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Optical implementations of quantum communication pro-
tocols typically involve laser fields. However, the standard
description of the quantum state of a laser field is surprisingly
insufficient to understand the quantum nature of such imple-
mentations. In this paper, we give a quantum information-
theoretic description of a propagating continuous-wave laser
field and reinterpret various quantum-optical experiments in
light of this. A timely example is found in a recent controversy
about the quantum teleportation of continuous variables. We
show that contrary to the claims of T. Rudolph and B. C.
Sanders [Phys. Rev. Lett. 87, 077903 (2001)], a conventional
laser can be used for quantum teleportation with continu-
ous variables and for generating continuous-variable quantum
entanglement. Furthermore, we show that optical coherent
states do play a privileged role in the description of propa-
gating laser fields even though they cannot be ascribed such
a role for the intracavity field.

I. INTRODUCTION

What is the quantum state of a laser field? According
to textbook laser theory—see for example Chapter 17 in
Ref. [[l] or Chapter 12 in Ref. [f]the quantum state
of the field inside the laser cavity in a steady state is a
mixed state diagonal in the photon-number basis, with
Poissonian number statistics:

prar = e 3 A (1)

Such a state does not have a well-defined phase. Yet,
laser fields are routinely used to define a phase standard.
Moreover, many, if not all, standard optics experiments
seem to be consistent with the assumption that the laser
field is in a pure coherent state.

The common explanation for how this comes about
seems most often to rest on the mathematical identity
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where the right-hand side denotes an integral over all co-
herent states |ae®) with amplitude |a|. Through this
identity one might think at first sight that one has the
right to think of laser light as a mixture of coherent
states: “The ideal laser field really is in some coherent
state |aei?), we just do not know which one.” (See for in-
stance, Ref. [E, pp- 15, 38].) However, this kind of think-
ing already carries the seed of its own demise. For if one

can use this argument to imagine the existence of an un-
known coherent state for describing the true state of the
laser field, then one can use it just as well to imagine the
existence of an unknown number state for the same task.
To think otherwise is to commit the so-called preferred
ensemble fallacy (PEF), a move that has no justification
within standard quantum mechanics. (For a general dis-
cussion of the PEF, see Ref. [E] For some other examples
of the havoc it can cause in quantum information science,
see Refs. [[.H.)

What is the solution to this conundrum? Of course,
one can argue that any experiment whose outcome does
not depend on the absolute phase ¢ cannot distinguish
between a pure-state |we’¥) and a mixed-state p|o|. How-
ever, this observation is not general enough to explain
many of the results of present-day optics experiments.
For instance, it does not yet explain why a phase mea-
surement between two independent laser beams will give
the same result as a subsequent phase measurement on
more light emanating from the same lasers, or how coher-
ent manipulations of atoms and ions are in fact possible
even though no coherent superpositions of atomic states
are produced. It also may not be clear what is meant
by phase diffusion in the context of laser theory—see for
example Chapter 20 of Ref. @]—if the phase of the laser
cavity field is totally random.

Mglmer was perhaps the first to address the apparent
contradiction between the two different descriptions of a
laser field in Ref. [H] In particular, he studied a standard
measurement of the phase between two independent light
beams emanating from cavities initially in pure number
states, so that neither state has a well-defined phase by
itself nor relative to the other. He showed that indeed a
definite phase difference will be measured; it is just that
that value will be random from experiment to experi-
ment. Nevertheless, if one keeps monitoring the phase
difference between two such light beams, the randomly
established phase value will persist.

In this paper, we contribute to the furtherance of this
discussion by diverting attention away from the intracav-
ity field and refocusing it on the field after it leaks out
of the cavity, i.e., on the propagating laser beam. In par-
ticular, we reexamine the question of the quantum state
of a propagating laser field from a quantum-information
theoretic perspective. Using this description, the solu-
tion to the conundrum above becomes clear. Moreover,
it also allows us to answer an important question raised
in Ref. [{{]. There it is concluded that teleportation with
continuous variables is not possible with a mixed state
of the form (ﬂ), but requires a true coherent state. The
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main reason for their conclusion is the contention that
a mixture of two-mode squeezed states produced by a
laser in a mixed state does not contain any quantum en-
tanglement. This is an important observation. In fact,
this is a splendid example of why Eq. (Q) does not cap-
ture the complete essence of most experiments with laser
light. Our formulation clarifies why the coherent state
plays a privileged and unique role in the description of
propagating laser fields, and how a conventional laser can
produce quantum entanglement, even if it cannot actu-
ally produce a two-mode squeezed state.

