EC 423/523 Homework assignments, with hints. Peter Lambert

EC 432/523 Econometric:

Peter Lambert
Homework #1 : Probability

Questions in 6e: 2.14, 2.16, 2.24, 2.26, 2.28, 2.42, 2.44,
2.48, 2.60, 2.70, 2.78, 2.84, 2.88, 2.90, 2.94

Same ques. in 7e: 2.16, 2.18, 2.32, 2.34, 2.36, 2.52,
2.54, 2.62, 2.76, 249 2.102, 2.108, 2.112, 2.114, 2.118

To be handed in Thurs week 2

EC 432/523 Econometrics |

Peter Lambert

Homework #2 : Distributions

Questions in 6e: 3.4, 3.8, 3.6, 3.18, 3.28, 3.102,
3.116, 4.6, 4.8, 4.22, 4.30, 4.50, 4.60abc, 4.114
Same ques. in 7e: 3.4, 3.10, 3.22, 3.24, 3.40, 3.130,
3.146, 4.12, 4.14, 4.28, 4.40.64, 4.74abc, 4.146

To be handed in Thurs week 3

EC 432/523 Econometrics |

Peter Lambert

Questions in 6e: 5.6, 5.8, 5.12, 5.20, 5.22, 5.24, 5.44,
5.46, 5.62, 5.64.8Q 5.98, 5.118
Same ques. in 7e: 5.8, 5.10, 5.14, 5.22, 5.26, 5.28,

Homework #3 - Bivariate Dists | 5-52 5.54, 5.72, 5.76, 5.94, 5.118, 5.138

To be handeth Thurs week 5

EC 432/523 Econometric:

Peter Lambert
Homework #4 : Fns of RV:

Questions in 6e: 6.2, 6.6, 6.16, 6.24, 6.36, 6.44
Same ques. in 7e: 6.2, 6.6, 6.20, 6.28, 6.42, 6.52

To be handed in Thurs week 6

EC 432/523 Econometric:

Pete Lambert
Homework #5 : Sampling

Questions in 6e: 7.2, 7.6, 7.8, 7.18, 7.22, 7.24, 7.28
Same ques. in 7e: 7.10, 7.14, 7.16, 7.36, 7.4244, 7.48

To be handed in Thurs week 7

EC 432/523 Econometrics

Peter Lambert
Homework #6 : Estimation

Questions in 6e: 8.2, 8.4, 8.8, 8.36, 8.44, 8.62, 8.70, 8.74, 8.88
Same ques. in 7e: 8.6, 8.8, 8.12, 8.40, 8.58, 8.74, 8.82, 8.88,
8.102

To be handed in Fri week(8ndof the quiz)

EC 432/523 Econometrics |

Peter Lambert

Homework # : More estimation

Questions in 6e: 9.2, 9.14, B2, 9.50, 9.74, 9.78
Same ques. in 7e: 9.2, 9.20, 9.40, 9.58, 9.82, 9.86

To be handed ifuesweek10




Hints for the homework questions
(using the numbering of thd' @dition)

Questions in 6e: 2.14, 2.16, 2.24, 2.26, 2.28, 2.42, 2.44,
EC 432/523 Econometric: | 2.48, 2.602.70, 2.78, 2.84, 2.88, 2.90, 2.94

Same ques. in 7e: 2.16, 2.18, 2.32, 2.34, 2.36, 2.52,
PeterLambert 2.54,2.62,2.76, 2.94, 2.102, 2.108, 2.112, 2.114, 2.118
Homework #1 : Probability

2.14  straightforward
2.16 begin with S = {HH, TH, HT, TT}

2.24 label the two styles 1 and 2, and comptagfollowing list: S = {1111, 1112,
1121, E..}

2.26 straightforward
2.28 straightforward (is it about combinations or arrangements/permutations?)
2.42 straightforward

2.44 itis similar in structure to the example in lectures where Y = # women when 2
per®ons chosen from these six: {!I"""}E.

2.48 itis similar in structure to the example in lectures where 20 laborers are allocated
to 4 construction jobs.

