.1)) is due to Horn [15].
It should be noted that (1.1)) can be stated in the equivalent convexity condition

(1.2) (dl, ... ,dN) S COHV{(}\U(D, .. .,)\U(N)) 10 € SN}

This characterization has attracted significant interest and has been generalized in many
remarkable ways. Some major milestones are the Kostant convexity theorem [23] and the
convexity of moment mappings in symplectic geometry [7, 13|, [14]. Moreover, the problem
of extending Theorem to an infinite dimensional Hilbert space H has attracted a great
deal of interest.

Neumann [25] gave an infinite dimensional version of the Schur-Horn theorem phrased in
the terms of ¢*°-closure of the convexity condition . Neumann’s result can be considered
an initial, albeit somewhat crude, solution of this problem. The first fully satisfactory
progress was achieved by Kadison. In his influential work [17, 18] Kadison discovered a
characterization of diagonals of orthogonal projections acting on H. The work by Gohberg
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and Markus [I2] and Arveson and Kadison [6] extended the Schur-Horn Theorem to
positive trace class operators. This has been further extended to compact positive operators
by Kaftal and Weiss [21]. These results are stated in terms of majorization inequalities as
in . Other notable progress includes the work of Arveson [5] on diagonals of normal
operators with finite spectrum and Antezana, Massey, Ruiz, and Stojanoff’s refinement [I]
of the results of Neumann [25]. Several authors [2] [3| 4, 1], 26l 27] have also worked on a
problem in von Neumann algebras, posed by Arveson and Kadison [6], which is analogous
to the Schur-Horn theorem. For a detailed survey of recent progress on infinite Schur-Horn
majorization theorems and their connections to operator ideals we refer to the paper of
Kaftal and Weiss [20)].

The authors [8] have recently shown a variant of the Schur-Horn theorem for a class of
locally invertible self-adjoint operators on H. This result was used to characterize sequences
of norms of a frame with prescribed lower and upper frame bounds. The second author [10]
has extended Kadison’s result [17, 18] to characterize the set of diagonals of the unitary orbit
of a self-adjoint operator with three points in the spectrum. In this work we shall continue
this line of research by studying self-adjoint operators with finite spectrum.

There are two distinct extensions of the Schur-Horn theorem for operators with finite
spectrum. The case when the multiplicities of eigenvalues are not prescribed was already
considered by the authors in [9]. While the main result in [9] provides a satisfactory de-
scription of possible diagonals of operators with finite spectrum, it is far from describing
diagonals of the unitary orbit of such operators. In other words, a fully satisfactory Schur-
Horn theorem should characterize the diagonals of operators with given eigenvalues and
their corresponding multiplicities. This leads to the second more complete variant of the
Schur-Horn theorem. Before we state the full theorem, we need to set up some convenient
notation.

Definition 1.2. Let {A;} be a finite increasing sequence in R, and let {NV;} be a sequence in
NU {oo} (with the same index set) that takes the value of co at least twice. Without loss
of generality we shall assume that the combined sequence is reindexed as {(A4;, Nj)}?if fnl
for some m,n,p € Ny = NU {0} and that

No = N, = and N; <oofor j<Oandj>n+1.

For simplicity we shall assume that Ag =0 and A,,.1 = B.
Let {d;}ier be a sequence in [A_,, Ay pi1]. For each o € (0, B), define

Cla)=> d; and D(a)= > (B—d).

d;<a d;>a

Since the above series may have both positive and negative terms, we shall follow the conven-
tion that C'(«) = 0o or D(«a) = oo, if the corresponding series is not absolutely convergent.
Thus, C(a) < oo means that the series », _, d; is absolutely convergent.

Let E be a bounded operator on a Hilbert space H. For A € C define

mg(\) = dimker(E — \).
We say that an operator £ has an eigenvalue-multiplicity list {(A;, N;)}7=? H
o(E)={A_n, ..., Apips1} and mg(A4;) = N; forall -m <j<n+p+1.
2
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We are now ready to state the main result of this paper for operators with at least two
infinite multiplicity eigenvalues. The corresponding result with one infinite multiplicity is
less involved, see Theorem whereas the case of all finite multiplicities is the classical
Schur-Horn theorem.

Theorem 1.3. Let {(A4;, Nj)}?iffnl, m,n,p € Ny, be a sequence as in Deﬁmtéon and let
{d;}icr be a sequence in [A_p,, Apipi1]. There exists a self-adjoint operator E with diagonal
{d;}Yicr and the eigenvalue-multiplicity list {(A;, N;)Y' 2P+ if and only if the following three

j=—m
conditions hold:

(i) (lower exterior majorization) for all T = —m, ... 0,
r—1
(1.3) D (A —d) < ) (A - AjN;.
d;<A, j=—m

(ii) either we have:
e (non-summability) C(B/2) = oo or D(B/2) = oo, and these are the only pos-
sibilities if N; takes the value of oo more than twice, or
e (interior majorization) C(B/2) < oo and D(B/2) < oo (and thus C(a) < o0
and D(«) < oo for all a € (0, B)) such that the following three conditions hold:

(1.4) {iel:d;<B/2}=|{iel:d > B/2} = oo,
n+p+1
(1.5) C(B/2)—D(B/2)= >  A;N;+kB  for somek € Z,
j;:),_rle
r n+p+1
(1.6) (B—A)C(A) + AD(A) > (B—A) Y AN+ A Y (B-A4)N,
s At
forallr=1,....n,

(iii) (upper exterior majorization) for allr =n+1,....,n+p+1,

n+p+1
(1.7) > (di—A) < ) (Aj— AN
d;i>Ar j=r+1

We remark that the trace condition (1.5) makes sense only when all N; < oo for j =
1,...,n. In fact, the assumption that C(B/2) < oo and D(B/2) < oo actually forces
this property in light of Theorem [4.1] In other words, the interior majorization subcase
of Theorem can only happen when there are exactly two infinite multiplicities: Ny =
N, n+1 = OQ.

The proof of Theorem [1.3| occupies most of the paper, and it is broken into several parts.
Section 2 recalls the most fundamental results used in this paper such as Kadison’s theorem
and the “moving toward 0-1”7 lemma, which were extensively employed in authors’ earlier
work [8, [16]. By far the easiest part of the proof of Theorem is the necessity of exterior
majorization in Section 3. In contrast, the necessity of interior majorization is much more
complicated, and it splits into two stages. First, we establish the trace condition . At the

same time we show that the non-summability subcase of (ii) must necessarily happen when
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more than two eigenvalues have infinite multiplicities. Second, we establish the majorization
inequalities .

Section 5 shows sufficiency of interior majorization in the special case m = p = 0, i.e., when
exterior majorization is not present. We introduce an important concept of Riemann interior
majorization which requires ordering of a diagonal sequence {d;};c;, and which resembles
classical majorization as in [6, 20, 2I]. In contrast, Lebesgue interior majorization does not
require any ordering and is the main invention of the paper. In the crucial case, when {d;};cs
can be put in nondecreasing order indexed by Z, these two concepts coincide. The proof of
this result is elementary, albeit long. The sufficiency of Riemann interior majorization, which
plays a central role in the paper, requires an involved combinatorial argument employing
machinery from Section 2. Finally, Theorem deals with sequences that satisfy Lebesgue
majorization but do not conform to Riemann majorization.

Section 6 shows the sufficiency of exterior majorization in the case when there is exactly
one eigenvalue with infinite multiplicity, which is not covered by Theorem[I.3] We show that
the special case when exactly one of lower or upper exterior majorization is present can be
conveniently and swiftly dealt with interior majorization. We also establish a “decoupling”
lemma, which plays an important role in the rest of our arguments. In short, this lemma
enables us to modify our diagonal sequence {d;};c; into two separate sequences satisfying
lower and upper exterior majorization, respectively. A similar technique is used in Section
7, which shows the sufficiency part of Theorem [I.3] We use the decoupling lemma to obtain
three modified diagonal sequences satisfying lower and upper exterior, and interior majoriza-
tion, resp. This process requires careful analysis of resulting diagonal sequences belonging to
the same unitary orbit of a suitable self-adjoint operator. As a consequence we obtain two
sufficiency results corresponding to the two subcases of part (ii), thus completing the proof
of Theorem [L.3]

Finally, in Section 8 we consider a converse problem of characterizing spectra of operators
with a fixed diagonal. While Theorem does not resemble the Schur-Horn Theorem in any
obvious way, its converse counterpart Theorem does. Given a diagonal sequence {d; };ey,
which satisfies some natural summability conditions, we consider the set Ay ({d;}) of possible
lists of N eigenvalues of operators with such diagonals, see (8.1]). Theorem states that
Anx({d;}) has a very special structure. It is a union of N, or N — 1 if {d;} is a diagonal of
a projection, upper subsets of constant trace each having a unique minimal element with
respect to the majorization order [24]. This is closely analogous to the Schur-Horn Theorem
[1.T7] which can be restated as follows: the set of possible lists of eigenvalues of operators with
fixed diagonal {d;}¥ , is an upper set with the minimal element {d;}¥ ;.

2. PRELIMINARIES

The Schur-Horn theorem and its extensions [0, 21] are usually stated with eigenvalues listed
in nonincreasing order indexed by N. However, if we insist on arranging diagonal entries into
a nondecreasing sequence, then we should instead use —N as a part of the indexing set.
This leads to two different formulations of the Schur-Horn theorem for finite rank positive
operators, see [9, Theorems 2.1 and 2.2]. The main innovation here is that we do not require
a sequence {d;} to be globally monotone. This allows the possibility that {d;} has infinitely
many positive terms and some zero terms. At the same time it also gives us flexibility in

arranging small diagonal terms.
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Theorem 2.1. Let {\;}¥, be a positive nonincreasing sequence. Let {d;}2°, be a nonnegative
sequence such that:

(i) d; < dy fori> N +1,
(ii) the subsequence {d;}Y. | is nonincreasing.

There ezists a positive rank N operator E on a Hilbert space H with (positive) eigenvalues

NI and diagonal {d;}32, if and only if

00 N
(2.1) Zdi > Z)‘i for all 1 <n < N, with equality when n = 1.

i=n i=n

Theorem 2.2. Let {\;}Y, be a positive nondecreasing sequence. Let {d;}Y.__ be a nonneg-

ative sequence such that:
(i) d; < dy fori <0,
(ii) the subsequence {d;}Y | is nondecreasing.

1=—00

There exists a positive rank N operator E on a Hilbert space H with (positive) eigenvalues
{INIY and diagonal {d;}Y.___ if and only if

1=—00

(2.2) Z d; > Z \i for all1 <n < N, with equality when n = N.

1=—00

Later we shall see yet another variant of the Schur-Horn theorem for positive finite rank
operators, Theorem [6.2] which does not rely on any particular ordering of diagonal entries
as in Theorems and 2.2l Moreover, we shall also extend this to a general Schur-Horn
theorem for finite rank (not necessarily positive) self-adjoint operators; see Theorem We
will also make extensive use of Kadison’s theorem [I7), 18] which characterizes diagonals of
orthogonal projections.

Theorem 2.3 (Kadison). Let {d;}ic; be a sequence in [0,1] and a € (0,1). Define
=Y d, D)= (1—d).
di<a di>a

There exists an orthogonal projection on €*(I) with diagonal {d;}ic; if and only if either:

(i) C(a) = 00 or D(a)) = o0, or
(ii) C(a) < 00 and D(«) < oo, and

(2.3) C(a) — D(«a) € Z.
Remark 2.1. Note that if there exists a partition of I = Iy U I; such that
(2.4) Zdi < oo and Z(l —d;) < 00
iclo i€l
then for all a € (0,1) we have C(«a) < oo and D(«) < oo and

<Zd -y (1-d )) — (C(a) — D()) € Z.

icly i€l
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Thus, in the presence of a partition satisfying (2.4]),
(Zdi—Z(l—diO ez
i€y i€l

is a necessary and sufficient condition for a sequence to be the diagonal of a projection. We
will find use for these more general partitions in the sequel.