The plan of the remainder of the paper is as fol-
lows. In Section II, we use the input-output formalism
of Refs. [P to derive a multi-mode description of an
ideal laser beam. We then use the quantum de Finetti
theorem [H,E] to show in what sense the expression just
derived is a unique one. In Section III, we apply the
results of Section II to elucidate several examples: mea-
surement of the relative phase between two independent
lasers, the coherent excitation of a two-level atom, the
production and detection of squeezed states, the produc-
tion of two-mode squeezed states, and finally quantum
teleportation of continuous variables. In Section IV, we
give some concluding remarks.

For all of the examples addressed in Section III the
description of an ideal noiseless laser is sufficient for un-
derstanding the point of principle. It is nevertheless in-
teresting and important to describe phase diffusion and
its effects on the quantum state of a laser beam. To that
end, we further give a discussion of the phase-diffusing
laser in light of the present considerations in Section IIC.
Remarks are also made throughout Section III concern-
ing the effect of phase diffusion for the phenomenon at
hand.

II. THE QUANTUM STATE OF A
PROPAGATING LASER BEAM

We are interested in calculating the quantum state
of the light field of a continuous-wave (CW) laser. We
model the laser as a one-sided cavity driven by a constant
force (a voltage or an external field) far above threshold.
We first consider an imaginary case where the field in-
side the cavity is in a coherent state and calculate the
quantum state of the field outside the laser cavity. Then,
using the identity (E), we use the linearity of quantum
mechanics to derive the true state of a laser field outside
of the cavity. Subsequently we imagine that we parti-
tion the light beam into packages of equal length (or du-
ration) and rewrite the result in terms of the quantum
states of the individual packages. We then compare that
result with the general form of the quantum state of an
ensemble produced by a source that emits unknown but
identical states. Next we consider a more realistic model
of a laser and include phase diffusion.

A. Input-Output Relations

We employ standard input-output theory [E,B] to con-
nect the quantum field inside a laser cavity to its output
field. First, we separate the field modes into two parts.
A single-mode annihilation operator a describes the field
with frequency wy inside the cavity; continuous-mode op-
erators b(w) describe modes with frequency w outside the
cavity. This separation is an approximation. It is valid
for (1) high-finesse cavities (i.e., the cavity decay rate
% must be much smaller than the distance between ad-
jacent resonant frequencies, w¢/L, with L the length of
the cavity) (2) on time scales much longer than a cavity
round trip time L/c and (3) for frequencies near reso-
nance (i.e., for frequencies w within a few x from the
relevant resonance frequency, wp, in the problem) [@]

We define input and output operators by

-1
N V2T

a —L we W=ty (4
out(t)_ m/d bl( )7 (3)

ain(t) dwe™ =t pg (W),

where tj — —oo is a time in the far past and t; — oo is
a time in the far future. The operators by(w) and by (w)
are defined to be the Heisenberg operators b(w) at times
t = to and t = tp, respectively. The input and output
operators ain,out(f) are not themselves Heisenberg oper-
ators. They do satisfy, by construction, bosonic commu-
tation relations for free-field continuous-mode operators,

[@in,out (1), ajn,out )] =6t —1t). (4)

The integrations over frequencies w extend from —oo
to 4o00. This, obviously, involves an approximation.
Namely w is in fact defined as the frequency relative to
the relevant resonance frequency we are interested in (i.e.,
we moved to a rotating frame), and thus ranges in princi-
ple from —wy to co. Since wy is usually by far the largest
frequency in the problem, it is a good approximation to
extend the limit down to —oo. This is valid as long as
we consider times scales much larger than 1/wy.