2.60 Define two simple events, A = {plumber A does a consumerQOs job}, U = {the
consumerQOs job is domesatisfactorily}. Relate the data you are givesdmeof the
probabilities P(A), P(U), P(&U), P(A! U), P(A#U), P(U#A), and frame the two
guestions you are asked in terms of probabilities involving A, U, ~U.

2.70 Define events $ = A detects smoke and Baetects smoke. From the
probabilities that are given, are $ and % independent events or not?

2.78 The following probability occurs somewhere in this questioritiR{l! 1) (to use
an obvious notation)E

2.84 This question is asking forRROOF of the lesulf not anILLUSTRATION of its
veracity. But try and think of an example to illustrate it, tooE for the proof, start by
defining two event$ = A and%-= B1C and apply the result in 2.80 to the two evénts
and%..

2.88 Let F be the event that radseti fails to detect the aircrafit= 1,2,3.

2.90 You might find this helpful: define evens = {positive reading for truthful
person},P. = {positive reading for liar}, and Ity = ~P+ = {negative reading for
truthful person}, andN. = ~P, = {negative reading for liar}. Now list the points that
make up the sample space : SPsR., PtN_,E.} and identify the events described in
partsa-d of the question with subsets of S.

2.94 Given that it takes 2 minutes to type the blood of each donor, how dozoys
can be typeat most,in the search for a match, before the patient is doomed?



EC 432/523 Econometrics | Questions in 6e: 3.4, 3.8, 3.6, 3.18, 3.28, 3.102,
3.116, 4.6, 4.8, 4.22, 4.30, 4.50, 4.60abc, 4.114
Peter Lambert Same ques. in 7e: 3.4, 3.10, 3.22, 3.24, 3.40, 3.130,
Homework #2 - Distributions | 3-146, 4.2, 4.14, 4.28, 4.40, 4.64, 4.74abc, 4.146

3.4  Expressinterms of events, A, B and C : that valves 1,2,3 respectively fail to open

3.8 If Risthe simple event that a rental occurs on a given day and N = ~R, the
compound event you are interested ifRISNN..NR

y
3.16 Straightforward

3.18 Although this exercise precedes the presentation of the binomial probability
distribution, you could certainly it in your answer E or, why not calculate P(0), P(1) and
P(2) directly, and use them to caldel&(Y) and E(Y) ?

3.28 This is binomial. If by OsuccessO you mean recovery, then p = 0.8. If, on the other
hand, you have a somewhat twisted view and think of OsuccessO as bestgvey

(death?), then for you p = 0.2. Provided you frame the qusestiagach case, view, you

will surely arrive at the same answers (though using different parts of the binomial table
on p. 784 of the bookyvhy not try both, it is good practice!

3.102 | suggest you draw up a little table whose three columns are heafled3; & =

4. In the first of those columns you put appropriate values for y. In columns 2 and 3, put
the values of P(Y =) for the appropriate Poisson distributions. It is straightforward to
get those values from the table at the back of the book....

3.116 Straightforward

4.6  F(y) needs to be increasing from 0 to 1 along the domain of the random variable.
4.8  Similarto 4.6

4.22 YouOll need to use quite a bit of integration in this question

4.30 This question mixes a continuous distribution [the amif, for a single
parachutist] and a discrete one [the binomial, for the 3 parachutists].

4.50 Common type of problenyou are given that Y ~ N(u), and you are asked a
guestion about Y. You need to convert this question into an equivalent question about Z

= Y;”, and then use the normal table at the back of the book.
(o2
4.60abc Ditto. In particular, fothis one, you are asked to identify the OtailO containing

the uppermost 28.1% of values. You will need to hunt in the body of the table for thisE

4.114 There are 2 ways you might tackle this. If you make an (unwarranted) assumption
that the distributio is normal, you will obtain an interval which is quite narrow relative

to the (failsafe) interval that the Tchebychev theorem will give you. Calculate both,
compare and discuss!



