
Detecting and Quantifying Entanglement via Bayesian Updating

Pavel Lougovski1 and S.J. van Enk1,2

1Department of Physics, University of Oregon
Oregon Center for Optics and Institute for Theoretical Science

Eugene, OR 97403
2Institute for Quantum Information,

California Institute of Technology, Pasadena, CA 91125

We show how a straightforward Bayesian updating procedure allows one to detect and quantify entanglement
from any finite set of measurement results. The measurementsdo not have to be tomographically complete, and
may consist of POVMs rather than von Neumann measurements. One obtains a probability that one’s state is
entangled and an estimate of any desired entanglement measure, including their error bars. As an example we
consider (tomographically incomplete) spin correlation measurements on both 2-qubit and 3-qubit states. As
byproducts we obtain an estimate of the volume of entangled states vs. states that violate a given Bell inequality
for both pure and mixed states, and an inequality that relates the expectation value of the Bell operator to the
negativity.
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Entanglement: useful, but hard to generate, and even harder
to detect. The most measurement-intense approach to the
problem of experimentally detecting the presence of entan-
glement is to perform complete quantum-state tomography
[1]. Even for just two qubits this implies a reconstruction
of all 15 independent elements of the corresponding density
matrix. Subsequently applying the positive partial transpose
(PPT) criterion to the reconstructed matrix gives a conclusive
answer about entanglement or separability of the state [2, 3].

From the practical point of view it is desirable to have an
entanglement detection tool which is more economical than
full state tomography but nevertheless is decisive. Already
in the original work on PPT [2] it was noticed that one can
always construct an observableW with non-negative expec-
tation values for all separable statesρs and a negative expec-
tation value for at least one entangled stateρe. In this way an
experimentally detected violation of the inequality〈W〉 ≥ 0
is a sufficient condition for entanglement. The observableW
is called an entanglement witness (EW). The advantage of us-
ing EWs for entanglement detection will be appreciated better
for multi-partite systems with more than 2 qubits, because the
number of tomographic measurements would grow exponen-
tially for such systems. On the other hand, a given witness
does not detect all entangled states.

EWs assume the validity of quantum mechanics, and also
assume one knows what measurements one is actually per-
forming. A valuable alternative to EW can be sought in us-
ing a violation of Bell-CHSH inequalities [4, 5] as a suffi-
cient condition for entanglement. Because Bell inequalities
are derived from classical probability theory without any ref-
erence to quantum mechanics, no assumption about what is
being measured is necessary. This method is, therefore, safe in
the sense of avoiding many pitfalls arising from unwarranted
(hidden) assumptions about one’s experiment [6].

Here we propose a new method for entanglement detec-
tion that is in principle able to detect any entangled state,and
which automatically takes into account finite data as well as
imperfect measurements. The method produces an estimate
of the relative probabilities that entangled and separablestates

are consistent with a given finite set of data. Thus our method
differs from those in Refs [7–9] which assume expectation
values of EWs are known [corresponding effectively to anin-
finite data set] and try to find theminimally-entangled state
consistent with those expectation values.

We use a numerical Bayesian updating method for one’s
probability distribution over density matrices. A similar
method was recently discussed in Ref. [10] in the context of
quantum-state tomography. In particular, whereas the recon-
struction of a density matrix from experimental data is usu-
ally based on the maximum likelihood estimation, Ref.[10]
discusses its drawbacks and proposes Bayesian updating in its
stead as a superior method. Our aim, though, is not to give an
estimate of the density matrix, but, more modestly, to give es-
timates of entanglement and entanglement-related quantities.

A brief outline of our approach is as follows, and more de-
tails are given below. First, we choose a random finite test set
of density matrices. We calculate the amount of entanglement
(in fact, the negativity [11] for bipartite states, and measures
derived from the negativity for multipartite systems) for each
state in the set. Thea priori probability that our unknown ex-
perimentally generated state, which we denote byρ?, equals
a stateρ in the set is chosen asp(ρ) = 1/N , whereN is
the number of states in the set. Second, we assume some set
of POVMs with elements{Πi} is measured. These POVMs
can describe any (noisy) set of measurements one performs
on the qubits. Third, for the acquired measurement record
d = {d1, · · · , di} consisting of the number of times outcome
i was obtained, we calculate the quantum-mechanical proba-
bility p(d|ρ) that a given stateρ from the test set generates
the measurements outcomed (which follows directly from
TrρΠi). Having at hand probabilitiesp(d|ρ) for all statesρ
in the test set we are now able to calculate thea priori prob-
ability p(d) =