Since nonlinear effects are typically very small, the in-
teraction between the cavity mode and the outside modes
can be well approximated by a linear interaction. Using
the fact that the coupling (the cavity decay rate) is more
or less constant over the relevant range of frequencies,
one may choose the coupling to be constant over the en-
tire range of frequencies to good approximation. The
resulting input-output relation

ain(t) + Qout (t) = \/Ea(t)a (5)

with x the decay rate of the cavity takes then a simple
form, which can in fact be interpreted as a boundary
condition on the electric field. It is important to note that
this equation is valid irrespective of the internal dynamics
of the cavity mode.



B. The Noiseless Laser

In this subsection we neglect dissipation and noise
due to, e.g., spontaneous emission in the atomic laser
medium. In this case the field inside the laser cavity
is well approximated when the laser operates far above
threshold by a state of the form (f]).

When the input field is the vacuum and the field inside
the cavity is for the moment assumed to be a coherent
state |ae’?) with a known phase, then according to (f)
the output field is an eigenstate of aoy; with eigenvalue
B(t) = /rae™. Such a state is a continuous-mode co-
herent state [[J] and can be written in the Schrédinger
picture as

80 = oxp( [ awlp! @) - (@] ) ),
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with |vac) is the vacuum state and f(w) is the Fourier
transform of B(¢). In the idealized case without noise
one simply has a stationary laser beam with fixed fre-
quency wp. A continuous-mode coherent state can be
described alternatively as an infinite tensor product of
discrete-mode coherent states [@] Define a complete set
of functions {®;(¢)} satisfying the following orthogonal-
ity and completeness relations,

/ drd,(7)®% (r) = 61, (7)
and

Z ()7 (t) = o(t —t'). (8)

We may then define annihilation operators ¢; (satisfying
the correct bosonic commutation relations for discrete
operators) according to

= /dt‘bf(t)aout(t). (9)

An eigenstate of aout(t) with eigenvalue 3(t) is also an
eigenstate of ¢; with eigenvalue

@i = / dtdI (1) B(1). (10)

We now apply this formalism to describe laser light as a
sequence of packets of light, each with the same duration
T. We thus define a set of functions {¥,(¢)} by

L for ’t—@—nT <g,
w(t) =4 VT ‘ (11)

0 otherwise.

The label zy refers to an arbitrarily chosen reference po-
sition zy relative to which we partitioned the light beam

into equal pieces of length ¢TI (see Figure 1). This set of
functions is orthogonal and can be extended to form a
complete set satisfying (ff) and (§). For a CW laser de-
scribed by 3(t) = /kae'® we see that each part n of the
light beam is in the same coherent state with eigenvalue

an = VeTae™ = ag, (12)

corresponding to the modes described by ([L1]), and a;; = 0
for all other modes. The duration 7" must be much larger
than both 1/wp and L/c but can be arbitrarily chosen
otherwise.

Now assuming that the field inside the laser cavity is
in fact a mixture Plals the quantum state of a sequence
of N parts corresponding to the set {¥,,} is thus
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where the integrand signifies an N-fold tensor product
over the separate packets.

C. The Phase-Diffusing Laser

Equation ([1J) is the quantum state of an ideal prop-
agating laser field. Now let us consider a more realistic
laser and take into account the effects of noise and dissi-
pation. We present here only the main ideas and results
from standard laser theory and use those to connect the
field inside the laser cavity to the outside field we are
interested in. For technical details we refer the reader to
Ref. [l].

A first consequence of the presence of noise is that the
state of the laser cavity field is not a steady state. In-
stead, there is in general a decay towards a steady state.
The diagonal matrix elements (in the number-state ba-
sis) of the density matrix of the field decay towards a
Poissonian distribution, the off-diagonal matrix elements
decay to zero. The steady state at any time is, therefore,
still a mixture of coherent states with random phases.
The rate at which that steady state is reached is propor-
tional to the average number of photons inside the cavity
and inversely proportional to the quality factor of the
cavity. Far above threshold and for high-quality cavities
we may then approximate the state of the cavity field by
its steady state value, as long as we consider time scales
longer than the time needed to reach equilibrium.

