Detecting and Quantifying Entanglement via Bayesian Updating
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We show how a straightforward Bayesian updating procedio@sione to detect and quantify entanglement
from any finite set of measurement results. The measurerdemtst have to be tomographically complete, and
may consist of POVMs rather than von Neumann measurememis.oftains a probability that one’s state is
entangled and an estimate of any desired entanglement reeastuding their error bars. As an example we
consider (tomographically incomplete) spin correlatioeasurements on both 2-qubit and 3-qubit states. As
byproducts we obtain an estimate of the volume of entangidsvs. states that violate a given Bell inequality
for both pure and mixed states, and an inequality that relde expectation value of the Bell operator to the
negativity.

PACS numbers: 03.67.Mn, 03.65.Ud

Entanglement: useful, but hard to generate, and even hardare consistent with a given finite set of data. Thus our method
to detect. The most measurement-intense approach to thhffers from those in Refs [7—9] which assume expectation
problem of experimentally detecting the presence of entanvalues of EWs are known [corresponding effectively taran
glement is to perform complete quantum-state tomographiinite data set] and try to find thminimally-entangled state
[1]. Even for just two qubits this implies a reconstruction consistent with those expectation values.
of all 15 independent elements of the corresponding density

matrix. Subsequently applying the positive partial tr We use a numerical Bayesian updating method for one’s

(PPT) criterion to the reconstructed matrix gives a coricdus probability distribution_over deqsity matricgs. A similar
9 method was recently discussed in Ref. [10] in the context of

answer about entanglement or separability of the statd [2, 3 quantum-state tomography. In particular, whereas thenkeco

From the practical point of view it is desirable to have anstryction of a density matrix from experimental data is usu-
entanglement detection tool which is more economical tharé"y based on the maximum likelihood estimation, Ref.[10]
full state tomography but nevertheless is decisive. Alyead giscusses its drawbacks and proposes Bayesian updatisg in i
in the original work on PPT [2] it was noticed that one cangtead as a superior method. Our aim, though, is not to give an
always construct an observable with non-negative expec- estimate of the density matrix, but, more modestly, to gize e
tation values for all separable stajesand a negative expec- timates of entanglement and entanglement-related gigsntit
tation value for at least one entangled stateln this way an . ) .
experimentally detected violation of the inequaliiy) > 0 .A brief Qutl|ne of our _approach is as follows, anq more de-
is a sufficient condition for entanglement. The observable @ils are given below. First, we choose a random finite test se
is called an entanglement witness (EW). The advantage of u§f density matrices. We calculate the amount of entanglémen
ing EWs for entanglement detection will be appreciatecdpett (in fact, the negativity [11] for bipartite states, and meas
for multi-partite systems with more than 2 qubits, becahse t derived from the negativity for multipartite systems) face
number of tomographic measurements would grow exponerﬁtate in the set. Tha priori probability that our unknown ex-

tially for such systems. On the other hand, a given witnes®€rimentally generated state, which we denotghyequals
does not detect all entangled states. a statep in the set is chosen as(p) = 1/N, whereN is
g1e number of states in the set. Second, we assume some set

assume one knows what measurements one is actually peor]z POVMs with elementd 1L} is measured. These POVMs

forming. A valuable alternative to EW can be sought in us-can descripe any _(noisy) set of measurements one performs
ing a violation of Bell-CHSH inequalities [4, 5] as a suffi- on the qubits. Third, for the acquired measurement record
cient condition for entanglement. Because Bell inequesiti C‘lvjaidc;t;iéi.n’e(ﬁ}vsgl::zlsctg}gtgftahee nﬁ;?j&?r;tggﬁ;n?ggogia_
are derived from classical probability theory without aef-r L ' . q P
erence to quantum mechanics, no assumption about what *i)é“ty p(dlp) that a given state fr_om the test set generates
being measured is necessary. This method is, therefoedpsaf the measurements outcore(which follows directly from

the sense of avoiding many pitfalls arising from unwarrente Trpll;). Having at hand probabilities(d|p) for all statesy