The following “moving toward 0-1” lemma plays a key role in our arguments. Lemma [2.4
is simply a concatenation of [8, Lemmas 4.3 and 4.4].

Lemma 2.4. Let {d;}ic; be a bounded sequence in R and let A, B € R with A < B. Let
In, I, C I be two disjoint finite subsets such that {d;}icr, and {d;}icr, are in [A, B], and
max{d; :i € Iy} <min{d; :i € I}. Let ny > 0 be such that

1o < min { > (di—A),) (B- di)}.

i€lp 1€l

(i) There exists a sequence {d;Yic; satisfying

(2.5) di=d; foriel\ (IyUl),

(2.6) A<d;<d; i€ly, and B>d;>d;, i€l

(2.7) Mo + Z(CZ —A)= Z(dz —A) and o+ Z(B —d;) = Z(B —d;).
i€lp i€lp S i€l

(ii) For any self-adjoint operator E on H with diagonal {d;}ic;, there exists an operator E
on H unitarily equivalent to E with diagonal {d;}c;.

3. NECESSITY OF EXTERIOR MAJORIZATION

In this section we will show the necessity of the exterior majorizations in Theorem [I.3]
This is a consequence of the following two elementary results. Theorem establishes a
majorization for operators with discrete spectrum in the lower part.

Theorem 3.1. Suppose that E is a self-adjoint operator on a Hilbert space H with
O'(E) C {)\1, ey )\mfl} U [)\m, OO),

where Ay < ... < Ay, m > 2. Let {e;}ier be an orthonormal basis for H and d; = (Ee;, e;).
Then, for anyr =2,...,m,

(3.1) Yo (h—dy) < T 1()\r — \)N; where N; = mp(),).

i€l, di<Ar Jj=1

Proof. For afixedr =2,..., m we decompose £ = \{P+. .. )\r—1Pr—1+E, where Py, ..., P._4
are mutually orthogonal projections onto eigenspaces with eigenvalues Ay, ..., \,._1, resp. De-

fine the projection P, =1—(P;+...+ P,_1), where I is the identity on H. As a consequence
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of the spectrum assumption, we have o(E) € {0} U [\, 00), and AP, < E. Hence, for all
1e€1,d; > Z]: ]pz(]), where pg ) = = (Pje;, e;) are diagonal entries of P;. Thus,

ST —d) < }j(} —}jAmﬂ) Ej(: (1—p") E:%m )

d; <Ar di<Ar di <A

In the last step we used the fact that pz(»l) +... +p§r) =1forallic I. Since ), , pgj) = N;

forj=1,...,r — 1, we have
r—1
)RSV 3) PENSTRLES pb Ry
7=1 el j=1 d;i<\r j=1
Combining the last two estimates yields (3.1). ([l

By symmetry we automatically obtain a version of Theorem for operators with discrete
spectrum in the upper part.

Theorem 3.2. Suppose that E is a self-adjoint operator on H with
o(E) C (=00, A U{ A1,y A1},

where Ay, < ... < A\, m > 2. Let {e;}ic; be an orthonormal basis for H and d; = (Ee;, e;).
Then, for anyr=2,...,m,

r—1
(3.2) Z (d; = \) Z where N; = mpg(;j).
i€l, di>Ar j=1
Proof. Observe that —FE satisfies the hypothesm of Theorem for the sequence —\; <
. < —=Am. Then, Theorem 3.1 - yields (3 U
Proof of necessity of Theorem[1.3(i)(iii). Suppose that E is a self-adjoint operator with di-
agonal {d;};e; and the eigenvalue-multiplicity list {(A; )}?ff *1 Then, Theorems [3.1| and

3.2 yield (i) and (iii), resp.

It is worth mentioning that the above results provide majorization conditions also for
operators with an infinite discrete spectrum. Corollary can be considered as an extension
of majorization for trace class operators; compare with [6].

Corollary 3.3. Suppose that {\;};en is a decreasing sequence with finite limit Ao = lim;_, oo A;.
Suppose that E is a self-adjoint operator with

o(E) C {1, A2, ...} U (=00, Aso].
Then,

(3.3) > (di— ) < i(Aj —Ao)Nj,  where N; = mp();).

Proof. Theorem applies and yields inequality (3.2]). By letting r — oo we obtain (3.3))
by the monotone convergence theorem. 0
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4. NECESSITY OF INTERIOR MAJORIZATION

In this section we will show the necessity of the interior majorization in Theorem [I.3] The
first step in this two-stage process is to establish the trace condition . At the same time
Theorem shows that non-summability, i.e. C(B/2) = oo or D(B/2) = o0, is the only
option if more than two eigenvalues have infinite multiplicity.

Theorem 4.1. Let E be a self-adjoint operator on H with spectrum
U(E) = {A_m7 e 7An+p-|—1}7

where m,n,p € Ny and {Aj}?:ffnl 1s an increasing sequence such that Ag = 0 and A,+1 = B.

Let {e;}ier be an orthonormal basis for H and d; = (FEe;, e;). Assume that
(4.1) N; :=mpg(4;) < oo forall 5 <0 and j >n+ 1.
Assume also that for some 0 < a < B both series
=Y di, D(a)=) (B-d)
di<a di>a
are absolutely convergent. Then, the following hold:

(i) the series C(a) and D(«) are absolutely convergent for all 0 < o < B,
(i) the interior multiplicities are finite

(4.2) N; =mpg(4;) < oo forallj=1,....n
(iii) there exists k = k(«) € Z depending on « such that
n+p+1
(4.3) Cla)—D(a) =kB+ > NjA;
§#0,n+1

In addition, if we assume that Ny = N1 = 00, then

(4.4) Hiel:d;<a}|=|{iel:d;>a}|=
Proof. By the spectral decomposition, we can write
n+p+1
E= ) AP,
j=—m

where P;’s are mutually orthogonal projections satisfying Z"+p 1 P; =1. Let p(j ) = (Pjei, e;)
be the dlagonal of P;. Hence, we have

n+p+1

(4.5) Z pz(j) =1 for all i € 1.
j=—m
For convenience, we let
-1 n+p+1
S A <0 =Y g
j=—m j=n+2

(4.6) .

Cfi/z' = dz Z A]pz ]

8



By (4.1), the following two series are convergent

-1 ntp+1
(47) qu(l) = Z NjAj > —00, qu@) = Z NjAj < oQ.
el j=—m el j=n+2

For convenience we let Iy = {i € [ : d; < a} and I, = {i € I : d; > a}. Since the series
defining C'(«) and D(«) are absolutely convergent, any interval [e, B — €], € > 0, contains
only finitely many d;’s. Thus, C'(«) and D(«) are absolutely convergent for all 0 < a < B,
which justifies (i). Moreover, by and the following two series are convergent

(4.8) 6’2267,-<00, 522(3—0@)<0®.

i€1lp ie€lq

By (4.6) and (4.8)) we have

(4.9) Zpgj)<oo forj=1,...,n+1.
i€lp

By (4.5) and (4.6) we have
" n+1 ' n+1 ' n )
Bd=B(1- )+ (B - A = S5 - Al

7=1 7=1 7=1
Summing the above inequality over i € Iy, (4.8) yields
(4.10) Y p <o forj=1,....n
i€l

Thus, using (4.8) again and the identity B — d; = B(1 - pgnﬂ)) — 2?21 Ajpgj) we also have

(4.11) S (- p"Y) < oo

i€l

Combining (4.9) and (| proves (ii), i.e.,

(4.12) Nj:Zpi] <oo j=1,...,n.
iel

By (4.9) and (4.11)) and Remark we can apply Theorem to the projection P, to

deduce that
ko sz(nJrl) B Z<1 p(n+1)> c7

i€y i€l

Thus,

5—?9:2( "+1+ZAJpz> Z( ZAJpz>

i€lp i€l

= Bk + ZNjAj.

J=1



Therefore, by (4.6) and (4.7) we have

C(a) = D(e) => di—> (B—d;)

i€lp el
(4.13) ) B ) ) ntpt+l
=N di+q"+d) =Y B-di—q" —¢?)=Bk+ > N4,
’LGIO el j=—m

J#0,n+1

This shows completing the proof of (i)(iii) of Theorem [4.1]

In addition, assume that Ny = N,,; = oco. It remains to show . On the contrary,
suppose that there are only finitely many ¢ € I such that d; > a. Combining this with
the assumption the series deﬁning C(a) is absolutely convergent implies that >, d; is

also absolutely convergent. By (4.6) and . the series ) .., d; is convergent. Since

d = Z"H A]pz]), by (4.12 - the series )., plnH) is also convergent. This implies that the
projection P, 1 has finite rank which contradicts N,,;; = co. A similar argument shows that
if there are only finitely many ¢ € I such that d; < a, then the series ) . (B —d;) converges

absolutely, and hence } . (1 p£n+ )) is convergent. This implies that the rank of I — P, 4
is finite which contradicts the hypothesis that Ny = oo. 0

Now that Theorem is established, it is now convenient to formalize the concept of
interior majorization with the following definition.

Definition 4.2. Let m,n,p € Ng, n > 1, and let {Aj}?if ;1 be an increasing sequence such

that Ag =0 and A, 1 = B. Let {Nj}?;rffnl be a sequence in N with the possible exception
of j =0and j =n+1, where Ny and N,,;1 could = oo. Let {d;};c; be a sequence in R. Let
C(a) and D(«) be as in Definition [1.2] with the convention that C'(a) or D(a) = oo if the
corresponding series is not absolutely convergent.

We say that {d;} satisfies interior majorization by {(A;, N;)} =7

ditions hold: jim
(i) C(B/2) < oo and D(B/2) < oo, and thus C(a) < oo and D(a) < oo for all
€ (0,B),
(ii) there exists ko € Z such that

if the following 3 con-

n+p+1

(4.14) C(A,) = D(A) = Y AN;+ kB,
J#0,n+1
(iii) forall r =1,...,n,
r n+p+1
(4.15) C(A) > > AjN; + A, (k:o —i el A <di < A+ ) Nj).
j=-m j=r+1
J#0 jAn+1

Remark 4.1. Desplte initial appearance the mterlor majorization conditions (4.14]) and -

are equivalent to and in Theorem |1 deed, since the quantlty C (o) — D(«)
1-

remains constant modulo B for all a € (0, B), (4.14) is equivalent with the statement that
10



there exists k = k(a) € Z such that
n+p+1
(4.16) C(a) = D(a) = Y A;N;+k(e)B.

j=—m

Jj#0,n+1
Fix « = A,, where r = 1,...,n. Since kg —[{i € [ : A, < d; < A, }| = k(a), (4.15]) can be
rewritten as

j=—m j=rt1

3#0 J#n+1
Using (4.16)), we can remove the presence of k = k(«) in - to obtain
n+p+1
(4.18) (B—a)C(a)+aD(a) > (B —a) ZAN +a Y (B-A4))
j=—m Jj=r+1
J#0 j#n+1

This is precisely (1.6) and the above process is reversible. Observe also that the values
of Ny and N, ; are irrelevant in Definition 4.2l However, the most interesting case of

interior majorization occurs when there are exactly two eigenvalues with infinite multiplicities
N() = Nn+1 = OQ.

We are now ready to establish the necessity of the interior majorization.