∑

ρ
p(d|ρ) · p(ρ) for the measurement recordd

to occur. Fourth, we calculate – using Bayes’ rule – the prob-
ability p(ρ|d) to have the stateρ for the given measurement
outcomesd for all statesρ: p(ρ|d) = p(d|ρ) · p(ρ)/p(d). The
fifth and the last step consists of reassigningp(ρ) := p(ρ|d)
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for all statesρ. (After which we could repeat steps 2-5 for a
new set of measurementsd.)

This gives us thea posterioriprobability that the unknown
stateρ? equals the stateρ from the test set. From p(ρ|d) we
can calculate the probabilitype for the stateρ? to be entan-
gled. We just sum the probabilitiesp(ρ|d) for all entangled
statesρent in the set i.e.

pe(ρ?) =
∑

ρ=ρent

p(ρ|d). (1)

Furthermore, we can calculate probability distributions for
any function of the density matrix, such as the negativity and
purity. We thus infer expectation values such as

N(ρ?) =
∑

ρ=ρent

p(ρ|d)N(ρ), (2)

and

P (ρ?) =
∑

ρ

p(ρ|d)Tr(ρ2), (3)

as well as standard deviationsσN =
√

N2 − N̄2 etc.
The meaning of our final probability distribution p(ρ|d) is

as follows. If we were forced to give asingle density ma-
trix that best describes all data and that includes error bars,
we would give the highly mixed statēρ =

∫

dρp(ρ)ρ, as ex-
plained in [10]. The purity and negativity of the stateρ̄ are
not equal (smaller than, and typically much smaller than) to
the estimates̄N and P̄ that we use here. The difference is
this: if one were to perform more measurements that are to-
mographically complete,̄N is the expected negativity.N(ρ̄),
instead, would be the useful entanglement of asingle copy
available without performing more measurements. For most
quantum information processing purposes (such as teleporta-
tion) one indeed needs more precise knowledge about the den-
sity matrix than just its entanglement. See Ref. [6] for more
discussions on this issue.

The only problem standing in the way of a straightforward
application of Bayesian updating is that a sufficiently dense
set is too hard to handle numerically, since even for 2-qubit
density matrices the parameter space is 15-dimensional. In-
stead we update the test set itselfdynamically: after calcu-
lating the likelihood for the initial test set of states, a large
fraction (the bottom 99% of test states ordered by likelihood)
is eliminated and replaced by new states, chosen at random
around the surviving test states, with an equal number of new
states added to each surviving test state. We thus use all data
multiple times to construct better test sets. The spread∆ in
the parameters characterizing our states (see below) is chosen
to decrease exponentially from∆ = 0.5 down to its minimum
value∆f = 1/

√
Nm with Nm the total number of correlation

measurements. Thus we “zoom in” on states that fit the data
better while avoiding any bias among the best states. Since
the procedure is random, we repeat this multiple times, and
refer to the number of repetitions as “the number of runs.”
The number of times we update the test set within one run we
will denote by “the number of iterations.”

We used a standard representation [12, 13] of a random
two-qubit density matrix asρ = Uρ0U

†, whereU ∈ SU(4)
is randomly chosen andρ0 is a random diagonal density ma-
trix. We parametrized the random unitariesU in a numerically
convenient way, asU = exp(

∑

k irkλk), where theλk are 15
properly normalized generators of the Lie algebrasu(4), and
rk are random angles uniformly distributed over the interval
[−π, π]. The random diagonal matrix is chosen by the same
method as used in Ref. [12]. For three qubits, we apply a
similar method, withU ∈ SU(8). Of course, this choice of
parametrization [which determines our prior probability dis-
tribution] may be natural, but is nevertheless subjective [as ev-
ery prior is in Bayesian methods], and one is free to choose a
different metric. Thea posterioriprobability of entanglement
pe should be compared to thea priori probability of entangle-
ment. With our parametrization a random sample of3 × 107

states showed a fraction(36.437± 0.010)% to be entangleda
priori (as compared to(36.8±0.2)% obtained in [12]). (More
statistics follow below.)