(hidden) assumptions about one’s experiment [6]. in the test set we are now able to calculatedhgriori prob-

ability p(d) = dlp) - for the measurement recodid
Here we propose a new method for entanglement detec- yp(d) Xp:p( lp)- (o)

tion that is in principle able to detect any entangled statel, to occur. Fourth, we calculate — using Bayes’ rule — the prob-
which automatically takes into account finite data as well asbility p(p|d) to have the statg for the given measurement
imperfect measurements. The method produces an estimadeitcomesi for all statesp: p(p|d) = p(d|p) - p(p)/p(d). The

of the relative probabilities that entangled and separsthtes  fifth and the last step consists of reassignirig) := p(p|d)



for all statesp. (After which we could repeat steps 2-5 fora We used a standard representation [12, 13] of a random
new set of measurementy two-qubit density matrix ag = UpoUT, whereU € SU(4)

This gives us the posterioriprobability that the unknown is randomly chosen ang, is a random diagonal density ma-
statep, equals the state from the test set. From(p|d) we  trix. We parametrized the random unitariésn a numerically
can calculate the probability. for the statep, to be entan- convenientway, a&' = exp(}_, irrxAx), Where the\, are 15
gled. We just sum the probabilitiggp|d) for all entangled properly normalized generators of the Lie algebsgd), and

states.,; in the seti.e. r are random angles uniformly distributed over the interval
[-7, ). The random diagonal matrix is chosen by the same
Pe(p?) = Z p(p|d). (1) method as used in Ref. [12]. For three qubits, we apply a

P=Pent similar method, withU' € SU(8). Of course, this choice of

S parametrization [which determines our prior probability-d
Furthermore, we can calculate probability distributions f tribution] may be natural, but is nevertheless subjectagesv-
any function of the density matrix, such as the negativity an ery prior is in Bayesian methods], and one is free to choose a

purity. We thus infer expectation values such as different metric. The posterioriprobability of entanglement
p. should be compared to tlaepriori probability of entangle-
N(p2) = > plpld)N(p), (2)  ment. With our parametrization a random sampl& of 107
p=pent states showed a fractigfi6.437 + 0.010)% to be entangled
and priori (as compared (6.8 +0.2)% obtained in [12]). (More

statistics follow below.)
2 In the following we consider, as an example, spin measure-

Plpr) = Z p(pld)Tx(p"), ) ments performeg on each qubit (considereg as a?spin-l/Z sys-

i’ tem) in two arbitrary spatial directions that are orthogonal,
and we denote the corresponding spin operatorsibynd
A, for the first qubit,B; and B for the second qubit, etc.
For N qubits this constitute8” correlation measurements.
Since this set of measurements turned out to just fall stort o
estimating entanglement reliably for both the 2-qubit and 3

plained in [10]. The purity and negativity of the statere qubit states we tested, we addemore correlation function,

. namely where we measure the remaining third spatial direc-
not equal (smaller than, and typically much smaller than) to y 9 P

the estimatesV and P that we use here. The difference is tion on all qubits. This makes the set of measurements tomo-

o raphically complete for the reduced density matrix of each
this: if one were to perform more measurements that are tog b y P y

