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Characterization of Multipartite
Entanglement for One Photon Shared
Among Four Optical Modes
Scott B. Papp,1* Kyung Soo Choi,1* Hui Deng,2 Pavel Lougovski,3 S. J. van Enk,3 H. J. Kimble1†

Access to genuine multipartite entanglement of quantum states enables advances in quantum
information science and also contributes to the understanding of strongly correlated quantum
systems. We report the detection and characterization of heralded entanglement in a multipartite
quantum state composed of four spatially distinct optical modes that share one photon, a so-called
W state. By randomizing the relative phase between bipartite components of the W state, we
observed the transitions from four- to three- to two-mode entanglement with increasing phase
noise. These observations are possible for our system because our entanglement verification
protocol makes use of quantum uncertainty relations to detect the entangled states that span the
Hilbert space of interest.

Investigations of entanglement for two quantum
systemshave answeredmany fundamental ques-
tions in quantum physics (1, 2) and revealed

powerful new capabilities of quantummechanics
within the field of quantum information science

(3–5). Many of these advances have used well-
testedmethods for the characterization of quantum
entanglement in bipartite (two-component) sys-
tems (6, 7). Entangled states of more than two
systems enhance our knowledge of quantum theory,
because new classes of states are available (7–9).
Beyond applications to conventional quantum com-
putation (3), exotic multipartite states have emerged
as crucial resources for new directions in quantum
information processing such asmeasurement-based
quantum computation (10, 11), quantum secret
sharing (12), and quantum simulation (13). Despite

the extraordinary promise that they offer, unambig-
uously detecting multipartite entangled states is still
a major challenge from both an experimental and
a theoretical standpoint.

Genuine N-partite entanglement is realized
only with the simultaneous participation of all N
of the constituent systems. The exponential in-
crease with N in the amount of information re-
quired to describe the overall quantum system,
although exceedingly beneficial for large-scale
quantum information protocols (3), makes the
task of classifying (8, 9) and detecting such en-
tangled states extremely difficult (7). Still, there
are prescribed methods to detect entanglement in
select classes of multipartite states that generally
rely on reconstructing the density matrix %r. Linear
entanglement witnesses supplemented by tomog-
raphy of %r have been used to detect entanglement
in six (14) and eight (15) atomic ions, as well as
for hyperentangled photons (16). A serious draw-
back of quantum-state tomography is the prohibi-
tive number of measurements and their accuracies
that are required with increasing N.

Ourwork focuses on a specific class of quantum
states in which exactly one photon is coherently
sharedamongNdistinct opticalmodes in the formof

jW 〉 ¼ 1

2
½ðj1000〉 þ eif1 j0100〉Þ þ

eifðj0010〉 þ eif2 j0001〉Þ� ð1Þ
shown here forN = 4 andwith the relative phases f,
f1, f2 of the modes. This is a so-called W state,
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University of Michigan, Ann Arbor, MI 48109, USA. 3Department
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which plays an important role in quantum infor-
mation protocols with photonic and matter qubits,
because its entanglement is known to be robust
against losses (for example, tracing over a set of
modes K ≤ N – 2).

To detect entanglement for pure states in the
form of Eq. 1 and their mixed-state counterparts
%rW , we introduce the use of fundamental quan-
tum uncertainty relations. It has long been known
for continuous variable systems that the uncer-
tainty principle for noncommuting observables
defines a boundary of measurement precision that
can be crossed only by entangled states (17, 18).
This observation has formed the basis of numer-
ous Einstein-Podolsky-Rosen–type experiments
(19). For discrete variable systems as in Eq. 1,
the uncertainty principle can be recast as a sum of
uncertainties in certain physical observables that
must always be greater than some minimum
bound Db for all unentangled states, whether
pure or mixed (20).

As a first test of this concept, we created a
bipartite entangled state analogous to jW 〉. We
verified the entanglement both by violation of
an uncertainty relation (21) and by the well-
established method of concurrence (22, 23). The
precise agreement of these two measurements
over a wide range of parameter space attests to

the reliability of uncertainty-based verification
for the entanglement of discrete variables (Figs.
1B and 2). We then extended our setup to create
multipartite entangled states that coherently share
a single photon among four optical modes and
applied our verification protocol to them. Vary-
ing the phase coherence and the photon statistics
of a candidate state %rW allowed us to explore the
boundary between separable and entangled states,
including those that separate fourfold, threefold,
and twofold entanglement.