For the purpose of finding the quantum state of the
field outside the laser the most convenient representa-
tion is the Heisenberg picture, so that we can apply the
input-output relation (f). Chapter 20 of Ref. [[l] derives
an equation for the operator a(t). When the atomic op-
erators have been eliminated the resulting equation for
a(t) turns out to be nonlinear (it contains a term pro-
portional to {(af(t)a(t))a(t)) and to contain fluctuating
noise terms. This equation is hard to solve in general
but far above threshold one may go to the “classical”



limit and write down an equation for the expectation
value of a(t) while using a decorrelation approximation
that replaces (a'(t)a(t)) with |(a(t))|?. This is basically
the same approximation as the steady-state approxima-
tion mentioned above, except that it implicitly assumes,
for the moment, that the steady state is a coherent state,
rather than a mixture of coherent states. The interme-
diate result then gives us a coherent state whose ampli-
tude and phase fluctuate randomly with time. However,
the phase fluctuations are typically much larger than the
amplitude fluctuations and this leads to the concept of a
phase-diffusing laser. The amplitude of the field in the
cavity is approximated to be ae’®e™® with n(t) a ran-
dom Gaussian variable with correlations given by

(a' (t)a(0)) = o exp(~Dt), (14)

with D the phase diffusion constant (determined by
spontaneous emission rate of the atomic medium, the
quality factor of the laser cavity and the average num-
ber of photons). According to () the outside field is
still a continuous-mode coherent state with amplitude
B(t) = rae®e ™) but it is no longer monochromatic
since 8 is not constant. Indeed, the laser linewidth is
given by D. Nevertheless, we can still use the same com-
plete set of functions ®;(¢) of which the functions ¥, (¢)
of Eq. ([LI]) are a subset. There are two types of modifica-
tions to the result ([.3). First, the modes corresponding
to U, (t) are no longer the only ones with a nonzero am-
plitude, and second, the amplitudes a,,,

o, = / AL (D)3(0), (15)

are no longer constant in magnitude, nor do they all have
the same phase. The absolute value of the amplitude is
in fact reduced since

dte® | — (16)
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and the integral over time is less than 7'. This is consis-
tent with the fact that other modes carry a finite amount
of light as well.

If we choose T' to be much smaller than a diffusion
time 1/D (but still larger than an optical period and
a cavity roundtrip time), then the amplitudes |a,| are
almost equal to what they would be in the absence of
noise since the integral appearing in (@) is almost equal
to T'. Hence, in that case the quantum state of the laser
is well approximated by
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for the modes corresponding to ¥, with the remaining
modes almost empty. Here we introduced the random
variables € by

zo/c+(k+1/2)T )
€x = Im log/ dte™®

(18)
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with average zero and variance o0 = v2DT < 1, and the
corresponding probability distribution

P(e) =

1 €2

D. The Quantum de Finetti Theorem

The result ([1J) for an ideal propagating laser field dis-
plays an apparent privileged role for coherent states in
describing a propagating laser field: Although the quan-
tum state inside the laser is a mixed state diagonal in the
number-state basis, the quantum state of the output is
not equal to a product of mixed states (pja,)®V (as it
would be for a pulsed laser). Rather it is a mixture of N
copies of a coherent state, each copy with the same “un-
known” phase. The real question is, is this the only such
description? The last thing we would want to do is com-
mit the preferred ensemble fallacy (PEF) that Rudolph
and Sanders [ﬂ] rightly warn against. In other words, in
analogy to Eq. (f]), how do we know that there may not
be some other way of representing the density operator

in Eq. ([3), say by
P = / a9 (|0 ()™ | (20)

where the [¢)) represent a completely different set of
states than the coherent states and df2y, represents a mea-
sure on that set. The answer to this question lies in the
quantum de Finetti representation theorem [E,E}

Consider a source that sequentially introduces an in-
finite set of quantum systems, the first N of which are
described by a density operator py. We shall make two
requirements of this sequence of density operators. First,
they should all be compatible in the sense that py can be
derived from py 41 by performing a partial trace over the
Hilbert space of the (N + 1)’th system. And second, for
each N, py should have the property that interchanging
any two of the systems will not change the joint proba-
bility distribution for the outcomes of measurements on
any of the individuals—that is to say, the density oper-
ator py should remain invariant under a permutation of
the systems it describes.

