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Independence of continuous random variables 
 
Reminder: EVENTS A and B are  INDEPENDENT  !  P(A ! B ) = P(A).P(B) 

       P(A|B) = P(A)   &  P(B|A) = P(B)  
 
Let Y1 and Y2 be continuously distributed random variables, with probability 
density functions f1(y1) and f2(y2), distribution functions F1(y1) and F2(y2), 
and joint distribution function F(y1, y2).  
 

 
 
 
 
 
 
 

 
Gas storage and sale example  
Here f(y1,y2) =  3y1  if 0 ! y2 ! y1 ! 1, f(y1,y2) = 0 otherwise. It is evident from the 
context that y1 and y2 are not independent. To get f1(y1), we integrate out for y2, 

i.e. f1(y1)  = 221 ),(
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f2(y2), we integrate out for y1, i.e. f2(y2)  = 121 ),(
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2y!  for 0 ! y2 ! 1. These are indeed density 

functions (the area under each is 1), however clearly f(y1, y2) !  f1(y1).f2(y2), 
confirming dependence. 
 

Definition 
Y1 and Y2 are  INDEPENDENT  !  F(y1, y2) = F1(y1).F2(y2) for all y1 and y2.  

           !  theorem (or just differentiate!) 

         f(y1, y2) = f1(y1).f2(y2) for all y1 and y2 
                    !  from definitions  

           f(y1 y2) = f1(y1)  &  f(y2 y1  )  = f2(y2) 
 
 
 
Examples  
 
1.   Two-chimney factory again:  

       P(Y1 " 1# �Y2 = #) =   

       where f2(0.5)  =              this is really Y2  [#, #,+dy 2] 

       Over to you! It’s part of your homework! 

 
2.    Gasoline storage and sale. At the beginning of a week, Y1  [0,1] is the amount of     
       gasoline available for sale. An amount Y2  [0,Y1] is sold during the week. The joint  
       density function f(y1,y2) for Y1 and Y2 takes this form: 

  f(y1,y2) =  3y1  if 0 � y2 � y1 � 1, f(y1,y2) = 0 otherwise. 
 
 
 
           Find the probability that the tank will be less than half full  
    at the start of the week, and that more than one-quarter of a 
    tank-full will have been sold by the end of the week. 
 
       P(0 $ Y1 $ # & Y 2 " %)  =  ‘sum’ of all relevant volumes f(y1,y2)dy1dy2  

  namely, those with (y1,y2)  
  belonging  to this shaded area 

      &  

Notes 
The functions f1(y1) and f2(y2) in this result are the marginal densities, as defined earlier. 

For discrete r.v.s the equivalent result is p(y1, y2) = p1(y1).p2(y2) for all y1 and y2 (etc.) 
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Another example 

Determine whether Y1 and Y2 are independent if the joint probability density function is 
 f(y1,y2) = 6y1y2

2 if  0 !  y1 ! 1 and 0 !  y2 !  1, f(y1,y2) = 0 otherwise 

You should be able to integrate out for y2 and obtain: 
 f1(y1) = 2y1 if 0 ! y1 ! 1, f1(y1) = 0 otherwise,  
and then integrate out for y1 and obtain:           details in Example 5.11, either edition 
 f2(y2) = 3y2

2 if  0 !  y2 !  1, f2(y2) = 0 otherwise.  
! Y1 and Y2 are indeed independent 
 
 

Expectations over joint distributions 

Let g(Y1, Y2) be a function of two random variables Y1 and Y2  
 
For the discrete case,  

!! g(y1, y2)p(y1, y2) 
 

 
The book has a series of calculations (Example 5.6, either edition) for the case: 

 f(y1,y2) =  2y1  if 0 !  y1 !  1 and 0 !  y2 !  1, f(y1,y2) = 0 otherwise 

Confirm the following: 

 E[Y1] = '   ;  E[Y2] = #   ;  E[Y1Y2] = (  ; V[Y1] = 
18

1 , V[Y2] = 
12

1  

(using, for example, the fact that E[Y1Y2] = 21

1

0

1

0
121 2].[ dydyyyy! ! , and the general rule  

for the variance of a random variable Y, V[Y] = E[Y2] - [EY]2 ) 

 
Reminder: for a random variable Y, we had “rules” E[c] = c, E [cg(Y)] = cE[g(Y)], and E[g1(Y) + 
g2(Y)] = E[g1(Y)]  +  E[g2(Y)]. It is the same deal for the bivariate case. In section 5.6 of the 
book, called “Special Theorems”, these results are extended.  
 
Now confirm the following: 

 E[aY1 + bY2] = a E[Y1] + b E[Y2]  

 V[aY1 + bY2] = a2 V[Y 1]  +  b2 V[Y 2]  +  

  

2ab. {E[Y1Y2] - E[Y1]E[Y2]}
 called the covariance between Y1  and Y2  
         and written cov(Y1 , Y2 ): see on 

! "# # ## $# # # #  

either in general or for the specific example above. 

E[g(Y1, Y2)] = 21212
,

1 ),(),(
21

dydyyyfyyg
yy

!!   
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Gas storage and sale again  
What is the distribution of Y1 – Y2, the amount left at the end of the week?  

The joint density is f(y1,y2) =  3y1  if 0 !  y2 !  y1 !  1, f(y1,y2) = 0 otherwise. The 

marginal densities are f1(y1)  = 3y1
 2, y1 ]1,0[!  and f2(y2) = )1(

2
3 2

2y! ,  y2 ]1,0[! . We’ll 

need  to use these formulae:  
E[Y1 – Y2] = E[Y1] – E[Y2]  &  V[Y 1 – Y2] = V[Y 1] + V[Y 2] -  2{E[Y1Y2] -E[Y1].E[Y 2]} . 