Our verification protocol is based on an
exclusion principle for which N-mode entan-
glement can be unambiguously detected by simul-
taneously measuring physical observables f %M ig
(projectors) with i ∈ {1,…,N} more precisely
than is possible with only (N – 1)–mode en-
tangled states and their mixtures (20, 21). Spe-
cifically, we consider a sum uncertainty relation

D ¼ ∑
N

i¼1
〈 %M 2

i 〉 − 〈 %M i〉2 ¼ 1 − ∑
N

i¼1
〈 %M i〉2 and its

lower boundaryDðKÞ
b , which represents the small-

est sum uncertainty obtained by any state with
at most K < N–mode entanglement. For all K-
mode entangled states, the inequality D ≥ DðKÞ

b
holds; therefore, a violation of this inequality
serves as a sufficient condition for genuine N-

mode entanglement. The projective operators are
f %M ig ¼ fjWi〉 〈Wijg with

jW1〉 ¼ 1

2
ðj1000〉 þ eib1 j0100〉 þ

eib2 j0010〉þ eib3 j0001〉Þ

jW2〉 ¼ 1

2
ðj1000〉 − eib1 j0100〉 −

eib2 j0010〉 þ eib3 j0001〉Þ

jW3〉 ¼ 1

2
ðj1000〉 − eib1 j0100〉 þ

eib2 j0010〉 − eib3 j0001〉Þ

jW4〉 ¼ 1

2
ðj1000〉 þ eib1 j0100〉 −

eib2 j0010〉 − eib3 j0001〉Þ ð2Þ
for the case of N = 4, and with phases {bj} where
j ∈ {1,2,3}. They are optimally sensitive to entan-
glement, for particular settings of bj, because the
entangled state jW 〉 in Eq. 1 is the only simultaneous
eigenstate of all projective operators %Mi (21).

In our work, the purported N-mode entangled
state %rW analogous to jW 〉 is generated via the
operation %rin

%Ugen→%rW (Fig. 1A) on an input state
%rin. Similarly, entanglement is verified with

Fig. 1. Diagram of our entanglement generation and verification setups. (A)
A single-photon pulse is transformed from a single input into an N-mode
entangled state by %Ugen, and entanglement is verified with the operation %Uver.
(B) Details of the setup for bipartite entanglement. Single photons are co-
herently split to occupy the two modes defined by the interferometer BD1-BD2
with the relative phase f of %rW controlled by the EOM. By setting the wave-
plate (l /2)n at 0°, the occupation of the individual modes is detected at D1
and D2, and we obtain the two-photon components of %rW. With a setting of

(l /2)n at 22.5°, single-photon interference occurs at PBS1, from which we
obtain D; see also Fig. 2. (C) Details of the setup to create and verify
quadripartite entanglement. The sequences of beamsplitters BD0 and BD1
generate the optical modes 1 to 4, which share a single photon. To measure D,
we jointly optimized the relative phases in the verification interferometers for
interferences at PBS1,2 [(l /2)n at 22.5°] and BS1,2 to minimize the photon prob-
ability of all but one output mode. Here, switching between measurements of
D and yc requires the indicated reconfiguration of fiber-optic components.
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%rW
%Uver→%rout. We implemented %Mi for the case

of two (Fig. 1B) and four (Fig. 1C) optical modes
using beamsplitters (24) and photodetectors. The
limit D→ 0 indicates a significant overlap of the
state %rW with only one of the projectors %Mi. In
particular, for any choices of f, f1, f2 that define
Eq. 1 and the three corresponding orthonormal
states, our measurements of %Mi would yieldD = 0
for optimal settings of the phases bj. A small D
corresponds to a large statistical imbalance in the
event distribution of the output optical modes,
with one mode strongly preferred over the others.
Conversely, if the generated state contains a photon
that occupies onemode (e.g., j1000〉), ourmeasure-
mentswould yieldD =0.75.Because of the presence
of transmission losses and beamsplitter imbalances
in our setups, the projectors jWi〉〈Wij evolve into
mixed states with significant vacuum components,
but genuinemultipartite entanglement can still be
robustly detected for %rW (21, 25).