Theorem 4.3. Let E be a self-adjoint operator on H satisfying the assumptzons of Theorem
. Then, its diagonal {d;}icr satisfies interior magjorization by {(A;, N;) Y27+

j=—m

Proof. We shall use the same notation as in the proof of Theorem - The condition
guarantees that the sequence {N; };Lif ;1 fulfills the requirements of Definition . Moreover,
by letting a = A,, yields the trace condition . Thus, it remains to show the
interior majorization inequality @

As in the proof of Theorem [4.1] we write

n+p+1
E= Y AP
j=—-m
Since each orthogonal projection P; has rank NN;, by and we have
(4.19) Y =Nj<oo forallj=-m,...n+p+1, jAO0n+1
iel
For convenience we let ¢; = pgnﬂ). Then, by we have
n+p+1
(4.20) = > ApY + By,
Homta
Moreover, by we have
n+p+1
(4.21) Cl(a) = D(a) = Bk(a) + Z A;Nj, where k(a ZqZ Z (1—a)€Z
oni i€l ieh

11



Here, Iy ={i€l:d; <a}and [, = {i € I : d; > a}. By letting o = A,,, we deduce that kg
in (4.14) must equal k(A,,).
Fixr=1,...,n, and let « = A,. Then,

—iel A <di<AY =) g-— > (1—q)—|{icl:A <d <A}

di<An diZAn
= a— > (1—aq)=k(A).
i€l i€l

Thus, by (4.20) the required majorization (4.15)) is equivalent to

(422) Y ( niﬂ ApY) + qu) > Z A;N; + AT(Zqi = (1 —g)+ niﬂ Nj).

i€lp j=—m j=—m i€lp i€l j=r+1
J70,n+1 J#0 j#n+1

By (4.19), we have for j # 0,n + 1,

Nj=Y "+ .

icly ieh
Thus, can be rewritten as
n+p+1 n+p+1
123) ¥ (X (AP +(5-A)a) = Z(Z A+ Y A ) ).
€ 2 R A~

Since {A;} is an increasing sequence, the left hand side of (4.23)) is > 0. On the other hand,
the right hand side of (4.23]) is < 0 as it is dominated by

n+p+1 n+p+1 '
Z( > A +Arqz-—Ar) st( > pﬁ”—l) =0
i€l ]J#—O’—;:l i€l N j=-—m
In the last step we used . This shows , which implies , thus proving .
This completes the proof of Theorem [£.3] 0

Proof of necessity of Theorem|1.5 -( i1). Suppose that F is a self-adjoint operator Wlth diago-
nal {d;}icr and the eigenvalue-multiplicity list {(A; )};Lff 1 as in Definition|1.2l Suppose
first that N; takes the value of co more than tw1ce That is, N; = oo for some 1 <j<n
in addition to Ny = N,,.1 = oco. Since fails, by the contrapositive of Theorem , we

must necessarily have that

Z d; = o0, or Z (B —d;) =

0<d;<B/2 B/2<d;<B

Thus, we have the non-summability scenario.
Suppose next that N; takes the value of oo exactly twice. If the non-summability happens,
then there is nothing to prove. Thus, it remains to consider the case when C(B/2) < oo and
D(B/2) < co. Theorem [4.1] shows that (4.4) holds. In the case when n > 1, Theorem [4.3]
shows {d;};c; satisfies interior majorization by {(A4;, N; )}?ff 1 Finally, in the case when
n = (0, Theorem n alone yields the required conclusmn in Theorem |1 - 1.3((ii 0
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5. SUFFICIENCY OF INTERIOR MAJORIZATION

The goal of this section is to show the sufficiency of the interior majorization in the case
when the two outermost eigenvalues have infinite multiplicities. This corresponds to the case
when m = 0 and p = 0 in Definition [1.2] and thus exterior majorization is not present. To
achieve this we shall introduce an alternative variant of interior majorization which works
in the crucial case when {d;} can be indexed in nondecreasing order by Z.

Definition 5.1. Suppose that n € N and {4; ;Li& is an increasing sequence in R such that
Ap =0 and A, 1 = B. Suppose {N; %1 is a sequence in N and Ny = N,;1 = 00, Define

0 2150
(5.1) AN=A TN << N,
B i> Z?:l Nj.

Let {d;}icz be a nondecreasing sequence in [0, B] such that S0 d; < co. We say that
{d;} satisfies Riemann interior majorization by {(A;, N;) ;‘;rol if there exists k € Z such that
the following two hold

(5.2) Omi= Y (dig—=X)>0  forallmez,

(5.3) lim 6, = 0.

m—0o0
To distinguish between two distinct types of interior majorization we shall frequently refer
to the concept introduced in Definition 4.2] as Lebesgue interior majorization. This is done
purposefully as an analogy between Riemann and Lebesgue integrals. Theorem |5.2[shows the
equivalence of the concepts of Riemann and Lebesgue interior majorization for nondecreasing
sequences.

Theorem 5.2. Let {(A;, N;) ;Li& be as in Definition . Let {d;}icz be a nondecreasing

sequence in [0, B]. Then, the sequence {d;} satisfies interior majorization by {(A;, N;)}1%)
if and only if {d;} satisfies Riemann interior majorization by {(A;, N;) ?i&

Proof. Without loss of generality we may assume that d; < A; <= i < 0. We will establish
the following notation to be used in the proof. For r =1,... n, we set

mr:‘{ZEZA1§d1<AT}|, UT:ZNJ.’ oo = 0.
=1

Note that for any » = 1,...,n, we have

(5.4) di < A, <= i <m,,

(5.5) A=A <— o_1+1<i<og,.

Therefore, we have

(5.6) CA)= > d, DA)= > (B—d).
1=—00 i=my+1

First, we assume that {d;} satisfies interior majorization as in Definition From the
assumption that C'(B/2) < co we have Y0 d; = C(A;) < co.

i=—00

13



Let kg € Z be as in Definition . We will show that (5.2) and (5.3) hold with k =
ko + 0, — my,.
For m > o,

m m—k n
57 Om= Y (dis Zdzk—Z)\ > di=> A;N;—(m—o0,)B.
1=—00 1=—00 1=—00 7=1
Using , form >m, +k
m—k Mp m—k
di=)Y d- Y (B-—d—B)
(58) i=—00 i=—00 i=mn+1

o0

=C(A,) = D(A) + Bm—k—m,)+ > (B—d).

i=m—k+1
For m > max{o,, m, + k}, combining (4.14), (5.7), and (5.8)) yields
Om=koB—(m—0,)B+B(m—k—m,)+ > (B—d)= Y (B-d).
i=m—k+1 i=m—k+1

Since this series is convergent, we have d,, — 0 as m — oo. This establishes ([5.3)).

To complete this direction of the proof we must show that d,, > 0 for all m € Z. Since
d; > 0 = \; for i <0, we have §,, > 0 for m < 0. Moreover, since d;,_;, — A\; < 0 for all
1> o,, and d,, — 0 as m — oo, this implies 9,, > 0 for all m > o,. Note that in the current
notation, the interior majorization inequality takes the following form

my+k
(5.9) Zd k>2)\+k+mr—ar)AT forr=1,...,n.

1=—00

We will prove by induction on r =0, ..., n that §,, > 0 form =0,1,...,0,. The base case
r = 0 was shown above. Assume the inductive hypothesis is true for r — 1, where 1 < r <mn.
We will show that that d,, > 0 for all m = 0,1 + 1, ..., 0,. There are two cases to consider.
Case 1. Assume that m, + k < o,. First we will show that d,, 1 > 0. If m, +k < 0,1,
then the inductive hypothesis implies that o, 1 > 0, so we may assume 0,_1+1 < m,+k <

o,. Using (5.9) and then (5.5))

mr+k my+k my+k my+k
Ompse = 3 (dicg = N) Zdlk—Z)\>Z>\+k+mr—arA—Z)\

= (k+m, —0,)A, + Z \i = 0.
i=my+k+1
By (5.4) and (5.5)

di—k_)\iZAr_)\iZO fOI‘mr—i‘kSZ'SO'r,
difk_>\i<Ar_)\i:0 fOfUT,1+1SiSmT—|—]€.

Combining this with 6,,, 1, > 0 implies that 6,, > 0 forallm =0, 1 +1,...,0,.
14



Case 2. Assume m, + k > o,. Using (5.9) and then ({5.4)

or my+k my+k
5or:Z ik — A Zdzk_zdzk_z)\
z;:oo 1=—00 mTZJr]:TJrl .
>3 A+ (k+m, —0,) Zdlk—ZA> (k+my —0)A — > A =0
i=1 i=op+1 t=or+1

By and (5.5), iy — Xy < A, — X\, =0 for all 0,1 + 1 < i < 5, Combining this with
0y, > 0 implies that d,, > 0 for all m = 0,1 +1,...,0,. This completes the inductive step
and shows holds.

Conversely, assume that {d;} satisfies Riemann interior majorization. First, we note that

(5.3]) implies

00 mn+k 00
0= Z (dicy — Ni) = Z (dicg — Ni) + Z (dicg — i)
1=—00 i=—00 i=mp+k+1
mn+k [e%e) 0o
(5.10) Zd—ZA— Y B-d)+ > (B-X)
i=—00 1=—00 i=mp+1 i=mn+k+1
mn+k o)

= C(4,) - > Nt D> (BN

1=—00 i=mn+k+1

If o,, > m,, + k, then we have

ma+k 00 mn+k on on
1=—00 i=mn+k+1 i=1 i=mnp+k+1 i=1

If o,, < m, + k, then we have

mn+k %) mn+k
Do+ D> | Z AN+ > B
1=—00 i=mn+k+1 1=—00 i=on+1

In either case, using ([5.10|) we have

j=1
This shows that (4.14]) holds with kg = k + m,, — 0,,. Finally, we must show that (5.9 holds
foreachr=1,2,...,n

Fix r =1,2,...,n and assume o, > m, + k. Using d,, +r > 0 and the fact that \; < A,
for ¢« < o,, we have

my+k mr+k or
Ddik= D =D N-— Z >\>Z)\— »—my — k)A,.
i=—00 1=—00 1=—00 i=my+k+1

15



Next assume o, < m,. + k. Using d,,, +x > 0 and the fact \; > A,.1 > A, fori > 0, + 1, we
have

my+k my+k mp+k
Yodi= Y M= Z)\+Z)\>Z>\+mr+k—ar)/lr
1=—00 1=—00 1=—00 i=o,r+1 1=—00
This proves that {d;} satisfies interior majorization as in Definition [4.2] O

The sufficiency of Riemann interior majorization for the existence of a self-adjoint operator
with prescribed eigenvalues and diagonal is the key result of this section. For nondecreasing
sequences ordered by Z, the necessity of Riemann interior majorization follows immediately
by what was shown in Section [4 and Theorem [5.2]

Theorem 5.3. Let {(A;, N;)}25 be as in Definition |5. 1 E Let {d;}icz be a nondecreasing
sequence in [0, B] which satisﬁes Riemann interior magjorization by {(A;, N;) ?+01 Then,

there is a self-adjoint operator E with eigenvalue-multiplicity list {(A;, N; ) "H and diagonal
{di}icz. That is, o(E) = {0, Ay, ..., An, B}, and mg(A;) = N; for j=0,... ,n + 1.

Proof. Set 0 = [{i € Z : \; # 0, B} = >_7_; N;. Without loss of generality we can assume
that the sequence {d; };cz satisfies Riemann interior majorization in Deﬁnitionwith k=0.
This is because shifting a sequence does not affect the fact that it satisfies Riemann interior
majorization.

The special case when there exists ig € Z such that

(5.11) d;=DB  foralli>i

follows directly from Theorem [2.2) . applied to the sequences {\;}M, and {d;}M __ for any
M > max{ig,c}. Moreover, by symmetry considerations, as explained later in Case 3, one
can also deal with the reciprocal case when

(5.12) d; =0 for all i < 4.

Thus, without loss of generality we can assume that neither (5.11)) nor (5.12)) holds. Since
{d;} is nondecreasing this is equivalent to d; € (0, B) for all i € Z. For convenience we note
that for any m € Z we have

1=—00 i=m+1
Fix an integer mg € [0, | such that
(5.14) Ome = min{d,, : 0 <m < o},

Obviously, 0,,, < min{dp, d,}. The proof of Theorem splits into three cases.
Case 1. 0,,, < min{dyp, d,}. There are finite subsets Iy C Z N (—o0,0] and Iy C Z N [o

1, 00) such that
> di> 6, and > (B —d;) > b,
icly iel
We apply Lemma [2.4 . i) to {d;} on the interval [0, B] with 19 = d,,,, to obtain {d:}icz.
We will show that {/\ }mo and {d;}™___ satisfy the conditions of Theorem From

and the assumption that {d;} is nondecreasing we see that c?l <d; <d; = d; for all
16



i < 1. Since {d;}icz is nondecreasing and d; = d; for i = 1,...,mg we see that {d;}" is
nondecreasing. For 1 < m < mg we have

Zd—Z)\ Zd+2d—)\ Zd—noJer—)\ )

1=—00 1=—00 1=—00

with equality when m = mgy. By Theorem there is a positive operator Eo with positive
eigenvalues {\;}"% and diagonal {d;}"___. Since the diagonal of Ej is an infinite sequence
we also have mg (0) = oco.