mographically complete is the expected negativityy (p), qu\?\}te’ k:rlll(J)ttQ C;LZJ{ tirr:etLue" g-qourbsi)t qcl;\t;I;,St\f\l/tee'can construct four
mst_ead, WO.UId be the us_eful entanglement afirzgle copy ?eII-CHSH operators from the measured correlations:
available without performing more measurements. For mos
guantum information processing purposes (such as tekeport B, = A ®
tion) one indeed needs more precise knowledge about the den- B, — A
sity matrix than just its entanglement. See Ref. [6] for more 2 = A
discussions on this issue. By = A1 ®
The only problem standing in the way of a straightforward By = Ai1®
application of Bayesian updating is that a sufficiently @gens
set is too hard to handle numerically, since even for 2-qubitVe then test 2-qubit states that may be entangled but that do
density matrices the parameter space is 15-dimensional. Imotviolate any of the four Bell inequalities that can be con-
stead we update the test set itsgyinamically after calcu-  structed from these four operators (of course, if one would
lating the likelihood for the initial test set of states, agla  Vviolate a Bell inequality, that would obviously detect enta
fraction (the bottom 99% of test states ordered by likelifjoo glementin any case).
is eliminated and replaced by new states, chosen at random Our numerical results are displayed in Figs.1-6. For Figs. 1
around the surviving test states, with an equal number of ne@nd 2, we used 120 runs of 30 iterations each with a test set
states added to each surviving test state. We thus use all deize of N = 25,000. In order to generate the expected prob-
multiple times to construct better test sets. The sprkdd  abilities and thus simulate a measurement record, we chose
the parameters characterizing our states (see below) &eoho the unknown state- to be a Werner-like state [14h; =
to decrease exponentially frofa = 0.5 down to its minimum (1= pw)1L/4+pw|t4) (v |, whereli,) = —=(]10) +01))
valueAy = 1/4/N,, with N,,, the total number of correlation is a maximally entangled state. Applying the PPT criterimn t
measurements. Thus we “zoom in” on states that fit the datthe statey, shows that it is entangled wheg, > 1/3. On the
better while avoiding any bias among the best states. Sincether handp- violates a Bell inequality only fopy, > 1/2.
the procedure is random, we repeat this multiple times, ando demonstrate our approach we chose the valpg,dior en-
refer to the number of repetitions as “the number of runs.tangled states to be tested in the ragg#3, 1/2)—so that no
The number of times we update the test set within one run w8ell inequality can be violated—and for separable states ju
will denote by “the number of iterations.” outside this region (see Figures 1 and 2 for more details). In

as well as standard deviatioas = vV N2 — N2 etc.

The meaning of our final probability distributior{gd) is
as follows. If we were forced to give single density ma-
trix that best describes all data and that includes erros,bar
we would give the highly mixed stafe= | dpp(p)p, as ex-

Bi + By) + A ® (B1 — Ba),
Bi + By) — Ay ® (B1 — Ba),
By — By) + Ay ® (B1 + Ba),
—B1+ Ba) + A2 ® (B1 + B2).  (4)

—~ ~ —~
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FIG. 1. Estimated probability distribution for the negdy from
Nm = 5 x 10,000 simulated correlation measurements for an en-
tangled Werner state withyy = 0.34. From this probability dis- —
tribution an estimate of the negativity is obtained, as well as an
estimate of the error barN = 0.0074 + 0.0038, consistent with
the negativityN(p») = 0.01 of the Werner state. The estimated FIG. 3: Estimated negativity as a function of number of itierss
probability of entanglement.pis 97.0%. A similar simulation fora  for a randomly chosen state, for 6 runs: an equal mixtureaiést
Werner state wittPy = 0.33, which is just not entangled, produced (1,2, 3,4)/+/30 and (4, 3,2, —1)/+/30 [written in the standard ba-
the result'. = (2 4 6) x 10~*, indicating no firm conclusion about sis], with negativityN = 0.098 and purityP = 0.580. The number
entanglement can be reached in this border case. of correlation measurements simulated is5, 000. The test set size
is 4 million.
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FIG. 2: Same as Fig. 1, but plotting the purity. The estimat® i= o ---p cos 0w ||
0.3358 £ 0.0017 consistent with the purity of the Werner state= 0 —r-oem
0.3367. 0 ‘ s s ‘ ‘
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order to test the method itself, independent of fluctuatians
the observed frequencies arising from finite statisticssiwe
ply set the observed frequencies equal to the expected-proba

bilities. ) ) _ of a 3-qubit system. For this symmetric state our method finds
_ For Figs. 3 and 4 we used a different type of states containhe same negativity and purity, and 3 runs are displayed in
ing less symmetry than the Werner states. We display just SiKigs. 5and 6.