To theoretically determine the boundaries DðKÞ
b

forN-mode entanglement, we calculated D for all
possible admixtures of states containing at most
K = N – 1–mode entanglement. The presence of
more than one excitation in %rW may allow sig-
nificant overlap of its one-photon subspace with
jW 〉, leading to a spurious detection of entangle-
ment. Therefore it is necessary to determine the
contamination of the state %rW caused by multiple
excitations. By invoking local filtering operations,
we are justified in confining our analysis to the
reduced-density matrix %rðrÞW ¼ p0 %r0 þ p1 %r1 þ
p≥2 %r≥2, which contains no more than one photon
per mode, while still being guaranteed a lower
bound of entanglement (6, 23). In our experi-
ments, we measured the photon probabilities p0,
p1, and p≥2 that characterize the occupation of the
vacuum subspace %r0, the single-photon subspace
%r1, and the subspace containing multiple excita-
tions %r≥2. The degree of contamination due to
more than one excitation is quantified by the

parameter yc ¼ 2ð N

N−1Þp2p0p21
, which is normalized

to the case of independent and balanced coherent
states for which yc = 1. The observation of mea-
surement uncertainty D below the threshold DðKÞ

b
together with a determination of yc, then, mani-
festly confirms the presence of genuine (K + 1)–
mode entanglement.

Our experimental starting point was the gener-
ation of heralded single photons via Raman tran-
sitions in an optically dense atomic ensemble of Cs
atoms (25, 26). Two-mode entangled states were
created by coherently splitting a single photon into
parallel modes with beam displacer BD1 (Fig. 1B);
the modes’ relative phase, analogous to f in Eq. 1,
was controlled by an electro-opticmodulator (EOM).
The spatially separated modes were recombined
atBD2 and coupled into a single-mode optical fiber,
with each mode encoded in the polarization bases
jH〉 and jV 〉. Achieving entanglement requires a
constant relative phase of the optical modes. In the
absence of any fluctuating drive voltage on theEOM,
the beam displacer pair BD1-BD2 forms a passively
stable interferometer (27). By driving the EOMwith

a randomly oscillating voltage, the phase coherence
of the modes is destroyed, and any entanglement
between them is lost. This setup provides a calibrated
tool to explore the boundary between separable and
entangled states.

After the generation of bipartite states, we
searched for the signatures of entanglement, using
our verification protocol. Tomeasure D, we rotated
the polarizations of both modes by 45° and inter-
fered themwith a polarizing beamsplitter (PBS1).
We recorded the photoelectric detection events at
single-photon counters D1 and D2, and converted
them to the normalized joint photon probabilities
Pij (i.e., i photons for mode 1 and j for mode 2).
Varying the relative phase of the modes after they
exit BD2 produces the interference fringes shown
in Fig. 2A′ (corresponding to P10 andP01), which
allow us to identify the minimum value of D sup-
ported by themodes for a given yc. In particular, the
sum uncertainty D is related to the fringe visibility
V byD ¼ 1

2
ð1 − V 2Þ. When the relative phase b

between modes1,2 is either 0° or 180°, we obtain
a value of D as small as 0.006, which corresponds
to a visibility of 99.4% (25). To measure the two-
photon suppression of %rW , we detected the
individual modes and recorded the time series of

all relevant coincidence events (i.e., Pijwith {i, j} ∈
{0, 1}). Based on a calibration of the transmis-
sion from the face of BD2 to the detectors, we
inferred the photon probabilities that determine yc
(25). We controlled yc via the pump intensity for
Raman transitions in the source ensemble (25).