1=—00"

By a similar argument applied to the sequence {B — CZ}?imo +1 and an appeal to Theorem
, there is a positive operator Ep with positive eigenvalues {B — A\i}{_,, .1,
{B d; }1 S o+l and mg_(0) = oo.

Let E = Ey @ (BI — Eg). Note that E has cigenvalue-multiplicity list {(A;, N;) Vi » and

diagonal {dz‘}z‘ez. By Lemma . (ii) there is an operator F, unitarily equ1va1ent to E , with
diagonal {d;}icz. This completes the first case.

Case 2. 0,,, = 0, < &y. The proof of Case 2 breaks into two subcases. In subcase (i) we
assume that there is a (finite or infinite) set Iy C Z N (—o0, 0] such that

(5.15) > d; = i()\i —d;).

i€lo i=1

diagonal

In subcase (ii) we assume that there exists a finite set Iy C Z N (—o0, 0] such that

(5.16) > d; >Z>\—d

i€lp

Observe
g

(5.17) > N-d)=06n—-0,>0 m=01,...,0
i=m-+1

which implies

0 o
(5.18) Yo di=0620—d =) (\—d)=>0.
i=—o00 i=1
From (5.18)) we see that if subcase (ii) fails, then we must have 320 d; = 327, (di — \)
and we are in subcase (i).

.....

.....

Sehur Horn Theorem [1.1] - (after reversing mdeXlng) If Iy is infinite, then the assumption
that {d;} is nondecreasing guarantees that the assumptions of Theorem are also met.
The fact that d;’s for ¢+ < 0 are indexed by [y does not cause any problem here since one
can temporamly relndex {d; }ie Io 1nto {d;}? Therefore, either Theorem |1.1{ or Theorem

I=—00"

.....

spectrum o(Ey) ={0,A;,..., A}, mg,(4;) = N; foreach j =1,...,n and mO(EO) |Zo]-
We shall establish that a similar conclusion holds in subcase (ii), albeit with appropriately

modified diagonal terms.
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Next, we assume we are in subcase (ii). Set

mo= Y di— i()\i —d;) > 0.

i€lp =1
Observe that
5(,: Z(B_dl)zz Zd—z _dl)>zdl_z<)‘l_dl):n0
i=o+1 i=—00 1=—00 i€ly i=1

The strict inequality above is a consequence of our assumption that ([5.12)) fails. Hence, there
is a finite set Iy C Z N[0 + 1, 00) such that

i€l
We apply Lemma (i) to the sequence {d;};cz on the interval [0, B] with ny to obtain
sequence {d;};cz. In particular, we have

(5.19) ZCZ szi—no :Z()\i_di)7

i€lp i€lp =1
(5.20) i(B—&;):i(B—di)— iA—d - d;.
i=o+1 1=0+1 =1 i€lp

Combining the fact that d; = d; for i =1,2,...,0 with (5.19) yields

Zd+2d—>\ Zd+2d—>\ i(Ai—di)zo form=1,2,...,0,

i€lp iely i=m-+1

with equality when m = o. Since d; < d; < dy for all z' e Iy this shows that the se-

.....

Thus, there exists an operator Ej with diagonal {d Yierouqt,....o) and J(EO) ={0,Ay,..., A},

.....

mg, (A )= Njforj=1,...,n,and mg (0) = [Io|. This was also shown in subcase (i), albeit

with d; = d; and Ey = EO. One can think of a trivial application of Lemma (i) with
no = 0 in subcase (i). Thus, both subcases yield the same conclusion.
To finish the proof of Case 2 we set I}, = (Z N (—00,0]) \ Ip. By (5.20]) and (5.13) we have

IUED LRI SR O

i€l i=o+1 i€loUI) i=1
By Theoremthere is a projection P such that BP has diagonal {cﬁl;}l-eléu{gﬂngw}. Since
ZDUJ = oo it is clear that mBﬁ(B) = o0. If [Io| < oo, then 37,/ (B — d;) = oo and thus
myp(0) = oco. Consequently, E = BP & E, has eigenvalue-multiplicity list {(A;, N;}25,

and diagonal {d }iez. By Lemma . (ii) there is an operator E which is unitarily equlvalent

to E with diagonal {d;};cz. This completes the proof of Case 2.
18



Case 3. 9, = 6o < J,. Define the sequences d; = B —d_;1 541 and X, = B — A_;1o41
for all ¢ € Z. One can verify that {d.} satisfies Riemann interior majorization with respect
to the sequence {(B — A_jyni1, N_jini1)}/g. With this modification the sequence {d;}
satisfies the requirements of Case 2. Hence, there exists an operator E’ with eigenvalue list
{\;} and diagonal {d}}. Therefore, the operator F := BI — E’ has the desired properties.

This completes the proof of Case 3 and the theorem. O

We will frequently find it useful to append zeros and B’s to a sequence in order to be
able to apply Theorem to construct an operator. The following lemma shows how these
appended diagonal terms may be removed from an operator.

Lemma 5.4. Let E be a positive operator on a Hilbert space H with with |E| < B. Let
{e;}icr be an orthonormal basis for H and set d; = (Ee;,e;) fori € I. Set K = Span{e; :
d; € (0,B)} and Hy = span{e; : d; = A} for X = 0, B. There exists a positive operator
Ey : K — K such that E = 0y ® Ey ® Blg where Qg is the zero operator on Hy and Ig is
the identity operator Hp. In particular, Ey has diagonal {d;}a,c0.p), 0(Eo) C o(E), and
mg,(A) = mg(\) for all X € (0, B).

Proof. Let i € I such that d; = B. Using the Cauchy-Schwarz inequality we have
B = (Ee;,e;) < ||Eef| < || E|| < B.
This implies
(Eei,ei) = || Eei|| = [|E|| = B.
Equality in the Cauchy-Schwarz inequality implies that the vectors Fe; and e; are linearly
dependent. Since E > 0 there is some A € [0, 00) such that Ee; = Ae;. Since

B = ||Eeil| = [[Aeill = A,

e; is an eigenvector with eigenvalue B. Since {e; : d; = B} is a basis for Hp this shows that
every nonzero f € Hp is an eigenvector with eigenvalue B. Applying the previous argument
to the operator B — E we see that Hy C ker(E).

Next, we claim that C is invariant under E. If f € K, g € Hy, and h € Hp then

(Ef,Eg) = (Ef,0)=0=B*f,h) = (f, B*h) = (f, E*h) = (Ef, Eh),

which implies Ef € Hg and Ef € Hg, that is Ef € K. Finally, define Ey : K — K by
Eof = Ef for f € K. O

Finally, combining Theorems [5.2] and we can show the sufficiency of Lebesgue interior
majorization when exterior majorization is not present. In essence, Theorem deals with
sequences which satisfy Lebesgue interior majorization, but do not conform to the more
restrictive Riemann interior majorization. We wish to emphasize that the index set I below
can be either finite or (countably) infinite. In the short run this forces us to consider
additional cases. In the long run Theorem will enable us to streamline the proof of the
sufficiency direction in Theorem [1.3

Theorem 5.5. Let {(A;, N;)}i2) be as in Definition . Let {d;}icr be a sequence in [0, B]
which satisfies interior majorization by {(A;, N;) ;Li(} Then, there is a self-adjoint operator
E with spectrum o(E) C {0, Ay,...,A,, B} such that mg(A;) = N; for j =1,...,n. In
addition, if sy = |{i € I : d; < A1}| = o0, then mg(0) = co. Likewise, if s, = |{i € I : d; >
A} = oo, then mg(B) = cc.
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Proof. Set J :={i € I : d; € (0,B)} and J\ := {i : d; = A} for A = 0,B. Let I be the
identity operator on a space of dimension |Jg|, and let 0 be the zero operator on a space
of dimension |.Jy|. Since C'(B/2) < oo and D(B/2) < oo, the only possible limit points of
{d;}ics are 0 and B. The argument breaks into four cases depending on the number of limit
points.

Case 1: Assume both 0 and B are limit points of the sequence {d;};c;. Note that in this
case s = s, = 00. This implies that there is a bijection 7 : Z — J such that {d.;)}icz is in
nondecreasing order. Since {d;};c still satisfies Lebesgue interior majorization, by Theorem
, the sequence {dr(; }icz satisfies Riemann interior majorization. By Theorem there is
a positive operator E’ with diagonal {d;};c; and eigenvalue-multiplicity list {(A;, N;)}7=.
The operator E' & BI & 0 is as desired. This completes the proof of Case 1.

Case 2: Assume 0 is the only limit point of {d;};c;. Note that s; = oo in this case.
There is a bijection m : =N — J such that {d,)};__.. is in nondecreasing order. Define the
sequence {d;}icz by d; = dr) for i < 0 and d; = B for i > 0. The sequence {d;} satisfies
Lebesgue interior majorization. Theorem [5.2implies that {d;} also satisfies Riemann interior
majorization. By Theorem there is a positive operator E’ with diagonal {d;};cz and
eigenvalue-multiplicity list {(A;, N;) 5.

By Lemma there is a positive operator E, with diagonal {d;};cs, spectrum o(Ey) C
{Ao, ..., Apa}, and mp(A;) = N; for j = 1,...,n. Moreover, since {d;};c; is an infinite
summable sequence, we see that Ej is finite rank and mpg,(0) = oco. The operator £ =
Ey,® 0@ BI has diagonal {d;}ic; and mg(A;) = N, for j =1,...,n. In addition, if s,, = o0,
then Jp must be infinite, and hence mg(B) = co. This completes the proof of Case 2.

Case 3: Assume B is the only limit point of {d;};c;. The proof of this case follows by an
obvious modification of Case 2.

Case 4: Assume {d;};c; has no limit points. This implies J is a finite set. There is a

bijection 7 : {1,2,...,|J|} — J such that {dﬂ(i)}l-ill is nondecreasing. Define the sequence
{di}iez by
0 i<o,
di = dny i=1,...,]J],
B i>|J].

Note that {d}} satisfies interior majorization, and Theorem implies that it also satisfies
Riemann interior majorization. By Theorem there is a self-adjoint operator £’ with
diagonal {d;};cz and eigenvalue-multiplicity list {(A;, N;)}i4,.

By Lemma there is a positive operator Fy with diagonal {d;}cs, spectrum o(FEy) C
{Ao, ..., Apia}, and mpg,(A;) = N; for j = 1,...,n. The operator E = 0 & Ey @ BI has
diagonal {d;}ic; and mpg(A;) = N; for j = 1,...,n. In addition, since J is a finite set,
s, = oo implies that Jp is infinite, and hence mg(B) = co. Similarly, if s; = oo, then Jj is
infinite, and hence mg(0) = co. This completes the proof of Case 4 and the theorem.

O

6. SUFFICIENCY OF EXTERIOR MAJORIZATION

The goal of this section is to show the sufficiency of the exterior majorization in the case

when there is exactly one eigenvalue with infinite multiplicity. This corresponds to the case
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when interior majorization is not present and yields the Schur-Horn theorem for finite rank
(not necessarily positive) self-adjoint operators.

Definition 6.1. Let {A;}"_, be an increasing sequence. For each j = 1,...,p, let N; € N
and let Ny € NU{oo}. We say that {d;} satisfies upper exterior majorization by {(A; )}f 0
if for each r =0,1,...,p

(6.1) > (di—A) < i Nj(Aj — Ay) < o0

d;i>A, j=r+1

Remark 6.1. Note that the value of Ny does not play any role in Definition [6.1} Nevertheless,
it is convenient to include Ny in the above definition in order to form the pair (Ag, Ny).