runs but with much larger test sets. In this case, our method \\e now return to Bell-CHSH inequalities for 2 qubits. The
finds states that fit the Qata well, but with a smaller negativi largest possible violation allowed by quantum mechanics is
than the state from which we derive the measurement recorgyyen by Cirel'son’s bound(B;)ou| < 2v/2 [16]. On the
This should not come as a surprise. Since we measure OnBther hand, it was recently shown by Uffink and Seevinck [17]
five out of nine correlations, there is a four-dimensionahma hat in the special case that the measureméntsand B; »

ifold of states all fitting the data equally well. There IS N0 correspond to spin measurements in orthogor’,aﬂ Spatiaj_dire
reason that every such state possesses the same negasiity,iiong, a significantly stronger inequality can be found fep-s
pecially if our state lacks symmetry with respect to the meazraple states. From that inequality one can derive a stiengt

FIG. 4: Same as Fig. 3 but for the purity.

surements performed. _ ened Bell inequality|(B)| < /2 (derived first by Roy in
For the case of three qubits we choose the unknown staiRef, [18]). We will refer to this inequality as the Roy-Uffink
p2 to be a three-qubit mixture of GHZ and W states, Seevinck (RUS) bound. We can generalize the RUS and
Cirel'son’s bounds for the same special choice of measure-
pr =pIGHZ)(GHZ|+ (L =p)W)(WI,  (B) o tors P
with p = %. The measure of entanglement used is one advo-
cated in [15], [(B)max| < V2(1 + N(p)). )

1/3 (6) The proof is straightforward and can be found in the first
’ version of the present paper [19]. Eg. (7) contains both the
in terms of the negativities of the three possible bipasiiits RUS (V. > 0) and Cirel'son’s (V < 1) bounds. Moreover,

Napc = (Na—BcNp—acNc-aB)
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FIG. 5: Estimated negativity (see Eq. (6)) as a function ahhar

of iterations for a mixture of three-qubit GHZ and W stateshwi
negativity Nagc = 0.740 and purity P = 0.630. The number of
correlation measurements simulated is 5,000. The test set size

is 10°
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FIG. 6: Same as Fig. 5 but for the purity.
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inequalities and the concurrence and purity of mixed states

Finally, from our numerical investigations we obtained the
following a priori statistics for random mixed 2-qubit states:
(i) Only a tiny fraction(3.31 4 0.03) x 10~* violates at least
one of the four Bell-CHSH inequalities that can be consedct
from the operators (4)(ii) Only a small fraction(1.244 +
0.003)% violates at least one of the four RUS inequalities that
can be constructed from the same operators (4).

For a similar set opurerandom 2-qubit states (which are
all entangled, except for a set of measure zero) we ffig:
A fraction (9.908 + 0.005)% violates at least one of the four
Bell-CHSH inequalities.(iv) A fraction (46.627 4+ 0.010)%
violates at least one of the four RUS inequalities.

One should note that these statistics apply fxedset of
correlation measurements involving spin measurements in 2
fixedorthogonal spatial directions. We also checked the case
of a tomographically complete measurement, where one mea-
sures in 3 fixed spatial directions: from these data 36 Bell
operators can be constructed. For mixed states the prob-
ability to violate at least one Bell inequality is still srhal
(0.249 £ 0.0008)%, and the probability to violate at least one
RUS bound ig5.690 4 0.004)%.

In conclusion, we have demonstrated a method to detect
and quantify entanglement, using Bayesian updating for the
probability distribution over density matrices. One obsihe
probability that one’s state is entangled as well as theevafu
any entanglement monotone, including estimates of statist
errors, of any type one needs. Quantifying entanglement is
harder than merely verifying the presence of entanglement,
but both objectives are achieved, as our Figures for sample
cases of 2-qubit and 3-qubit states illustrate.

Eq. (7) provides a lower bound on the degree of entanglement SJVE thanks Robin Blume-Kohout for many useful and in-
in terms of negativity, if one violates the RUS bound. Thespiring discussions. This research is supported by thaipisr
bound complements the relations found in [21] between Beltive Technologies Office (DTO) of the DNI.
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