EC 432/523 Econometrics | Questions in 6e: 5.6, 5.8, 5.12, 5.20, 5.22, 5.24, 5.44,
Peter Lambert 5.46, 5.62, 5.64.8Q 5.98, 5.118

Homework #3 - Bivariate Dists | Same ques. in 7e: 5.8, 5.10, 5.14, 5.22, 5.26, 5.28,
5.52,5.54,5.72,5.76, 5.94, 5.118, 5.138

5.6 standard application of definitions

5.8 we started this in class, the first thing you will have to do is sketch the triangle ya){y
space which the joint density is n@aro, and mark on it the su#lsea over which you need to
integrate for part (b). Use either horizontal or veaitshading, and figure out the appropriate
bounds for the inner integral [in which one variable is giveh@determines the appropriate limits
for the other variable, between which to integrate] and the outer integral [which is over the
previously fixed variableOs unrestricted range]. In fact, whgtatitis both ways? Excellent
practice,and provides check that you got it right the first time.

5.12  YouOll need to check thﬂf(yl,yz)dyldyz =1, and this will involve sketching the
region over which the density is naero and using horizontal or vertical shadingE etc.

5.20 this has a table of joint prability values, just like the one | did on the board. Do you
remember how to calculate the marginals and conditionals?

5.22  an excellent opportunity to use all those formula relating the joint density with the
marginal and conditional densities! As a hicdnsider this: ieandb are between 0 and 1, then

all
P(Y2(a Y1) b)= j[ f(yl,yz)dyz}dyl
oLb

5.24  More smoking chimneys. To ge{¥.) you will need to integrate out ovef fpr a given
value of y, that is, along a Ohorizontal stripeO (assuming you,plettically).

5.44 See if youcan factorize f(yy.) as f(y1).f2(y2)E.. check that the domains of all three
functions correspondE

546 smoking chimneys again

5.62 10d like you to calculate each marginal, check that it is binomial with n=2 and @3,
then simply use standard bin@hresults..

5.64 results from 5.22 should be helpful with this

cov(U,,U,)

———————¢[-1,+1] (@sonan
w/V[U,].,/V[UZ]

overhead); you will need to use moderately heavy algebra to compute all the values in this

5.80 the formula for the correlation coefficient js=

expression (i terms of the unstated varianc’e§ and/ 22 of Y;and Y;). Hint: to checkhat

you are getting the right expression for *, verify that your answer reduces to * # 12 #3

and 622 = 1.If it doesnOt, go back and check your algebra!

5.98 the only information you will need is that, if X is gamuiagtributed with parameters $
and %, then E[X] = $% and V[X] Z$%here is no gamma distribution information that could
hdp you with part b. And there is no need to plunge into the theorydistributions eithe..

just use a very general theorem that puts bounds on central/tail areas, for any distributionE




5.118 This may look somewhat forbidding but letOs structwait. First, you are

y —A

told that p(y#&) =

' (i.e. for a given &, y has a discrete Possison distribution. So
y!

what are E[Y#&] and V[Y#&] ? Now use these transcriptions of the results linking

conditional mean and variance to unconditionaan and variance: E[Y] =

EJE[Y#&]] and V[Y] = EgV[Y#&]] + V JE[Y#&]] (where the subscript & means

Otake the expectation (or variance ) with respect to the (gamma) distribution of &O.

Recall that if X is gammdistributed with parameters $ and %nt&gxX] = $% and

V[X] = $9%.

EC 432/523 Econometrict | Questions in 6e: 6.2, 6.6, 6.16, 6.24, 6.36, 6.44
Peter Lambert Same ques. in 7e: 6.2, 6.6, 6.20, 6.28, 6.42, 6.52

Homework #4 : Fns of RV:

6.2 The direct method is strongly recommended here. That is, first, obtain the distribution
function for U, G(u) = P(U (u), in each case, and then, to get the density functi@) fom

this distribution function E. what must you do? | strongly advise that, before embarking on this
strategy, you first of all evaluate the distribution function for Y, name(y)/= P(Y (y) =

# f(t)dr as a function of y. You should be able to use the formula/g) Eo obtain G(u) in

each of the three cases, without the need for any further integration. Be especially careful with
part (c) E.

6.6 You will need to calcule G,(u) = P(U (u) and then differentiate it. The set of,(Y>)
such that U ( u forms a suéirea of the trianguleshaped region in which f(yy,) - 0 and you

will need to integrate f(y y,) over that area to get/u). Be careful: the area you need to
identify depends on the value of u that you assu@ehsider the following 4 cases: (i) u (0,
({0 (u (1, (i)l (u(2and(iv)u>2.Incase (iii), you may find it easier to first evaluate 1
Gu(u) = P(U) u), rather than to evaluate,@) directy.