From the marginals, E[Y1] = )  , E[Y1
2] = 

5
3 ,  E[Y2] = *  & E[Y2

2] = 
5

1 . Hence V[Y 1] 

=
80

3  & V[Y 2] = 
320

19 . For E[Y1Y2] , we need to integrate y1y2f(y1,y2) over the appropriate 

region: E[Y1Y2] = 1212

1
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! !  = 
10

3 . Putting all this together, E[Y1 – Y2] =  *  

and V[Y 1 – Y2] = 
320

19   !   the mean amount of gas remaining is 0.375 of a full tank, 

with a standard deviation of 0.244 of a tank. 
 
  

Independence, dependence and covariance 
 
Remember this: 

V[Y1 + Y2] = V[Y 1] + V[Y 2] + 2.cov(Y1, Y2) 

where, we said, 
 cov(Y1, Y2) = E[Y1Y2] -E[Y1].E[Y 2] 

 
Can you see intuitively that if, whenever Y1 is above its mean, Y2 is also above its mean, 
then the variance of Y1 + Y2 will be higher than if the variations of Y2 around its mean  
tend to oppose those of Y1 around its mean?  

Another way to write covariance is this:  

cov(Y1, Y2) = E[(Y1- µ1)(Y2 - µ2)] 
 

                      
POSITIVE , NEGATIVE AND WEAK /NO CORRELATION  
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Remember:  
 Y1 and Y2 independent    !    f(y1, y2) = f1(y1).f2(y2)   ?? 

              !  
      E[Y1Y2] = 2122112

,
1 )()(][

21

dydyyfyfyy
yy

!!  = E[Y1].E[Y2]  

             !  

           cov(Y1, Y2) = 0     
 
 
 
uncorrelated is implied by independence, but  
does not guarantee independence (see example  
5.24, either edition).   

 
  

Next term, the correlation coefficient ]1,1[
][.][

),cov(

21

21 +!"=
YVYV

YY
#  

Y1 = Y2  !  ! = 1  ;  Y1 = -Y2  !  ! = -1  ;  Y1, Y2 independent !  ! = 0  
 
 
We already saw that: 
E[aY1 + bY2] = a E[Y1] + b E[Y2]   
V[aY1 + bY2] = a2 V[Y 1] + b2 V[Y 2] + 2ab.cov(Y1, Y2) 
Can now add this: 
         cov(a1Y1 + a2Y2, b1X1 + b2X2) = !! ai bj cov(Yi,Xj) 
 
 
 
Random sampling 
 
EITHER:  let Y1, Y2, Y3 …. Yn be values drawn from a very large population without 
  replacement, in which case they will be (approximately) independent, 
OR:   let Y1, Y2, Y3 …. Yn be the outcomes of n independent trials of an  
  experiment.  

QUESTION: Suppose that the underlying random variable Y has mean E[Y] = µ and  

  variance V[Y] = +2. What is the probability distribution of !
=

=
n

i
iY

n
Y

1

1 ?   

PARTIAL  
ANSWER: µ=][YE  and 

 

V[Y] = ! 2 n

will  be VERY  useful ...
! "# $#             Prove it when n = 2….  

Positive correlation:  cov(Y1, Y2) > 0 
Negative correlation:  cov(Y1, Y2) < 0 
Uncorrelated :  cov(Y1, Y2) = 0     
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§6  Functions of Random Variables 
 
The sample mean !

=

=

n

i

iY
n

Y

1

1  is a function of n random draws from a  

population with mean µ and variance σ2. We know that  

 E[Y ] = µ  :  Y is an unbiased estimator of µ 

and 
 V[Y ] = 

n

2
!  : Y is a consistent estimator of µ 

What is the probability distribution of the estimator Y ? [We shall call it the 

sampling distribution of Y ] 

 

Gas example again: 
Y1 !  [0,1] is the amount for sale, Y2 !  [0,Y1] is amount sold. From the joint 
density function f(y1,y2), we showed that  
  E[Y1 - Y2] = ⅜    &   V[Y1 – Y2] = 

320
19 .  

What is the probability distribution of Y1 - Y2 ? 
 

Finding the probability distribution of a function  
of 2 or more  random variables  
 

Let U = U(Y1, Y2, … Yn)  , itself a random variable 

Let FU(u) be the distribution function for U:   

  

 

 

 

The density function for u is fU(u) = 
du

udFU )(
   

       !  easy, in principle! 

FU(u) = P(U ≤ u) = n
S

n dydydyyyyf ...),...,( 2121!   

where S = }),...,(:{ 21 uyyyUy n
n !"#  
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Examples using MGF 
(1)  Do you remember this “extremely 

       useful  result”?       → 
 

Here’s a proof, using )(),( 2 tm
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(2) What is the sampling distribution for !
=

=

n
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Y

1

1  where the Yi are drawn from a 

(large) population with mean µ and variance σ2 ? Remember,  E[Y ] = µ and V[Y ] 
= 

n

2
!   (! Y is an unbiased and consistent estimator of µ). 

a) It is easy to obtain the MGF of Y : 
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b) In one special case, that of a normal N(µ,σ2 ) population, we can identify the  
sampling distribution directly from this MGF:  
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Thus, 
  
 

 
 
3)    

 
 

Y  !  N(µ ,σ2 )  !   Z =  
!

µ"Y
 !  N(0,1) 

Yi  !  N(µ ,σ2 ) !   Y  !  N(µ ,σ2/n) 

Y1  & Y2  independent )().()(
2121
tmtmtm YYYY =! +  

Y1, Y2 indep Poisson (λ1, λ2)  21 YY +!   !  Poisson (λ1 + λ2)   






































