Theorem 6.2. Let {Aj}];zo be an increasing sequence, let N; € N for each j = 1,2,...,p,
and let No € NU{oo}. If a sequence {d;}ier in [Ao, A, satisfies upper exterior majorization
by {( )}] =0 and

(6.2) > (di — Ag) = ZN] (A; — Ay),

then there exists a positive operator E with diagonal {d;}ic; and the following properties:

(6.3) (E) C{Ao,..., A},
mg(A;) = N; for each j=1,...,p,
p
(6.5) mp(Ao) = |I| =D N; > 0.
j=1

Remark 6.2. Note that the number of terms in the diagonal sequence is not assumed to be
equal to the sum of the multiplicities of the eigenvalues. Indeed, upper exterior majorization,
combined with the trace condition , guarantees that the number of terms is at least the
sum of the multiplicities of the positive eigenvalues.

Proof. Without loss of generality we can assume that Ay = 0. Fix some B > A, and
set Apr1 = B and N,y = oo. We claim that {d;},c; satisfies interior majorization by

{(A;,N;) ?J:ré with kg = —|{i € [ : d; = A,}|. From (6.2]) we have

C(A) =D(A) = > di— ) (B—di)=Zdi—B|{z'efzdi:Ap}|:zp:Aij+Bk0,

di<Ap diZAp el 7j=1
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which shows (4.14)). Using (6.1]), for » =1,...,p we have

p
di<Ar j=1 di>Ar
p
= AN, A€l A <di <A - D (di—A)
j=1 di>Ar
p p
> AN - A€l A <di <A - Y N4 - A)
j=1 J=r+1
T p
j=1 J=r+1
T p
=Y A;N; + A, (k;o— {iel: A <di< A+ > NJ) .
j=1 J=r+l

The above calculation shows and proves the claim that {d;};c; satisfies interior ma-
jorization by {(A;, N;) ?ié.

By Theorem there is a positive operator E with diagonal {d,};cr, spectrum o(E) C
{Ao,...,Aps1} and (6.4). The operator E has a finite spectrum and summable diagonal.
This implies that E is a finite rank operator. From and the fact that mg(A;) = N; for
j=1,...,p, we conclude that A,;; ¢ o(FE) and thus we have (6.3). Finally, follows
from , and . [l

Definition 6.3. Let {Aj}?:—m be an increasing sequence. For each j = —m, ..., —1 let

N; € N and let Ny € NU {oo}. We say that a sequence {d;};c; satisfies lower exterior
magorization by {(A;, N;)}j__,, if for each r = —m, —m +1,...,0

(6.6) S (4 —d) < S Ny 4.

di<A, j=—m

Remark 6.3. A sequence {d; }ic; satisfies a lower exterior majorization by {(A;, Nj)}s__,, if
and only if {—d;}ic; satisfies an upper exterior majorization by {(—A_;, N_;)}7,.

In light of Remark [6.3], the following version of Horn’s Theorem for negative finite rank
operators follows from Theorem [6.2]

Theorem 6.4. Let {A;}" be an increasing sequence with Ay = 0, let N; € N for each

j=—-m
j=-m,—m+1,...,—1 and let Ny € NU{oco}. If a sequence {d;}ics in [A_m, Ao] satisfies
lower exterior magorization by {(A;, N;)}I__,, and
—1
(6.7) Y odi= > NjA;
el j=—m

then there exists a self-adjoint operator E with diagonal {d;};cr and the following properties:
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(63) () C {A - A},
(6.9) mp(A;) = N; for eachj:— oo, —1,
(6.10) = |I| - Z N; > 0.

To extend this to a general Horn’s theorem for finite rank (not necessarily positive) oper-
ators we shall apply Theorems [6.2] and [6.4] to the positive and negative terms, respectively.
Since the required trace conditions need not be satisfied we have the following “decoupling
lemma”.

Lemma 6.5. Let {d;};c; be a bounded sequence in R and let 6,y > 0. Let J C I be a subset
such that d; € [—,0] for all i € J and

(6.11) Y dity)=o00 or Y (0-dy)=
ieJ, d;<0 i€d, d;>0

Then for any n > 0 the following two hold.

(i) There is a sequence {d;}ie; such that d; € [—, 8] for alli € J, d; = d; fori e I\ J,
and

(6.12) Z d; = Z d;—mn and Z d; = Z d; +n.

ieJ, d;<0 i€J, d;<0 ieJd, d;>0 ieJ, d;>0

(ii) If E is a self-adjoint operator with diagonal {d;}ic;, then there exists an operator E

unitarily equivalent to E with diagonal {d;}ic;.
Remark 6.%. If the series Ziel 4,50 di 1s divergent, then we interpret (6.12)) to mean that
> ics. o di is also divergent, and similarly for >, ; , o di.

Proof. If n = 0 then we simply take d; = d; for all i € I. Thus, we may assume 1 > 0.
Without loss of generality, we may assume

> (0-d)=
i€J, d; >0

since the other case can be handled by applying the following argument to {—d;}.
Set M := [n/~] so that

(6.13) (M —1)y <n < Mn.

Next we will show that there exists two finite sets Iy, Iy C J* := {i € J : d; > 0} with the
following three properties:

(6.14) max d; < mind;,
1€lg 1€lh

(6.15) > (6-d)>M (min di> +1,

4 i€ly
i€l

(6.16) 1Io| = M
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Since J* is infinite, there is some x € [0,4] such that for all € > 0 the set {i € J : d; €
(x—e,x+¢e)}is mﬁnlte First, we consider the case that x = ¢ is the only such point. By
(6.11) the set {i € J* : d; < 5} must be infinite. Let [y be the set of indices of the M

smallest terms of {d;};c;+. Since
> (6—di) =

iEJ+\IO

we can find a finite subset I; C I\ I, satisfying (6.15)). Next, assume x € [0,d). Then,
there exists a sequence {iy}nen of distinet elements in J* such that {d;, }nen is monotone
and converges to x. This gives us two possibilities.

Case 1: The sequence {d;, }nen is nonincreasing. Since x < ¢ we can choose N € N such
that

N

> (6 —di,) > Md;, +1.

n=1
Let Iy = {i1,...,in} and let Iy = {in41,...,inya}. Since d;; > d;,, = miney, d;, the sets
Iy and I; clearly satisfy (6.14)), (6.15)) and (6.16]).

Case 2: The sequence {d;, }nen is nondecreasing. Set Iy = {iy,...,ip}. Sinced;, <z < §
for all n € N, we have
d (0—d,)=
n=M+1

Thus, we can find a finite set Iy C {ipr41, 4042, - - -} such that
Y (0—d)>Mz+n>M (milndi) + 1.
1€l
el

Consequently, we have shown the existence of sets Iy and I; which satisfy (6.14)—(6.16]). Set

770:7]+Zdu

i€lp

iEI(] i€lp i€lp

By GT0) (6.18) we have
2(5 d)>M(Hélnd)+n>M(maXd)+77>Zd +n=no.

1€lq i€lp

Thus, we can apply Lemma (i) to the sequence {d;};cr with A = —7 B =4, and with
no defined as above to obtain a sequence {d;}ic;. Observe that Lemma [2.4] (ii) immediately
yields part (ii). Hence, it remains to verify (6.12)).

By (2.7) and (6.13]) we have
S di+7) =D (di+7)—m=My—n<y.

i€lp i€lp

and note that
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This implies that d; < 0 for all i € I Thus, by (2.6) and (2.7) we have

Z CZ’: Z di‘i‘ZdNi: Z di —n

ied, &;<0 ied, d;<0 i€l i€J, d;<0

Likewise, we have

Z d; = Z di+zgl;= Z dH‘ZdH‘Tlo

ieJ, d;i>0 i€J\(IoUI) i€l i€J\(loUI1) ieh
i€J\Io i€lp ied, d;>0
The completes the proof of the lemma. O

Finally, we are ready to prove the Schur-Horn Theorem for general finite rank operators
on an infinite dimensional (separable) Hilbert space.

Theorem 6.6. Let m,p € N and {A;},__,, be an increasing sequence with Ay = 0. Let
N; €N for —m < j <p, j#0, and let Ny = oco. Let {d;}2, be a sequence in [A_,,, Ap].
There 1s a ﬁnite rank, self-adjoint operator E with diagonal {d;} and eigenvalue-multiplicity

list {(Aj, Nj)Yi—_,. if and only if {d;} satisfies the following three conditions:

0
j:-m?

(ii) upper exterior majorization by {(A;, Nj)}i_q,
(iii) the trace condition

(6.17) Zd— ZNA +ZNA

j=-m

(1) lower exterior magjorization by {(A;, N;)

Proof. First, assume {d;} satisfies conditions (i),(ii) and (iii). Set

=324, Y
;>0
Fix any 0 < § < min{A;,—A_;} and define J = {i € N : d; € [—~, 4]}, where v = ¢.
Since the sequence {d;}3°, is absolutely summable, the sequence {d;};c, is also an infinite
absolutely summable sequence. Thus, (6.11]) holds and we can apply Lemma to obtain

a sequence {d;}2°
By Lemma (i) the values of d; and d;, that lie outside of the interval [—d, ], must

coincide. Hence, {d;}32, automatically satisfies upper upper exterior majorization (6.1]) for

each r =1,...,p. To verify the same for » = 0 we use (|6.12))
AN EID SIS WD SUSVED SURTED DT
d>0 d;>68 iel, d>0 d;>6 i€J, d;>0 d; >0
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Likewise, {aAl;}fil automatically satisfies lower exterior majorization for each r =

—m,...,—1. The same holds forr:Oby and-
Yodi=d di+ > di=) di-n=> d —ZNA +> d;
(6.18) 4:<0 di<—3 ieJ, d;<0 ;<0 ;<0 d; >0
:id ZNA_ZNA
i=1 i=—m

Let It = {i € N: d; > 0} and I~ = {i € N : d; < 0}. The above shows that
{q}'}i€[+ satisfies upper exterior majorization by {(A;, N;)}i_, and (6.2) holds. Likewise,
{d;}ic1- satisfies lower exterior majorization by {(A;, N;)}Y and (6.7) holds. Theorem

j=—m

implies that there is an operator E, with o(E,) C {Ao, A1, ..., Ay}, mg (4;) = N;
forall j =1,...,p, and diagonal {d bier+. Likewise, Theorem [6 1mpl1es that there is an
operator E_ with o(E_) C {A_p, A_pmi1,..., Ao}, mg (4;) = N for all j = —m, ..., —1,

and diagonal {d;}ic;-.
Since either I or I~, or both, are infinite, by . or - the operator £ = E, ® E_
has eigenvalue-multiplicity list {(A;, N;)}¥ and diagonal {d }ien. By Lemma (ii)

j=—m_

there is an operator E, unitarily equivalent to E with diagonal {d;};en. This completes the
proof that (i), (ii) and (iii) are sufficient.

Conversely, assume that £ has eigenvalue-multiplicity list {(A;, N;)};__,, and diagonal

{d;}. Parts (i) and (ii) are immediate consequences of Theorems |3 u and [3.2] respectively.