6.16 In each case, the question is asking for the density funcgi(m)g which you will get by
differentiating the distribution functiongw) = P(W ( w) - which you will get by turning the
restriction W ( w into a restriction on Y and then using flact that§(y) =1 forO (y (1, and is
zero elsewhereE.

o 1 1y . ,
6.24  The aim is to show thag), (u) = Ee A when u >0, and is zero otherwise. You could

use either the direct method or the method of transformations for thisE

6.36  The question is asikg for P(Y; > Y1) i.e, setting U = ¥BY, it wants P(U > 0). The
thing is that, because each of the YOs is normally distributed, and they are indepgi¥aris Y
also normally distributed: see Theorem 6.3 to get the mean and variange 6f. YIt should be
straightforward from this point on.

INCGEEY
6.44 Use the fact thatn,: H=e' fori=1,2 and the fact that the MGF for a sum of two
independent random variables is the product of the two separate MGFs, to recognize (from its
MGF) that Y;+Y, must itself be Poissedistributed. This means that you can write down a



"
formula for P(Y+Y,=1y) in the form Ve A for an appropriate value of & You should be

able to obtain P(Y1 = k#¥+Y,=m) now, using the usual rule for P(A#B)5ee if you can
recognize this probability functioBit is binomialE

EC 432/523 Economats | | Questions in 6e: 7.2,7.6,7.8,7.18,7.22, 7.24, 7.28
Same ques. in 7e: 7.10, 7.14, 7.16, 7.36, 7.42, 7.44, 7.48

Peter Lambert
Homework #5 : Sampling

7.2 The point of this question is to explore the effect of ga)increase in the
population variance and (b) an increase in the sample size, on the probability that
the error of estimation is at most 0.3. What does your intuition tell you? The
corresponding probabilities in part (b) of the exercise referrecetasafollows:
Nn=9= p=.6318, n=16> p=.7698,n =25 p =.8664,n = 36> p =.9284,
n=49 p =.9642,n = 64> p = 9836.

7.6 Before doing this calculation for n, the size of the sample, check out the other question
referred to, which asks for the probability that the error of estimation is at most 0.5 when
n = 10. If you find that this probability is less than [excé&&86, you would surely
expect n to have to rise [fall] in order to achieve 95% probability EwouldnOt you?

7.8  Recall from the lecture materials that if 'Y N(uy,#:?) and Y2 " N(up,#,°) are

2 2
independent random variables, tRén+Y2" N(ui £ o, > +-2). This
711 Vl2

property should enable you to adequately tackle the question.

7.18  This question relies on-#istributions. All you need to know about these is thagcause
of the independence of%and $? and the relationship between population variances,

2
For part (a) : S/ZSZ is Fdistributed with n.d.f. =9 and d.d.f. =7
2

2
For part (b) : ZS%SZ is Fdistributed with n.d.f. =7 and d.d.f. =9
1

(ignore the hintm part (b)).From tables, the 5% upper tail values for are 3.68 and 3.29
respectively (check this for yourselflNow go for it!

7.22  Standard application of the CLT

7.24 Do 7.23 as well. This pair of questions is rather like {Ex 7.5, Ex 7.6}, which glveady
dealt with, except that here you have to appeal to the CLT whereas there,
you could assume normality.

7.28  You canOt usein place oft in the CLT, but yowanobtain a C.I. fory ! M in terms

of ! from the CLT, andhena roximate% b % where s is the Oearl
//; pp \/ﬁ y \/; ( y
estimateO, s = 12).