In the following we consider, as an example, spin measure-
ments performed on each qubit (considered as a spin-1/2 sys-
tem) in two arbitrary spatial directions that are orthogonal,
and we denote the corresponding spin operators byA1 and
A2 for the first qubit,B1 andB2 for the second qubit, etc.
For N qubits this constitutes2N correlation measurements.
Since this set of measurements turned out to just fall short of
estimating entanglement reliably for both the 2-qubit and 3-
qubit states we tested, we addonemore correlation function,
namely where we measure the remaining third spatial direc-
tion on all qubits. This makes the set of measurements tomo-
graphically complete for the reduced density matrix of each
qubit, but not for the full 2- or 3-qubit state.

We note that, in the 2-qubit case, we can construct four
Bell-CHSH operators from the measured correlations:

B1 := A1 ⊗ (B1 +B2) +A2 ⊗ (B1 −B2),

B2 = A1 ⊗ (B1 +B2) −A2 ⊗ (B1 −B2),

B3 = A1 ⊗ (B1 −B2) +A2 ⊗ (B1 +B2),

B4 = A1 ⊗ (−B1 +B2) +A2 ⊗ (B1 +B2). (4)

We then test 2-qubit states that may be entangled but that do
not violate any of the four Bell inequalities that can be con-
structed from these four operators (of course, if one would
violate a Bell inequality, that would obviously detect entan-
glement in any case).

Our numerical results are displayed in Figs.1–6. For Figs. 1
and 2, we used 120 runs of 30 iterations each with a test set
size ofN = 25, 000. In order to generate the expected prob-
abilities and thus simulate a measurement record, we chose
the unknown stateρ? to be a Werner-like state [14],ρ? =
(1−pW )11/4+pW |ψ+〉〈ψ+|,where|ψ+〉 = 1√

2
(|10〉+ |01〉)

is a maximally entangled state. Applying the PPT criterion to
the stateρ? shows that it is entangled whenpW > 1/3. On the
other hand,ρ? violates a Bell inequality only forpW > 1/2.
To demonstrate our approach we chose the value ofpW for en-
tangled states to be tested in the range(1/3, 1/2)–so that no
Bell inequality can be violated–and for separable states just
outside this region (see Figures 1 and 2 for more details). In
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FIG. 1: Estimated probability distribution for the negativity, from
Nm = 5 × 10, 000 simulated correlation measurements for an en-
tangled Werner state withpW = 0.34. From this probability dis-
tribution an estimate of the negativitȳN is obtained, as well as an
estimate of the error bar:̄N = 0.0074 ± 0.0038, consistent with
the negativityN(ρ?) = 0.01 of the Werner state. The estimated
probability of entanglement pe is 97.0%. A similar simulation for a
Werner state withPW = 0.33, which is just not entangled, produced
the resultN̄ = (2± 6) × 10−4, indicating no firm conclusion about
entanglement can be reached in this border case.
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FIG. 2: Same as Fig. 1, but plotting the purity. The estimate is P̄ =
0.3358 ± 0.0017 consistent with the purity of the Werner stateP =
0.3367.

order to test the method itself, independent of fluctuationsin
the observed frequencies arising from finite statistics, wesim-
ply set the observed frequencies equal to the expected proba-
bilities.

For Figs. 3 and 4 we used a different type of states contain-
ing less symmetry than the Werner states. We display just six
runs but with much larger test sets. In this case, our method
finds states that fit the data well, but with a smaller negativity
than the state from which we derive the measurement record.
This should not come as a surprise. Since we measure only
five out of nine correlations, there is a four-dimensional man-
ifold of states all fitting the data equally well. There is no
reason that every such state possesses the same negativity,es-
pecially if our state lacks symmetry with respect to the mea-
surements performed.