The quantum de Finetti representation theorem [E,]
specifies that—with these assumptions alone—the quan-
tum state of any NN systems from such a source can nec-
essarily be written in the form



PN = /dpP(p)p®N, (21)

where P(p) is a probability distribution over the density
operators and dp is a measure on that space. Most im-
portantly for the considerations here, this representation
is unique up the behavior of P(p) on a set of measure
Zero.

The meaning of this result in the present context is
manifest: To the extent that one believes that a laser
beam can be chopped into equal pieces and rearranged
without affect to one’s experiments—that is, that the
beam is stationary—the representation in ) is the only
possibility of the form Eq. () That is to say, one can
always act as if the temporal modes of a propagating
laser beam are all in the same fixed but unknown coherent
state. There are no other quantum states that will fit this
bill.

Indeed, contemplate performing a set of measurements
on the individual systems emanating from such a source
as above. As the data accumulates, the probability dis-
tribution P(p) in (1)) should be updated according to
standard Bayesian rules after the acquisition of that in-
formation [E] Specifically, if measurements on K sys-
tems yield results Dy, then the state of additional sys-
tems is constructed as in Eq. (@), but using an updated
probability distribution given by

P(Dxk|p)P(p)
P(Dk)

P(p|Dk) = (22)

Here P(Dg]lp) is the probability to obtain the measure-
ment results Dy, given the state p®¥ for the K measured
systems, and

P(Di) = / P(Dilo) P(p) dp (23)

is the unconditional probability for the measurement re-
sults.

For a sufficiently informative set of measurements—
namely a set of measurements whose eigenspaces span
the whole linear vector space of operators over the initial
Hilbert space—as K becomes large, the updated prob-
ability P(p|Dg) becomes highly peaked on a particu-
lar state pp, dictated by the measurement results, re-
gardless of the prior probability P(p), as long as P(p)
is nonzero in a neighborhood of pp,. In other words,
the measurement results essentially collapse the original
mixed state to a new one in which any number M of
additional systems are assigned the product state p%i\f ,
ie.,

[P s ap — o3 (24)

for K sufficiently large.
Comparing the state of a propagating laser field (E)
with the general form (RI) we see that a complete set of

measurements on part of the light emanating from the
laser will reduce the quantum state of the rest of the
light to a pure state. But most importantly, this pure
state will be a coherent state—there is no way to make
it a number state; there is no way to make it a squeezed
state or any other kind of exotic state. In this sense, the
coherent states play a privileged role in the description
of laser light [17].

It is true that standard optics experiments have not
yet featured such complete measurements. For instance,
a complete set for the case at hand would be a measure-
ment of amplitude and absolute phase. However, recent
developments [@] may make it possible to compare the
phase of an optical light beam directly to the phase of
a microwave field. Using this technique the only fur-
ther measurement required for a complete measurement
is a measurement of the absolute phase of the microwave
field, which is possible electronically. This measurement
would create an optical coherent state from a standard
laser source for the first time. But as we will show in the
next section, such a measurement does not even need to
be performed for many applications.

E. Beamsplitters

In Section we constructed a set of temporal modes
and used those to write down the quantum state of a
propagating laser field. Alternatively, one may use spatial
modes. In particular, we may imagine dividing a laser
beam into an arbitrary number, N, of spatially different
pieces by using beamsplitters. In general, the action of a
beamsplitter with reflection and transmission coefficients
r,t on a coherent state is given by

|aei¢)|0> — |raei¢>|taei¢>, (25)