On the other hand, - ) follows by considering the trace of E. O

7. HORN’S THEOREM FOR OPERATORS WITH FINITE SPECTRUM

Horn’s Theorem for operators with finite spectrum breaks into three cases depending on the
number of infinite multiplicities. We have already considered the case of exactly one infinite
multiplicity in Theorem [6.6] Theorem [7.1] deals with the “summable” case of operators with
two infinite multiplicities, that is when C'(B/2) and D(B/2) are finite. Theorem [7.3| shows
the sufficiency of the “non-summable” case, which includes operators with three or more
infinite multiplicities. The combination of these two results yields the sufficiency part of

Theorem [L.3]

Theorem 7.1. Let {(A4; )}?fpﬂ be as in Definition (1.9 and, in addition, N; < oo for all
j=1,...,n. Let {d; }Zg be a sequence in [A_,,, Anipr1] which satisfies the following four

conditions:

0
j:-m)
n+p+1
Jj=p+1-

(iii) interior magjorization by {(A;, Nj)}?;“f’;l if n > 1, and otherwise, if n = 0, the trace

condition (both of them implicitly require that C(B/2), D(B/2) < o0)
p+1
JkeZ  C(B/2)—-D(B/2)= Y A;N;+kB,

j=—m
§#0,1

(1) lower exterior majorization by {(A;, N;)
(ii) upper exterior majorization by {(A;, N;)}
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(iv) {i:d; < B/2}| = {i: d; > B/2}| = 0.
Then, there exists a self-adjoint operator E with eigenvalue-multiplicity list {(A;, N;)}
and diagonal {d;}cr.

n+p+1
j=—m

Proof. We will only deal with the case that m,p > 1 since the case that m = p = 0 is
Theorem and the case where one of m or p is equal to 0 is a slight modification of the
argument below. Let § > 0 such that 20 < min{—A_1,A;,B — A, An12 — B, B}. Let

J():{ZdZE(—d,(S)} and JB:{ZdlE(B—(s,B‘i‘(S)}

Since C(B/2), D(B/2) < oo, the assumption (iv) implies that {d;};cs, and {B — d,}ic,
are infinite absolutely summable sequences. Define

-1 n+p+1
o = Zdz— Z NjAj and B = Z NJ(AJ—B)— Z(dz—B)
d; <0 j=—m j=n+2 d;>B

From (6.1) and we see that 79,7 > 0. Applying Lemma to {d;}ies on the interval
[—4, 8] and Jy C I, there is a sequence {d;};c; such that

S e Y dew o Y d- Y den
i€Jp, d§<0 1€Jo, d;<0 i€Jo, d;>0 i€Jp, d;>0
Applying Lemma [6.5] again, this time to the sequence {d; — B};cs on the interval [—4, 6] and
Jp C I, there is a sequence {d; — B};es such that
S @B Y B awd Y @B - Y (B
i€Jp, d;<B i€Jp, di<B i€Jp, d;>B i€Jp, d;>B

Observe also that the values of d; and d;, that lie outside of the interval [—d,d], must

coincide. The same is true for the values of d; and d;, that lie outside of the interval
[B — 0, B + 0]. Thus, we have

(7.1) Z@:ngzzdﬁzdi:zjdi—no:iNjAj

;<0 ;<0 ‘fé?fj 40 d; <0 j=—m
and
_ _ n+p+1
(72) Y (d;i—B)=> (di—B)+> (di—B)=Y (di—B)+ns= Y Ni(A;—B).
di>B 553 450 di>B j=n+2
i€Jp e/B

Let - ={iel:d <0, I°={iel:del0,B]} and It ={iel:d > B}
The above observation and ([7.1)) imply that {d;};,c;- satisfies lower exterior majorization
by {(A;,N;)}9__,, and the trace condition (6.7). Theorem implies that there is a self-

adjoint operator E_ with U(E’_) C{A_,.,..., Ao}, mz (Aj) =N, foreach j =—m,...,—1,
diagonal {d;};c;- and

(7.3 mp () =11 — 3 N,

j=—m
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Likewise, {d;};c;+ satisfies upper exterior majorization by {(Aj,Nj)}?;Lﬁﬁ as well as the

trace condition
n+p+1

> (d:=B)= > Nj(4;-B).

ier+ j=n+1
By Theorem there is a self-adjoint operator E+ with U(E+) C {Ani1, -, Angptr ),
mp, (Aj) = Njfor j =n+2,....,n+p+1, diagonal {d;}icr+ and

n+p+2

mg, (Ansr) =17 = Y N;.

j=n+2

We claim that the sequence {d;},c;0 satisfies interior majorization by {(A;,N;)}%5. In-
deed, for any a € [A;, A,] we have

LU SEES SYRD SUAD SUED SRS SYMISS SYRENS o}
d:<a di<a d; <0 d;>0 di <o d;<0 d;>0 di<a
g i Jg i€Jg i€Jg i¢Jg i€Jg i€Jgy

By a similar calculation, for any « € [A;, A,,] we have

(7.5) Y (B—d)=> (B-d).

di>a dizo

Using , , , and we calculate
>oodi— Y (B-d)=Y di~ Y (B=d)-) d~) (d-B)

0<d;<Ap, An<d;<B di<Ap di>An d;<0 d;>B
-1 ntp+1
(7.6) = > di— Y (B—=d)— > NA— > Ni(4-B)
d;<An di>An n=—m j=n+2
n n+p+1
=> A;N;+B </<:0+ > Nj> :
j=1 j=n+2

The last step is a consequence of the trace condition (4.14) for {d;};c;. This shows that
{d;}scpo also satisfies (4.14]) with ko + Z?L’f}i Nj; in the place of k.

Using (4.15) for the sequence {d;};cs yields

SIS SR Sr S SRS SR

d;€[0,4,) di<Ar d;<0 di<Ar j=-m
r n+p+1 —1
(7.7) >SS AN A [ ke—iel A <di< AN+ Y N |- 3 N4,
" o j==m
r n+p+1 n
=) AN+ A, <k0+ SON—fiel A <di< A+ > Nj> .
Jj=1 j=n+2 j=r+1
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Together (7.6)) and (7.7) show that {d:}ico satisfies interior majorization by {(4;,N;) ;”01
By Theoremﬁthere is a self-adjoint operator Ejy with a(EO) C{Ao, ..., A1}, mEO(AJ) =

Nj for each j =1,...,n, and diagonal {d biero.

Define the operator E=FE_&Ey®E,. One of the sets {i : A_; < d; < 0} or {i :
d; < A;} must be infinite since {i : A_; < d; < A;} is infinite. If {i 1 A, <d; < O} is
infinite, then by (7.3) mz (0) = co. If {z 0<d; < Ay} is infinite, then by Theorem .

we have mp (0) = oo. In either case mz(0) = oo. By similar considerations we also have
mz(B) = oo.

The operator E has diagonal {d }ier and eigenvalue-multiplicity list {(A,; )};‘fp L

Lemma (ii), which is technically applied to the operator E— BI, 1mphes that there
is an operator E’, unitarily equivalent to E with diagonal {d.};c;. Another application of
Lemma (ii) to E’ implies that there is an operator E, unitarily equivalent to E’, and
thus to E with diagonal {d;};c;. This completes the proof of Theorem |7 O

Finally, we need to address the case of operators with three or more eigenvalues with
infinite multiplicity. Quite surprisingly, this case is much easier than that of two infinite
multiplicities. We shall make use of the following result established by the second author,
see [16, Theorem 4.2].

Theorem 7.2. Suppose that A C [0, B] is a countable set with 0,B € A. Suppose that
N, € NU{oo} for each A € AN (0,B), and set Ny = N = oo. If {d Yier s a sequence in
[0, B] such that for some (and hence for all) « € (0, B)

(7.8) C(a) =0 or  D(a) = o0,

then there is a positive diagonalizable operator E with diagonal {d;}ic; and eigenvalues A
with prescribed multiplicities
N, X€EA,
mp(A) = {

0 AgA.

We are now ready to prove the analogue of Theorem in the non-summable scenario
(7.8). In particular, Theorem deals with the case of more than two eigenvalues with
infinite multiplicities.

Theorem 7.3. Let {(A;, N))}'=""! be as in Definition . Let {d;}ier be a sequence in

J=—m

[A_p, Apipi1] which satzsﬁes the following three conditions:

(i) lower exterior magorization by {(A;, N;)}9__,,,
(ii) upper exterior majorization by {(A;, N;)}'*PH,
(iii) for some (and hence for all) o € (0, B), (7.8)) holds.
Then, there exists a self-adjoint operator E with eigenvalue-multiplicity list {(A;, Nj)};if;l
and diagonal {d;}icr.

Proof. Tt suffices to consider only the case when m,p > 1 since the case that m = p =0
is Theorem and the case when either m = 0 or p = 0 is an easy modification of the

argument below.
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Let § > 0 such that 20 < min{—A_;, A,,,» — B, B}. Define the sets
In={i:0<d;<B/2} and Ip={i:B/2<d; < B},
so that I = Iy U Ig. Upper and lower exterior majorization imply that
Y —di<oo and > (d;—B) <.
;<0 di>B

Thus, (iii) implies that

Y di+> (B-d) =0

i€l ’iEIB

We can find a partition of Iy U Iz into three sets Ji, Jo and J3 such that

Y di+ Y (B-d)=o00 forj=123.

i€J; i€J;
d;<B/2 d;>B/2

Note that we also have

> di=) (B-d)=0c forj=123

i€Jj i€ J;j
Set
-1 n+p+1
m=Y di— Y NjA; and nz= » N;j(4;—B)=> (d;—B).
d;<0 j=—m j=n42 d;>B

From (/6.1]) and we see that 19,75 > 0. Applying Lemmal6.5] (i) to the sequence {d;}e;
on the interval [—d, B] and J; C I, we obtain a sequence {d;};c; such that

Z d; = —To-

ieJy, d;<0

Applying Lemmal6.5| (i) again to the sequence {d; — B};c; on the interval [—B,§] and J, C I,
we obtain a sequence {d; — B};c; such that

Z (CZ_B):UB-

i€Ja, CL>B

Observe also that the values of d; and d, that lie outside of the interval [—d, B], must

coincide. The same is true for the values of d; and d;, that lie outside of the interval
B+[-B,6| =[0,B +4]. N N
Let I-={iel:d;<0},I°={iel:d; €0,B]},and It ={i € I:d; > B}. Theabove

0

observation implies that {d;}c;- satisfies lower exterior majorization by {(A;, Nj)}i__,,.

Moreover, by the choice of 1y we have the trace condition

-1
Sodi=>di+ Y di=)di+ > di= ) NA;.

iel— d;<0 i€Jr, d;<0 d;<0 i€y, d;<0 Jj=—-m
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Theorem implies that there is a self-adjoint operator E_ with O'(E_) C{A_,,, ..., Ao},

mgz (A;) = Nj for each j = —m, ..., —1, and diagonal {d;},c;-. Likewise, {d;};c;+ satisfies
upper exterior majorization by {(A;, N J)}?isﬂ as well as the trace condition
n+p+1
S-B =Y h-Bt Y @B =Y (- B tm= Y N4 - B)
iel+ d;>B icJs, d;>B di>B J=n+2

By Theorem there is a self-adjoint operator E, with a(li) C {Ani1, -, Aniptr ),
mg (A;) = Njfor j=n+2,...,n+p+1, and diagonal {d:}icr+.

Finally, the sequence {cﬂl;}ng 0 satisfies since J; C I°. By Theorem there is a self
adjoint operator Ey with o(Ey) = {Ao, A1, ..., A1}, mg, (A;) = Nj for j =0,...,n+1
and diagonal {ci}ze 0. Consequently, E=F_ & E® E+ has the desired eigenvalues and
multiplicities and diagonal {CZ}ZE 1. By two applications of Lemma (ii) there is an operator
E, unitarily equivalent to E with diagonal {d;}ier- O

We can now complete the proof of Theorem [1.3

Proof of sufficiency of Theorem[1.3 Assume that (i)—(iii) in Theorem [1.3|hold. If C'(B/2) <
oo and D(B/2) < oo, then Theorem applies. Otherwise, Theorem applies. In either
case, there exists a self-adjoint operator E with eigenvalue-multiplicity list {(A;, Nj)}?if i

and diagonal {d;}cs. O

8. APPLICATIONS OF THE MAIN RESULT

The main results of the paper, Theorems and [6.6], characterize diagonals of self-adjoint
with prescribed finite spectrum and multiplicities. However, these results do not resemble
in an obvious way their finite dimensional progenitor, the Schur-Horn Theorem [I.1} In this
section we shall consider a converse problem of characterizing spectra of operators with a
fixed diagonal. In particular, Theorem resembles quite closely the Schur-Horn Theorem
L1

For the sake of simplicity we shall concentrate on operators F with finite spectrum such
that their smallest and largest eigenvalue have infinite multiplicities. Moreover, by a nor-
malization we can assume that {0,1} C o(E) C [0,1]. This is not a true limitation since
the part of an operator lying outside of eigenvalues with infinite multiplicities is finite rank,
and hence susceptible to the usual majorization techniques. Hence, we avoid dealing with
the exterior majorization condition and instead we concentrate on truly infinite dimensional
interior majorization condition.