For the case of three qubits we choose the unknown state
ρ? to be a three-qubit mixture of GHZ and W states,

ρ? = p|GHZ〉〈GHZ| + (1 − p)|W 〉〈W |, (5)

with p = 3

4
. The measure of entanglement used is one advo-

cated in [15],

NABC = (NA−BCNB−ACNC−AB)1/3, (6)

in terms of the negativities of the three possible bipartitesplits
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N̄ = 0.078 ± 0.022

N̄ = 0.050 ± 0.030

N̄ = 0.067 ± 0.026

N̄ = 0.069 ± 0.029
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FIG. 3: Estimated negativity as a function of number of iterations
for a randomly chosen state, for 6 runs: an equal mixture of states
(1, 2, 3, 4)/

√
30 and(4, 3, 2,−1)/

√
30 [written in the standard ba-

sis], with negativityN = 0.098 and purityP = 0.580. The number
of correlation measurements simulated is5×5, 000. The test set size
is 4 million.
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P̄ = 0.580 ± 0.004

P̄ = 0.580 ± 0.004

P̄ = 0.580 ± 0.004

P̄ = 0.580 ± 0.004

P̄ = 0.580 ± 0.004

P̄ = 0.580 ± 0.004

P̄ = 0.580

FIG. 4: Same as Fig. 3 but for the purity.

of a 3-qubit system. For this symmetric state our method finds
the same negativity and purity, and 3 runs are displayed in
Figs. 5 and 6.

We now return to Bell-CHSH inequalities for 2 qubits. The
largest possible violation allowed by quantum mechanics is
given by Cirel’son’s bound|〈Bi〉QM | ≤ 2

√
2 [16]. On the

other hand, it was recently shown by Uffink and Seevinck [17]
that, in the special case that the measurementsA1,2 andB1,2

correspond to spin measurements in orthogonal spatial direc-
tions, a significantly stronger inequality can be found for sep-
arable states. From that inequality one can derive a strength-
ened Bell inequality|〈B〉| ≤

√
2 (derived first by Roy in

Ref. [18]). We will refer to this inequality as the Roy-Uffink-
Seevinck (RUS) bound. We can generalize the RUS and
Cirel’son’s bounds for the same special choice of measure-
ment operators,

|〈B〉max| ≤
√

2(1 +N(ρ)). (7)

The proof is straightforward and can be found in the first
version of the present paper [19]. Eq. (7) contains both the
RUS (N ≥ 0) and Cirel’son’s (N ≤ 1) bounds. Moreover,
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FIG. 5: Estimated negativity (see Eq. (6)) as a function of number
of iterations for a mixture of three-qubit GHZ and W states with
negativityNABC = 0.740 and purityP = 0.630. The number of
correlation measurements simulated is9 × 5, 000. The test set size
is 105.
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FIG. 6: Same as Fig. 5 but for the purity.

Eq. (7) provides a lower bound on the degree of entanglement
in terms of negativity, if one violates the RUS bound. The
bound complements the relations found in [21] between Bell

inequalities and the concurrence and purity of mixed states.

Finally, from our numerical investigations we obtained the
following a priori statistics for random mixed 2-qubit states:
(i) Only a tiny fraction(3.31 ± 0.03) × 10−4 violates at least
one of the four Bell-CHSH inequalities that can be constructed
from the operators (4).(ii) Only a small fraction(1.244 ±
0.003)% violates at least one of the four RUS inequalities that
can be constructed from the same operators (4).

For a similar set ofpure random 2-qubit states (which are
all entangled, except for a set of measure zero) we find:(iii)
A fraction (9.908 ± 0.005)% violates at least one of the four
Bell-CHSH inequalities.(iv) A fraction (46.627 ± 0.010)%
violates at least one of the four RUS inequalities.

One should note that these statistics apply to afixedset of
correlation measurements involving spin measurements in 2
fixedorthogonal spatial directions. We also checked the case
of a tomographically complete measurement, where one mea-
sures in 3 fixed spatial directions: from these data 36 Bell
operators can be constructed. For mixed states the prob-
ability to violate at least one Bell inequality is still small,
(0.249± 0.0008)%, and the probability to violate at least one
RUS bound is(5.690 ± 0.004)%.

In conclusion, we have demonstrated a method to detect
and quantify entanglement, using Bayesian updating for the
probability distribution over density matrices. One obtains the
probability that one’s state is entangled as well as the value of
any entanglement monotone, including estimates of statistical
errors, of any type one needs. Quantifying entanglement is
harder than merely verifying the presence of entanglement,
but both objectives are achieved, as our Figures for sample
cases of 2-qubit and 3-qubit states illustrate.
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