where the notation indicates that both input and output
of a beamsplitter consist of two modes, and where here
one input mode is in the vacuum state. Now given one
discrete mode in a coherent state we may indeed apply
the transformation (@) multiple times to obtain a state
of the form ([1J). This method may seem simpler than
that used in Section to derive ([3) but it has two
disadvantages. First, one still has to justify the discrete
mode one started with. Indeed, one choice would be to
choose a particular temporal mode. Second, once one
has chosen a beamsplitter setup that divides the laser
into N spatial modes, each carrying the same amount of
light, one can no longer extend the set to N + 1 spatial
modes without changing the amplitudes of the original N
modes. The de Finetti theorem could, therefore, not be
applied to a sequence of quantum states so constructed.
Of course, to extend a set of temporal modes by a further
temporal one is easy: One just waits a little longer.



III. MIXED-STATE DESCRIPTION OF OPTICAL
EXPERIMENTS

Let us now describe a few typical optical experiments
using (E) for a proper description of the quantum state
of a laser. This is sufficient for our purposes but we
also discuss how the effects of phase diffusion modify the
description.

A. Phase Measurement for Independent Lasers

Mglmer in [E] showed that the detection of a phase dif-
ference between two (independent) light beams need not
imply that there is a well-defined phase difference before
the measurement. In particular, he showed that for light
emanating from two cavities whose fields are initially in
number states (whose phase is completely random), the
standard setup to measure phase will indeed find a stable
phase difference (though the value of this phase will be
random and different from experiment to experiment).
Within one experiment, it takes just a few (about three)
photon detections [ﬂ] to settle on a particular value of
the phase difference, after which the counting rates of the
detectors remain consistent with that initial phase differ-
ence. In other words, the standard phase measurement
acts almost like a perfect von Neumann measurement;
the measurement will produce an eigenvalue of the corre-
sponding observable and the state after the measurement
can be described by an eigenstate of the measured vari-
able.

Generalizing this observation to continuously pumped
CW lasers leads to the following simple description. Ini-
tially we have two independent laser beams A and B
whose joint quantum state is described by
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if we divide each laser beam into N packages of constant
duration. If the first package of each beam is used to
measure a phase difference then the state of the rest of
the light beams will be reduced to
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where we assumed the outcome of the phase measure-
ment was ¢g and approximated the measurement to be
sharp. The state (@) has the property that a subsequent
measurement of the phase difference will reproduce the
value ¢g: This is a kind of “phase-locking without phase.”
Note this would certainly not be the case if the quantum
state of a laser were a product of identical mixed states

of the form (pjo)®?. Also note that in the number-state
basis such properties are hard to understand.

For a phase-diffusing laser, ([[7) shows that measure-
ments on adjacent parts of the laser beam will give ap-
proximately the same value for phase, whereas measure-
ments on parts that are further apart than the diffusion
time will give random results.

B. Coherent Excitation of a Two-Level Atom

In many experiments atomic coherence has been
demonstrated: Superpositions of atomic states, degen-
erate or nondegenerate, have been supposedly created by
using lasers. But how can one create such a coherent su-
perposition if the laser field apparently is not coherent?
Let us describe a typical experiment. If a laser would
produce a coherent state |«) it could be used to create
an equal superposition of ground and excited states of a
two-level atom by applying a 7/2 pulse. In the limit of a
large coherent-state amplitude the laser field would not
become entangled with the atom [[Lj] and one can write
for the process taking place [[Lq]

ja) @ 1g) = |o) @ (lg) + le))/ V2 (28)

with |g,e) the atomic ground and excited states. How-
ever, taking into account the actual state of a laser field
we have
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The “phase” of the atomic superposition is equal to the
“phase” of the coherent state. If we would trace out
the laser field the resulting atomic density matrix would
be completely mixed, an equal mixture of ground and
excited states. However, in every experiment exploiting
atomic coherence it is the same laser (or one that has
been “phase-locked” to the same laser) that is used to
perform a measurement on the atom. For instance, one
applies another 7/2 pulse to take the atom to the excited
state and subsequently measures the atomic population
in ground and excited states. But this works just as well
with a laser in the mixed state since the overall process
is independent of the phase of the laser. That is, by
applying the second 7/2 pulse one gets

d‘P i i QRN
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and the probability to detect the atom in the state |e) is
unity, whereas this probability would be 1/2 if uncorre-
lated laser beams would have been used.