Given a self-adjoint operator E with o(F) C [0, 1], let

Hp = (ker E @ ker(I— E))*.
For a fixed sequence {d;}ic; in [0, 1], where I is countable, we consider the set
(8.1) An({di}) = {(A1,...,Ax) € (0,1)Y : IE > 0 with diagonal {d;} such that

dim Hg = N and E|y,, has eigenvalues {\;}/, listed with multiplicities}.
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Similarly defined sets, though with ignored multiplicities,

Av({di}) = {(A1,..., Ax) € (0,1)N : ¥z Aj # Ay, 3 E > 0 with diagonal {d;} and
J(‘E) = {07A17 SR 7AN7 1}}
were studied in [16] and [10]. If there exists « € (0, 1) such that
(8.2) ddi+ > (1-dy) =
di<a di>a

then by Theorem Ax({d;}) = (0,1)". Thus, we will consider only sequences in the set

(8.3) {{d} Ja € (0,1) such that » di+ Yy (1—d <oo}

di<a d;>a
For any sequence d = {d;};,c; € F we define a function fq : (0,1) — (0, oo) by
(84)  fala) =(1—-0a)C(a) + aD(a), where C'(« Z d;, D(« Z(l —d;).
di<a d;>a

As a consequence of Theorem [1.3] we have the following lemma.

Lemma 8.1. Let d = {d;}ic; € F be a sequence in [0,1]. Let X = { N}, be a sequence in
(0,1). Then A € An({d;}) if and only if

(8.5) C(1/2) — D(1/2) = Z/\ mod 1

(8.6) and  fa(A;) > f)\( i) fori=1,... N.

Proof. By Lemma the set Ay (d) does not change when we add or remove 0’s or 1’s to
the sequence d. Thus, without loss of generality we can assume that there are infinitely
many di < 1/2 and infinitely many d; > 1/2. Thus, holds. Clearly, is equivalent
to , where (A],NJ) _, Is an eigenvalue-multiplicity list corresponding to eigenvalues
{\i } Y, and m = p = 0. Likewise, . is equivalent to . Applying Theorem (1.3 . yields
the lemma. O

The main result of this section, Theorem shows that Ay({d;}) is the union of N — 1
or N upper sets of constant trace each having a unique minimal element with respect to the

majorization order <, see [24]. We say that {\}Y, = X < p = {u; Y, if

N N n n
Z /\[i] = Z,u[i] and Z )‘M < Z,u[i] forall 1 <n < N.

In the above {\;}Y, and {u}Y, denote decreasing rearrangements of X and g, resp. The
relation < is a partial order once we identify sequences with the same decreasing rearrange-
ments.

Theorem 8.2. Let {d;},c; € F be a sequence in [0,1] such that

(8.7) Hiel:0<d; <12} ={iel:1/2<d;, <1} =
32



The set An({d;}), where N € N, has exactly N minimal elements, or N—1 minimal elements
if {d;}ier is a diagonal of a projection, with respect to the majorization order <. That is,
there exist 0 <n <1 and p* = (u¥,..., p1%) € (0,1)Y, k=0,...,N — 1, such that

(8.8) ~{d}) = U{)\e OV :ph <X}, D o =k+n

In the special case when {d;}ier is a diagonal of a projection, we have n = 0 and one fewer
k
u' k=1,...,N —1.

The proof of Theorem relies on two lemmas. Lemma enables us to approximate
general sequences in F by those with finitely many terms in (0,1). Lemma shows the
existence of unique minimal elements of certain upper sets with respect to <, which are
stable under perturbations.

Lemma 8.3. Let {d;}icr € F be a sequence in [0,1] and let € > 0. Then, there ezists a
sequence {d;}ier in [0,1] such that:
(i) di=0ord; =1 for all but finitely many i € 1,
(i) p:={iel:d<ey={iel:d <e}
(i) 1 :={iel:di>1—e}={iel:d;>1—¢},
(iv) di:cz-faralliEI\(]OUIl) N
(V) 2iery & = i, d; and Duien (1= di) = i), (1 = ).

Moreover, for any N € N we have

(8.9) Ax({d}) nle 1= = Ay({di}) N e, 1 — el

Proof. Choose ig,i; € I such that d;, € (0,¢) and d;, € (1 —¢,1). Let § = min(e — d,,, d;,
(1 —¢)). Let 0 < ¢’ < ¢ be such that

Zdi+2(1—di)<5 where [ ={iel:d;<e'}, [ ={iel:d;>1—¢}.

i€l il

Define the sequence {CZ}ZG 1 by

0 i€ 1,
N dig + D ery di i = i,
d; = < d;, _Zieq(l_di) 1 =11,
1 i€ 1,
d; otherwise.

\

Observe that d;, € (0,¢) and d;, € (1—¢,1). Then, it is straightforward to check that (i)—(v)
hold. Consequently, for any a € [¢,1 — €], the quantities C'(«) and D(a) stay the same for

both sequences d = {d;};c; and d = {d }ier. Thus, functions fq and f5 defined by .
agree on [e,1 — ¢]. Applying Lemma [8.1] yields
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Lemma 8.4. Let {d;}M, be a nonincreasing sequence in [0,1], and let K € Ny and 0 < n < 1
be such that

M
(8.10) > di=K+n.
=1

Suppose N € N and k € Ny are such that N < M, k< K, k+n>0, and K—k <M —N.
Then,

811) {Ae (0,1)N :(dy,...,dpr) < (1, LA, AN, 0y 0
( ) { (7) (17 7M> (7 5 Ly ALy sy ANy Yy 7)}
Kk M—N—(K—Fk)

N
={A€(0,)Y : <A} for some € (0,1)N with Z,ui =k+n.
i=1

Moreover, suppose there exist € > 0 and my, my € N such that the following hold:

(812) diE(&f,l—&) — my <1< my,
(8.13) Hi:die ((k+n)/N,1—¢)}| >N,
(8.14) {i:die (e, (k+n)/N)} > N.
If {dYM), M' > M, is a nonincreasing sequence in [0, 1] such that
(8.15) dneNy de(e,1—¢) < n+mg<i<n+my,
(8.16) d:=di, forn+mog<i<n+my,
(8.17) dodi=> d,
d;<e di<e

(8.18) do-d)= ) (1—dp,

di>1—e d>1—¢

then (8.11)) holds with {d;}}, replaced by {d}M| and the same p € (g,1 —¢)V.
Proof. Given any A = (A1,...,Anx) € (0,1)" we define

A=(1,...,0 A, ..., AN, 0,...... ,0).
N—— ——
K-k M—N—(K—k)

Define the set o
Ay =X e (0, D) 1 (dy,...,dy) < A}
For p € (0,1)" define the upper set
Ulp) ={Xe (0, pu=< A}
Our first goal is to find g such that (8.11)) holds, that is, U(p) = A%. In order to do this we
define the functions

g(x) = Z (d; —x) and h(z)= Z (x — d;).

i>K—k i<K—k+N+1
di>z d;<x
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Fix s € N such that
(8.19) d; > (k+n)/N < i<s.

Case 1. Assume

(8.20) g((k+mn)/N) < Z

In this case we define pu by p; = (k+n)/N,i=1,...,N. It is clear that U(u) is the set of
all X € (0,1)" that sum to k +n. Thus, by the transitivity of <, it is enough to show that

d < . Rearranging (8.20)) gives
(8.21) idi<K—k+(s—(K—k))m<ip.
- N TS Z

=1

Thus, by (8.19)) and (8.21)) we have
Zdigzm forn < K —k+ N.

Finally, for n > K — k+ N we have

3

This completes the proof of the first case.
Case 2. Assume

M

(8.22) h(k+n)/N)< Y d.

i=K—k+N+1

<

The proof that the same p works is analogous to Case 1.

Case 3. Assume that both and fail. In this case we shall describe the pro-
cedure of “moving” the terms of d toward the global minimum element ((k+n)/N, ..., (k+
n)/N). In the process, the largest K —k terms of d become 1’s creating momentum for
the next elements d;, K — k < i < s, to move down toward the global minimum (k + n)/N
starting with the largest and coalescing into a cohort until the momentum is exhausted.
Likewise, the smallest M — N — (K — k) terms of d become 0’s enabling the elements d;,
s <1< N+ (K — k), to move up toward the global minimum (k + n)/N. Unlike Case 1 or
2, we shall not reach this global minimum, but instead a minimal element p defined below.

Since both g and h are continuous and strictly monotone on the interval [dx_ g1 n, dx 1],
there exist unique numbers a and b with dg_xny < b < (k+1n)/N < a < dg_g+1 such that

K—k
(8.23) Y (1—d)=gla)= > (di—a)
=1 i>K—k

di>a



and

(8.24) Yo di=hb)y= > (b—dy).

i=K—k+N+1 i <K—k+N+1
d;<b

Define the integers
(8.25) Ny =|{i:d; >aandi> K —k}| and Ny=|{i:d; <bandi< K—k+ N +1}|.
Finally, define g by

a 1=1,..., Ng,
(8.26) pi = divxkx 1=Ng+1,...,N—N,
b 1=N—-—N,+1,...,N.
First, we wish to show that d < m, that is
(8.27) > (@ —di) >0

i=1
form =1,..., M, with equality at m = M. From (8.23]) and the observation that @, = d;
foror=K—-k+N,+1,..., K —k+ N — N,, we see that
(8.28) > (H—d)=0 form=K-k+N,,...,.K—k+N—N,
i=1
From (8.24)) we see that
M

Z (; —di) = 0.
i=K—k+N—N,+1

Putting these together shows the equality in for m = M.

Next, note that i, —d; > 0 fort=1,... K —kand u; —d; <Ofori =K —-k+1,..., K —
k + N,. Together with this shows that holds form =1,..., K —k+ N — N,.
Fori=K—-k+N—-Ny+1,...,K—k+ N we have i1; —d; > 0 and fori > K —k+ N +1 we
have 11, — d; = —d; < 0. Since we already know that holds form=K —k+ N — N,
and m = M, these inequalities show that holds for m > K — k+ N — N, + 1. This
proves d < fz, i.e., u € A% If X € U(p), then @ < X. The transitivity of < implies d < X,
and thus X € A%, Thus, we have shown that U(u) C A%,.

To prove the reverse inclusion let X € A%. Without loss of generality we can assume
A1 > ... > Ay. It remains to show that g < A. From and the fact that d < X we
have

K—k+N, K-k K-k _ K—k+Ng _
Yo di—m)=ga)=) (1-d)=Y N—-d)>- Y (N—d).
i=K—k+1 i=1 i=1 i=K—k+1

Rearranging gives

K—k+Ng Ng,
Z (N — 1) = Z()‘z — i) =0
=K —k+1 i=1



Since u; = a for 1 < N, we deduce that

(8.29) d>N=D i form=1,... N,
i=1 i=1
Using (8.24)) and the fact that d < X we have
K—k+N M M 3 K—k+N B
Yoo m—d)=h)= D> di= > (d=x)=— > (di—N).
i=K—k+N—Ny+1 i=K—k+N+1 i=K—k+N+1 i=K—k+N—Ny+1

Rearranging this and using the fact that g and A have the same sum yields

K—k+N N N-N,
Z (1 — Ni) = Z (i — Ai) = Z (Ai — i) = 0.
i=K—k+N—Nj+1 i=N_Ny+1 i=1

Since p; =bfort =N — Ny, +1,..., N, we deduce that
(8.30) > AN=> i form=N-N, ... N
— —

By (8.23)) we have

K—k+Ng K—k+N,

>, di= ) T
=1 =1

Thus, by the fact that i, = d; fori = K —k+ N, +1,..., K —k+ N — Nyand d < X, we
deduce that

(8.31) A= i form=N,+1,...,N =N,
= 1=1

Putting together (8.29)), (8.30), and (8.31]) shows that u < A, i.e. A € U(w). Thus, we have
U(p) = A%, which completes the proof of Case 3, and hence of the ﬁrst part of the lemma
Next we assume there exist mq,my,n and {d;}M] satisfying (8.12] - Using (8.15))—

we see that

n+mo—1 n+mi M’
Zd’ Yo o(di-D+m+mo—1)+ > di+ Y d
=1 i=n-+mg i=n+mi1+1
mo—1
—OZ(di—l)+(n+mo—1 Zd+ Z d—Zd+n—K+n+77
i=1 i=mg i=mi+1

Define the functions g and h by

gay= > (d-w) and h@)= Y (z-d).

i>K+n—k i<K4+n—k+N
d;>x d;<z

Then (8.15)—(8.18) imply that g(z) = g(z) and TL(:U) = h(x) for z € (¢,1 —¢).
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If (8.20) holds, then by (8.12)), (8.15)), (8.16)), (8.18), and (8.21]) we have
s+n
Zd/ —n+Zd <n+K—k+(s— (K —k)—

k:+77

Rearranging this 1nequahty gives
K+n—k

G((k+n)/N) < Z d..