We have explored bipartite entanglement veri-
fication in our system by varying both the phase
coherence and the two-photon suppression of %rW.
Figure 2A shows the dependence of D on the ampli-
tude df of phase noise produced by theEOM.These
results were obtained with two-photon contamina-
tion yc = 0.063 T 0.011, so that entanglement is de-
tected when D ≲ 0:46. With df = 360°, we expect
the fringe visibility to be minimized, and there-
fore D ¼ 0:5. As df decreases below 270°, the
statistics of our measurements become sufficient-
ly imbalanced that the presence of entanglement
is manifest. Without any phase noise in the state
generated at BD1 (i.e., df = 0), we obtainD ≤ 0:03
over a wide range of yc as shown in Fig. 2B. The
first-order coherence of our single-photon source
and the phase stability of our apparatus guaran-
tee D ≈ 0. The boundary in D between fully sep-
arable states and those that contain entanglement,
Dð1Þ
b , depends primarily on yc through the rela-

β

A

B

C

A

Fig. 2. Detection of entanglement between two
optical modes using uncertainty relations. (A) The
sum uncertainty D as a function of peak-to-peak
phase noise df in the generated state %rW . The solid
blue line gives the boundary, Db

(1) , between en-
tangled and separable states. The dotted blue lines
indicate the range of Db

(1) values that result from the
uncertainty in our measurements of yc. The red line
is a fit to the data, based on a uniform distribution of
phase noise. (A′) Number of photons detected nc in
the output modes for a measurement time of 250 s
as the relative phase b of the verification inter-
ferometer is varied. At minima and maxima of nc,
we obtain D = 0.01. (B) Measured sum uncertainty
with df = 0 (solid circles) and boundary Db

(1) (blue
line) as a function of two-photon suppression. Data
with yc < 1.0 demonstrate entanglement of the two
modes. By variation of df from 0° to 360° (open
circles), the modes’ phase coherence is reduced,
resulting in a loss of entanglement for df ≳ 270°.
(C) Concurrence CN (filled circles) inferred from
measurements ofD and the boundaryDb

(1). The solid
line shows a theoretical prediction of concurrence
[max(CN,0)] based on an independentmeasurement
of V and p1 = 0.22 T 0.02. All the error bars in this
figure represent standard deviations.

8 MAY 2009 VOL 324 SCIENCE www.sciencemag.org766

REPORTS

 o
n 

Ju
ne

 7
, 2

00
9 

w
w

w
.s

ci
en

ce
m

ag
.o

rg
D

ow
nl

oa
de

d 
fr

om
 

http://www.sciencemag.org


tion Dð1Þ
b ¼ 1

2
ð1 − ycÞ. Given the uncertainty of

our measurements, of which the largest contri-
bution is counting fluctuations in yc, all of the
states created with yc ≤ 0:86 verifiably contain
entanglement.

A rigorous correspondence exists between our
uncertainty verification protocol (for two modes)
and concurrence, a measure of bipartite entangle-
ment (22, 25). As a tool to understand the depen-
dencies of the sum uncertainty and as a secondary
confirmation of two-mode entanglement, we in-
ferred the (normalized) concurrence CN ¼V − ffiffiffiffi

yc
p

from our measurements of D. Using previously
introduced relations, we can reformulate it as
CN ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2D
p

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2Dð1Þ

b

p
. The inferred con-

currence data shown in Fig. 2C demonstrate an
increasing CN, therefore a larger degree of entan-
glement, as we decrease yc. This behavior is in
excellent quantitative agreement with our theoret-
ical expectation for concurrence based on quantum-
state tomography (23, 25); this validates the use of
uncertainty relations for entanglement verification.

Wenowdescribeour investigationofmultipartite
entanglement with a single photon shared among

four opticalmodes (Figs. 3 and 4). To generate four-
mode entangled states, we used the setup shown in
Fig. 1C. A third beam displacer (BD0) was added to
the two-mode setup immediately before BD1; it
coherently splits a single photon polarized at 45°
into twomodes. In this case, the space betweenBD1

and BD2 supports four independent modes of %rW
(composed of pairs I and II ) that share a single pho-
ton. The EOM influences only the relative phase of
the two pairs I, II, labeled f in Eq. 1, leaving intact
their individual phase coherence; and it provides a
means to induce dephasing between the I, II pairs.
The four spatially separated modes in the state %rW
are combined into two separated spatialmodes (each
carrying two modes encoded via the polarizations
jH〉 and jV 〉) that exit BD2 and are coupled into
single-mode fibers.