If one considers this same experiment in the number-
state basis the fact that an incoherent mixture of excited
and ground states is transformed into a pure excited state
is rather miraculous and seems to depend on very spe-
cial correlations between the original laser pulse and the
measurement pulse [LJ).

C. Production and Detection of Squeezed States

A squeezed state may be produced with the help of a
nonlinear process described by an interaction Hamilto-
nian

H; = x[a™h? +ba), (32)

where a and b are annihilation operators of single modes
inside an optical resonator with frequencies wo and wg/2,
respectively, and y is proportional to the second-order
nonlinearity x(® of the nonlinear medium placed inside
the cavity. Pump photons at frequency wgy can be down-
converted to pairs of photons of frequency wg/2. The
resulting quantum state of the downconverted photons
may display nonclassical two-photon correlations. If the
pump field is in a coherent state and the mode b is ini-
tially in the vacuum state, then the state produced is a
squeezed vacuum. On the other hand, if the pump field
is in a mixed state diagonal in the number state basis,
then the resulting state of mode b is also diagonal in the
number state basis, since the interaction H; preserves
the number operator N = 2ata + b'b.

As a consequence, if we write |S,(p)) for a squeezed
vacuum state produced by a laser in a coherent state with
amplitude ae’ with « real, then the mixed state

[ S215a(@Sa(e) (33)

is not a squeezed state and does not display any non-
classical features, as this state too is a mixed state diag-
onal in the photon number state basis. (Similarly, in a
simple picture the degrading effect of phase diffusion on
squeezing can be understood by considering a mixture
of squeezed states with phases drawn from a Gaussian
probability distribution. A more detailed discussion is
given in [[14].) Yet, the state that is actually obtained in
an experiment is of the form

de M i ion\ ®(N—M)
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(34)
where we assumed that M light packets traversed the

nonlinear medium and N — M did not. Note that trac-
ing out the unsqueezed part leaves a residue of de Finetti

form: What remains can be viewed as a mixture of iden-
tical copies of some unknown squeezed state. Further-
more, using the exchangeability of that density operator,
the quantum de Finetti theorem implies this expansion is
unique. A complete tomographic measurement on some
of those copies will reduce the quantum state of the re-
maining copies to a simple tensor product of squeezed
states.

The state (B4) will display nonclassical correlations
between the squeezed mode(s) and the remaining laser
light. In fact, those correlations do not depend on the
value of ¢, and, therefore, are the same as those that
would be measured if one had a coherent state. The dis-
tinction between properties of a state like (BJ) and the
same state but with the correlations with the laser light
included, becomes more pronounced when we consider a
two-mode squeezed state.

D. Production of Two-Mode Squeezed States

A two-mode squeezed state can be generated by split-
ting two squeezed states on a 50-50 beamsplitter. The
resulting state of the two output ports is an entangled
state. Denote a two-mode squeezed state generated from
a coherent state with amplitude ae™ by |T4Z(p)), where
the superscripts A, B refer to two distinct modes located
in different laboratories, say Alice’s and Bob’s. As shown
in [ff], the state

[ SETa o) (35)
T

contains no entanglement between A and B: Instead, it

simply denotes classical correlation between photon num-

bers for the two modes.

Now, however, suppose that some of the remaining
laser light is supplied to Alice (as for instance for the
purpose of producing a local oscillator @]) The overall
quantum state between Alice and Bob will then be of the
form

[SET T @I @ (e (awe') ™,
(36)

where A’ indicates the further modes in Alice’s posses-
sion, and where we assumed all M (assumed an even
number) squeezed copies from the state @) were split
on the beamsplitter but the unsqueezed part was not.
Far from being an unentangled state, this state has ev-
ery bit as much entanglement as if the laser were actually
a pure coherent source. It is just that the entanglement
is in the form of distillable entanglement [R1].