Thus, Case 1 applied to {d;}*| shows that (8.11)) holds with {d;} in place of {d;} and the
same p = ((k+n)/N,...,(k+n)/N). A similar argument shows that if (8.22) holds, then
M/
Mk+n)/N) < > d

i=K+n—k+N

Thus, Case 2 shows that 1} holds With {d}} in place of {d;} and the same p.

Finally, assume both and fail. Since g((k + n)/N) and h((k + n)/N) are
positive, we see that the sequence {d }Z Kkﬁﬁl includes N terms, with at least one term
larger than (k+7)/N and at least one term smaller than (k+4n)/N. Since {d;};Z,, includes
at least 2N terms, with N terms larger than (k+mn)/N and N terms smaller than (k+n)/N,
we must have mg < K —k+ 1< K —k+ N < m;.

Since K — k+ 1 > mg, we have 1 — e > dg_gy1 > a. This yields

K—k Kin—k
Ga)=gla) =S (1—d)= 3. (1—d).
i=1 i=1
Similarly, since m; > K — k 4+ N we have ¢ < dg_p.n < b. This yields

_ M M’
hb)=nb)= Y d= >  d.
i=K—k+N+1 i=K4+n—k+N+1

Finally, note that
=Hi:d;>aandi>K+n—k}| and Ny=|{i:d,<bandi< K+n—k+N+1}|,

where N, and N, are the numbers in (8.25)). Thus, applying the definition (8.26)) to {d}} we
obtain the same p as we did for {d;}. Therefore, Case 3 shows that (8.11]) holds with {d,},
replaced by {d;}M|. This completes the proof of Lemma . O

Proof of Theorem[8.4 By our assumption (8.3)) for any 0 < a < 1 we have

=Y di<oo and D(a)= ) (1—d;) < oo.

di<a di>a
Let 0 < n < 1 be such that
(8.32) C(1/2) — D(1/2) =n mod 1.
By Lemma [8.1]
N-1 N
(8.33) Av({d:}) < | {A c(ODY: Y N=k+ n}.
k=0 i=1
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By (8.7) there exists £ > 0 such that for all k = 0,..., N — 1 (exclude k = 0 when n = 0)

we have (8.13) and (8.14). Hence, by Lemma there exists a sequence {d;};c; such that
(i)—(v) in Lemma 8.4 hold.

Let {d;}, be a ‘nonincreasing subsequence of {071} consisting of terms in (0, 1). By Lemma
we have Ay({d;}icr) = Ax({d;} ). By (8.32) and Lemma [8.3 there exists K € N such

that
M ~
i=1

Fix k=0,...,N —1 and exclude £ = 0 when n = 0. By Lemma applied to {c?2 M. there
exists p € [g,1 — ¢]" such that (8.11)) holds. Thus, by the Schur-Horn Theorem

(8.34) AN({CZ}) N {)\ € (0, 1)N : Z)‘i =k —1—7]} ={X € (0, 1)N D<A}
We claim that -

N
(8.35) Ax({di}) N {)\ c (0,1)V: Z)\i =k+ 77} ={Ac(0,1)": <A}

i=1
Indeed, take any A € (0,1)Y such that S8 '\ = k+17. Let 0 < & < & be such that
Aele,1-¢N. By Lemma for ¢ there exists a sequence {d’};c; such that (i)—(v) hold.
Moreover, by (8.9), A € Ax({d;}) <= X € AN({CZ}) Let {c@}f‘fl be a nonincreasing
subsequence of {d.} consisting of terms in (0,1). By properties (ii)~(v) the assumptions
(8-15)—(8-18) hold for sequences {d}M, and {d}}}, resp. Therefore, by the second part of
Lemmawe deduce that X € AN({CZ}) <= p < X. This shows (8.3F). Combining
(18.33]) with completes the proof of Theorem . O

Remark 8.1. The assumption is not a true limitation, though the conclusion of Theorem
needs to be modified accordingly. Indeed, suppose that {i € I : d; € (0,1)} is infinite. If
{i € 1:1/2 <d; <1} is finite, then the operators F in have finite rank since we can
ignore the terms d; = 0, 1 in light of Lemma 5.4l Let kg € Ny and 0 < 7 < 1 be such that

iel, d;<1

Then, one can show that Ay({d;}) has exactly min(ky+ 1, N) minimal elements when n > 0
and min(ko, N — 1) minimal elements when 7 = 0. This can be deduced in a similar way
as Theorem A similar result holds in the symmetric case when {i € I : 0 < d; < 1/2}
is finite. Thus, Theorem can be extended to the case when we assume that {1 € I :
d; € (0,1)} is infinite. Finally, if the latter set is finite, then Lemma and the Schur-Horn
Theorem alone give an extension of Theorem [8.2]

We end the paper by illustrating Theorem [8.2]
Ezample 8.5. Let § € (0,1) and define the sequence {d; }icz\ 0y by
d — 1 - Ik z > 0,
B8 1 < 0.
39



Let Ay be the set defined by (8.1)). Since {d;} is a diagonal of a projection we have A; = &.
Let p*, where k = 1,..., N — 1, be the minimal elements of Ay as in Theorem . One can
show that when N = 2 we have

,Ja=5.1%) 0<pB<1/3,

p' = =4
(1/2,1/2) otherwise.
When N = 3 we have u?> =1 — ! and
(1- 1258, 25) 0 < B < 355 ~0.381966,
1 2 2 2 _ —
W = = g =l i) 8 << 0T ~ 0342,
(%, %’ %) otherwise.

Likewise, when N =5 we have u3 =1 — p?, p* =1 — pt, and

(1= 125,6,6% 8, 1%5) 4 0< <5,
p= (% ) @’% ) @’?2763%5__& 5 5 ;%_Tﬁ - ﬂ(;j/’%)m—%m”?’
(f _1 W;; ~3(1-8)'3  3(1-p)’ 2(1-RB)’ 2(1—[3)) 2 E p< 157/3 (45 +V/2LI) /5 - 0560286,
\(5’5757575 otherwise,
((1-£51-88,8L5) 0<p<3
W= G- a i ws § - wem mem aes) 3 S < H(-1+ V) ~ 0579796,
((3,2,2,22) otherwise.

REFERENCES

[1] J. Antezana, P. Massey, M. Ruiz, D. Stojanoff, The Schur-Horn theorem for operators and frames with
prescribed norms and frame operator, lllinois J. Math. 51 (2007), 537-560.

[2] M. Argerami, P. Massey, A Schur-Horn theorem in IIy factors, Indiana Univ. Math. J. 56 (2007),
2051-2059.

[3] M. Argerami, P. Massey, Towards the Carpenter’s theorem, Proc. Amer. Math. Soc. 137 (2009), 3679—
3687.

[4] M. Argerami, P. Massey, Schur-Horn theorems in Il -factors, Pacific J. of Math, 261 (2013), 283-310.

[5] W. Arveson, Diagonals of normal operators with finite spectrum, Proc. Natl. Acad. Sci. USA 104 (2007),
1152-1158.

[6] W. Arveson, R. Kadison, Diagonals of self-adjoint operators, Operator theory, operator algebras, and
applications, 247263, Contemp. Math., 414, Amer. Math. Soc., Providence, RI, 2006.

[7] M. F. Atiyah, Convezity and commuting Hamiltonians, Bull. London Math. Soc. 14 (1982), 1-15.

[8] M. Bownik, J. Jasper, Characterization of sequences of frame norms, J. Reine Angew. Math. 654 (2011),
219-244.

[9] M. Bownik, J. Jasper, Diagonals of self-adjoint operators with finite spectrum, preprint (2012).

[10] M. Bownik, J. Jasper, Spectra of frame operators with prescribed frame norms, Proceedings of the 9th
International Conference on Harmonic Analysis and Partial Differential Equations, Contemp. Math. (to
appear).

[11] K. Dykema, J. Fang, D. Hadwin, R. Smith, The carpenter and Schur—Horn problems for masas in finite
factors, llinois J. Math. (to appear).

[12] I. C. Gohberg, A. S. Markus, Some relations between eigenvalues and matriz elements of linear operators,
Mat. Sb. (N.S.) 64 (1964), 481-496.

[13] V. Guillemin, S. Sternberg, Convexity properties of the moment mapping, Invent. Math. 67 (1982),
491-513.

40



[14]
[15]
[16]
[17]
[18]

[19]

V. Guillemin, S. Sternberg, Convezity properties of the moment mapping. II, Invent. Math. 77 (1984),
533-546.

A. Horn, Doubly stochastic matrices and the diagonal of a rotation matriz, Amer. J. Math. 76 (1954),
620-630.

J. Jasper, The Schur-Horn theorem for operators with three point spectrum, J. Funct. Anal. 265 (2013),
1494-1521.

R. Kadison, The Pythagorean theorem. I. The finite case, Proc. Natl. Acad. Sci. USA 99 (2002), 4178—
4184.

R. Kadison, The Pythagorean theorem. II. The infinite discrete case, Proc. Natl. Acad. Sci. USA 99
(2002), 5217-5222.

R. Kadison, Non-commutative conditional expectations and their applications, Operator algebras, quan-
tization, and noncommutative geometry, 143-179, Contemp. Math., 365, Amer. Math. Soc., Providence,
RI, 2004.

V. Kaftal, G. Weiss, A survey on the interplay between arithmetic mean ideals, traces, lattices of operator
ideals, and an infinite Schur-Horn majorization theorem, Hot topics in operator theory, 101-135, Theta
Ser. Adv. Math., 9, Theta, Bucharest, 2008.

V. Kaftal, G. Weiss, An infinite dimensional Schur-Horn theorem and majorization theory, J. Funct.
Anal. 259 (2010), 3115-3162.

K. Kornelson, D. Larson, Rank-one decomposition of operators and construction of frames, Wavelets,
frames and operator theory, 203214, Contemp. Math., 345, Amer. Math. Soc., Providence, RI, 2004.

B. Kostant, On convezity, the Weyl group and the Iwasawa decomposition, Ann. Sci. Ecole Norm. Sup.
6 (1973), 413-455.

A. W. Marshall, I. Olkin, B. C. Arnold, Inequalities: theory of majorization and its applications. Second
edition. Springer Series in Statistics. Springer, New York, 2011.

A. Neumann, An infinite-dimensional version of the Schur-Horn convexity theorem, J. Funct. Anal. 161
(1999), 418-451.

B. Rajarama Bhat, M. Ravichandran, The Schur-Horn theorem for operators with finite spectrum, Proc.
Amer. Math. Soc. (to appear).

M. Ravichandran, The Schur-Horn theorem in von Neumann algebras, preprint (2012).

I. Schur, Uber eine Klasse von Mittelbildungen mit Anwendungen auf die Determinantentheorie,
Sitzungsber. Berl. Math. Ges. 22 (1923), 9-20.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OREGON, EUGENE, OR 97403-1222, USA
E-mail address: mbownik@uoregon.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MO 65211-4100, USA
E-mail address: jasperj@missouri.edu

41



	1. Introduction
	2. Preliminaries
	3. Necessity of exterior majorization
	4. Necessity of interior majorization
	5. Sufficiency of interior majorization
	6. Sufficiency of exterior majorization
	7. Horn's Theorem for operators with finite spectrum
	8. Applications of the main result
	References