Measurements of D were performed by rotating
the polarizations of all the modes by 45° and pair-
wise interfering them with the network of four cas-
caded beamsplitters shown in Fig. 1C.We recorded
all photoelectric events from detectors fD1,:::,D4g,
but employed only events with a single photo-
detection for the determination of D (25). In this

case, D depends jointly on the fringe visibilities of
all four interferometric outputs. BD1 and BD2 still
guarantee long-term interferometric stability for the
two pairs of modes I and II, and the relative phases
between other pairs are actively stabilized with re-
spect to a laser that shares the same path. With the
stabilization laser off, we applied calibrated feed-
forward signals to the servo electronics, that tran-
siently optimized the setup for measurements of
various phase dependencies of D, including its
globalminimum (25). To extract yc for the separated
modes 1 to 4, we inserted the “photon statistics”
setup at the location indicated in Fig. 1C, and we
ensured that no interference occurred at PBS1 and
PBS2 by setting the polarizations to the eigenaxes
of the respective PBS. We obtained a record of the
16 photon probabilities Pijkl that determine yc,
with indices i, j, k, l ∈ f0,1g (25).

Using sum uncertainty relations (20, 21), we
have unambiguously detected the presence of full
four-mode entanglement in a photonicW state. Be-
cause N > 2, entanglement may be found not only
among the full set of modes, but bipartite- and
tripartite-entangled states exist within a subset of
them.A crucial feature of our verification protocol is
that it clearly defines boundaries that distinguish
between states with fN ,N − 1,..., 2}–mode en-
tanglement. As in the case with N = 2, the bound-
aries for N = 4 exist within the parameter space
defined by D and yc. To understand how the mul-
tipartite entanglement is affected by the phase co-
herence of %rW , we introduced phase noise df over
the range from 0° to 360° between the two pairs of
modes. Figure 3 showsD as a function of df and the
theoretical boundaries for two-, three-, and four-mode
entanglement. For df ≤ 225°, our verification pro-
tocol confirmed the presence of genuine multipartite
entanglement for three and fourmodes. Owing to the
fact that dephasing was induced among only two
pairs, the measured sum uncertainties do not exceed
the thresholdðDð1Þ

b ¼ 0:7Þ defined by fully separable
states. A primary feature of multipartite W states is
their resilience against phase noise, evidenced by the

0.75

0.50

0.25

0.00
0.0 0.5 1.0 1.5

0.3

0.2

0.1

0.0
0.0 0.1 0.2 0.3

A B

Fig. 4. (A) Sum uncertainty D as a function of two-photon sup-
pression fordf =0° (solid circles) anddf =0° to360° (open circles).
Solid lines indicate the boundaries between separable, bipartite-,
and tripartite-entangled states for the parameters of our experi-
ment. To indicate the sizes of boundary corrections from the ideal
case, the dashed lines showDb

(K) for the ideal balanced and lossless
case. The error bar onDb

(3)indicates the statistical uncertainty in the
boundary (25). (B) An expanded view of the quadripartite sector.

Fig. 3. Dependence of the sum
uncertainty D on the amplitude of
phase noise df in the state %rW . These
data were acquired with an approxi-
mately constant yc in the range from
0.06 to 0.08; under these conditions,
D ≲ 0:2 demonstrates genuine four-
mode entanglement. The horizontal
lines indicate the boundaries Db

(K) for
entanglement. Here the uncertainty
of each boundary Db

(K) (dashed lines)
corresponds to the observed fluctua-
tions in yc. The red line is a fit to the
data, based on a model including a
uniform distribution of phase noise.
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fact that the state that results from tracing over two
modes inEq.1still remains two-modeentangled(28).
This property of jW 〉 explains our observation of en-
tanglement even in the face of complete dephas-
ing between pairs I and IIwith 360° of phase noise.