EC 432/523 Econometrics | Questions in 6e: 8.2, 8.4, 8.8, 8.36, 8.44, 8.62, 8.70, 8.74, 8.88
Same ques. in 7e: 8.6, 8.8, 8.12, 8.40, 8.58,78, 8.82, 8.88,
Peter Lambert 8.102

Homework #6 : Estimation

8.2 Remember: X & Y independers cov(X,Y) =0 & V[aX + bY] = &V[X] +
avié PRAL
b?V[Y]. Part (b) will involve evaluating$ and checking the sign of%
a da

8.4 If Y has an expondial distribution with parameter ., as in this question, then

E[Y] = ., V[Y] =. 2 and the distribution function for Y is F(y) =%"Y"' (y>0), 0
otherwise. The hint for question 8.2 above will serve you well in identifying the vasiance
of 6, 6,, /4 and/5. For the mean and variance/of, you will need to identify the

distribution of U = min {V,Y>,Y3}. Ask yourself, how does P(Yu) relate to P(Y) u)
for i = 1,2,37? If you figure this out, you will realize that@(u)] = [1-F(u)*and therefore

G(u) =1- e V" (y > 0), 0 otherwise, where / is a certain fraction of .. At this point you
will have identified U a exponentially distributed, with parameter /, so that E[U] =/
and V[U] = /2, enough information to complete the analysis. Go for it!

8.8  To identify the MSE of9=Y , use MSE{0) = V[/ ]+ B(/)?. Recallalso that a

2
uniform distribution on [a,b] has meanﬂ%tl and variance(b!s) .
8.36 Completely straightforward!

8.44 The interval you will derive comes down 1o+ 1.96s/+/n, canyou see why?
8.62 The sample mean pH lies within +1/96y/n of the true mean with probability
95%. So, how big should n be?

8.70 You are not told that the population SAT scores are normally distributed, but you
could assume it (havyread the last paragraph of text on page 404 first).

8.74 You could computé_’ and & directly from the raw data if you have a suitable
calculator, or you could collapse the raw data into these two statistics, D8 and
0Y;? = 148, using mental arithmetic, and then use your intelligencekE..

8.88 Morq mental arith,metic: 0¥= 285 and 0Y = 16823. But there is a shortcut for
the OintelligenceO: you will need a value fa)& , not $, and (R1)S* = 0Y? D

el
LroYi]*. How do you tum a confidence interval f8r)%" into one for * 2
n !



EC 432/523 Econometrics | Questions in 6e: 9.2, 9.14, 9.32, 9.50, 9.74, 9.78
Same ques. in 7e: 9.2, 9.20, 9.40, 9.58, 9.82, 9.86
Peter Lambert

Homework # : More estimation

9.2 For this, you will need to apply the generasult that if X E X , are independent
then V(aX: + E. +anXy) = a® V(X4) E. + a,2V(X,). [Incidentally, this result explains why

= - 1 . :
V(Y)= "%n,wherey =—! v, and Y, E Y , are independently drawn values from a
n

distribution whose variance i€" justputa=a=E=a,= —].
n

9.14 This can be inferred from the result that for largebn$ N(p,ﬂ) . You are asked:

n
what is the reason that this properplies consistencpf p ?

9.32 YouwonOneed to solve Ex. 6.30 (on the Rayleigh distribution) before doing this
guestion. Just write down the likelihood function and try to factorize it ..E

9.50 This question also involves tlitayleigh distribution. The only property of the
Rayleigh distributioryou will need in order to answer this question is Eat’] = 0.

9.74 Obtain the likelihood function, factorize it to identify the sufficient statistic, take logs,
and differentiate with respect to . in order to identify the MBHit will be expressed in

terms of the sufficient statistic yolined]. If9 is unbiased, it will be an MVUE. If it is
biased, but can be made unbiased, again you will have identified an MVUE. To check

WhetherE[!d] =" or not, you will need to know thé&ér this distribution, E[Y"] = 0. This
# "o
roomg Y _ N
comes from E[Y] = $I—y2r e /dy, which is a tricky integral to compueno need to
o

wrestle with itfunless it challenges youl].

9.78 This is messy to write out but not hard. First, write down the likelihood function: it
will be the product of the separate likelihood functions for the two samples (due to
independence). Each component will look rather like the NYlikelihood function in the
handout (page 54). Now take logs : you will getshenof the logs of the two septe

likelihood functions (also as shown on page 54). In order to identify the KL terms
of the data, yowill also need to identifghe MLEs for the unknownland . This means

. !lnL L MInL T
solving = = =0.As on page 54he MLEs for the two means ap@ = X and

lw tup 12

. = o : . iyl .
@, =Y . All that remains is for you to substitute these values into the equation= 0 in
! n

order to identifythe MLE "2 in terms of the data.