To see this, contemplate Alice doing a complete mea-
surement on the extra laser light in her lab. With it, she
will reduce the quantum state of modes A, B to a true
two-mode squeezed state. Since these measurements are



local (all measurements are performed on Alice’s modes
A’), it follows there must be distillable entanglement be-
tween Alice’s and Bob’s modes. Although the claim in
[A that the state (BH) can be produced locally by Alice
and Bob is quite correct, the state (Bf]) is entangled and
cannot be so produced.

For a phase diffusing laser the distillable entanglement
in a state like @) will be slightly less than the entan-
glement present in the corresponding two-mode squeezed
state, because a measurement by Alice on part of her light
would reduce the state of modes A and B to a slightly
noisy version of a two-mode squeezed state. In the same
simple picture as used before, that noise can be under-
stood as arising from the randomness of the phase ¢ of
the state |T27(¢)) caused by phase diffusion.

E. Teleportation with Continuous Variables

Since the state @ does possess entanglement tele-
portation of continuous variables is possible even with
lasers in mixed states. The actual procedure used in
[B0] required, as was noted in [fj], both Alice and Bob
to use some of the light of the same laser that generated
the two-mode squeezed state to perform homodyne de-
tection. The fact that Bob shares laser light with Alice
does not imply however, that they share an active quan-
tum channel over and above their original entanglement.
One can imagine that all the light in Alice and Bob’s pos-
session (both the shared two-mode squeezed state and the
light for their local oscillators) was sent to them before
any actual teleportation takes place.

This may, if one wishes, be considered an additional
shared resource that had not been made explicit before,
but in that regard it is fairly innocent. As pointed out
in [@], such a shared resource is necessary for any tele-
portation protocol, irrespective of its physical implemen-
tation. For teleportation with continuous variables, Al-
ice and Bob need to share a synchronized clock; sharing
some of the laser light is a practical way of implementing
this. In fact, from a technological point of view laser light
gives us the best possible clock [RJ). (Similarly, in order
to test Bell inequality violations with continuous-variable
entangled states the local oscillator field necessary for the
required measurements must be transported as well, see
for example [P4].) Thus, in contrast to [ff, we do not con-
sider the presence of this resource, which acts as a phase
reference, as invalidating teleportation. An independent
party, Victor, who would like to verify Alice and Bob’s
teleportation skills, could use his own laser but has to
“phase-lock” it (in the sense of Section A) with Alice’s
laser. After all, Alice’s claim is only that she can tele-
port a quantum state of a particular mode: Victor is free
to choose the state to be teleported, but not the Hilbert
space.

Finally, a crucial point is that the teleportation pro-
cedure as a whole does not depend on the precise value

of the absolute phase . Therefore, for teleportation to
succeed, Alice does not even have to do an absolute phase
measurement to actually distill the entanglement present
in the state (Bg). Teleportation can be achieved without
knowing the imagined “unknown” phase ¢ arising in any
PEF. Note in particular that Alice and Bob can tele-
port a quantum state handed to them by the independent
third party Victor even if he is able to generate a pure
coherent state or a pure entangled state. This is because
the phases of both input and output state are compared
to one and the same phase reference.

IV. CONCLUSIONS

In conclusion, viewing the laser beam of a CW laser as
a sequence of N quantum systems led us to the follow-
ing result: The quantum state of an ideal laser beam is
a mixture of N copies of identical pure coherent states.
By the quantum de Finetti representation theorem, the
coherent states play a unique role in that regard. Such
a state is very different from IV copies of identical mixed
states (be they mixtures of number states or of coherent
states). Ome consequence is that appropriate measure-
ments performed on part of a laser beam will reduce the
quantum state of the rest of the laser beam to a pure
coherent state (or a slightly noisy version thereof if one
considers a realistic laser). Such measurements may in
fact be possible with present-day technology ], and
thus an optical coherent state may in fact be generated.
No sophisticated measurement on the laser medium [E]
need be contemplated to carry this out.

Most importantly, this description allows us to prop-
erly assess quantum communication protocols that rely
on lasers. In particular we found that teleportation with
continuous variables is possible with conventional lasers
without actually having to reduce the quantum state of
a laser to a coherent state.
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