We have also explored the transitions from
fully separable to bipartite (K = 1), tripartite (K =
2), and quadripartite (K = 3) entangled W states
by measuring the sum uncertainty as a function
of two-photon suppression yc, with our results
presented in Fig. 4. With df = 0, we obtained a
uniformly low D ≤ 0.08 over a range in yc from
0.035 to 1.37. These values of D are larger than in
the two-mode case (Fig. 2B) and are explained
by a small imbalance in %rW and by imperfections
in the entanglement verification interferometers.
Furthermore, these imperfections play an impor-
tant role in the determination of the boundaries
DðKÞ
b for entanglement. As detailed in (25), small

imbalances in the beamsplitter ratios of PBS1,2
and BS1,2 in Fig. 1C, and nonbalanced transmis-
sion losses lead to displacements of the boundaries
toward smaller D, yc. To reduce these boundary
corrections, the beamsplitter ratios were all matched
to 50%/50% to less than 3%, and the difference
in losses of corresponding free-space and in-fiber
optical paths were always held to less than 4%.
Figure 4 shows the sizes of the corrections by
displaying the boundaries DðKÞ

b for the ideal loss-
less and balanced case as dashed lines.

In comparison to quantum-state tomography,
our multipartite verification protocol features an
exponential reduction in the number of measure-
ments required to unambiguously detect entan-
glement. Specifically, our protocol requires us to
determine 24 elements of %rðrÞW for yc and 4 ele-
ments of %U †

ver %r
ðrÞ
W

%U ver for D, a total of 20 ele-
ments out of the 44 = 256 that make up the
reduced-density matrix %rðrÞW . Our protocol inher-
ently features the use of nonlocal measurements

%Mi, thereby requiring only two experimental steps
to measure all necessary elements and unambig-
uously detect entanglement in %rW . Furthermore,
the nonlinear structure of D allows the simulta-
neous detection of all possible realizations of
Eq. 1 (7, 21). These features alleviate the need for
any complicatedmechanism to control themeasure-
ment basis, which can be a challenge in tomography
experiments (16) and other local measurement–
based verification protocols for %rW . Although
linear witnesses might also enable entanglement
detection with less than full knowledge of %rW ob-
tained from a few experimental steps (29), the un-
ambiguous verification of entanglement requires
robustness in the face of experimental imperfections,
including multiple excitations and losses (25).

Our study has introduced a new technique for
the unambiguous verification of multipartite W
states. Specifically, we examined entanglement
in heralded quantum states specified by %rW with
N = 2,4. Entanglement detected with our protocol
refers to that of the complete density matrix %rW
presented to our verification system, and not to
fictitious components deduced via post selection
(6). An extension of our protocol to different states
(requiring increased experimental resources) is dis-
cussed in (21). Photonic entanglement, such as gen-
erated here, can be coherently mapped into atomic
memories by way of electromagnetically induced
transparency (30) for scalable quantum networks.
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N-Doping of Graphene
Through Electrothermal
Reactions with Ammonia
Xinran Wang,1 Xiaolin Li,1 Li Zhang,1 Youngki Yoon,2 Peter K. Weber,3 Hailiang Wang,1
Jing Guo,2 Hongjie Dai1*
Graphene is readily p-doped by adsorbates, but for device applications, it would be useful to
access the n-doped material. Individual graphene nanoribbons were covalently functionalized by
nitrogen species through high-power electrical joule heating in ammonia gas, leading to n-type
electronic doping consistent with theory. The formation of the carbon-nitrogen bond should occur
mostly at the edges of graphene where chemical reactivity is high. X-ray photoelectron
spectroscopy and nanometer-scale secondary ion mass spectroscopy confirm the carbon-nitrogen
species in graphene thermally annealed in ammonia. We fabricated an n-type graphene
field-effect transistor that operates at room temperature.

Recently, graphene has been made into
semiconductors in the form of nano-
ribbons, leading to room temperature

p-type graphene field-effect transistors (FETs)

(1, 2). However, a fundamental problem has been
that the edge structures and chemical termina-
tions of graphene synthesized by various meth-
ods are unknown and uncontrolled, whereas their

effects to the physical properties have been wide-
ly predicted (3–9). In particular, graphene nano-
ribbons (GNRs) edge-terminated by nitrogen
species were shown to be electron-rich, leading
to n-type transistor behavior (8). Therefore, it is
essential to precisely control the edge structures
and chemical terminations to obtain desirable
device characteristics. Edge doping could present
a new means of doping for nanoscale graphene.

We now report that GNRs can be functional-
ized by nitrogen species by high-power electrical
annealing (e-annealing) in NH3 and exhibit n-
type electronic doping. GNRs were synthesized
chemically (1) or were lithographically patterned
from pristine peel-off graphene (10–12); the
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