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G — (semi)simple group

W — Weyl group of G

S C W — simple reflections

[ - W — Z>( — length function

Hecke algebra Hyy:

free module over Z[v, v™]

basis T,, x € W

T.T, =T, it l(zy) = l(z) + (y)
(in particular T, = 1)

(T, —v)(Ty+v ) =0forse S

Kazhdan-Lusztig involution:
h +— h, automorphism of Hyy
v=v L T,+v1=T,+0v!

Kazhdan-Lusztig basis:

1) Cr €T+ Y e v "Zv T,

2) C, = C,.

Example: C.=T7.=1,C, =T, +v !



Structure constants:

Cg;Cy — ZzeW hx,y,zCZ7 hx,y,z S Z[U, U_l]

Lusztig’s a—function: a : W — Z~,
Rz = Yy 0" + lower powers,
Yay.» 7 0 for some choice of z,y € W.

Asymptotic Hecke ring Jyy (Lusztig):
free Z—module with basis t,, x € W
Lty = 2 cew Yoyats

Theorem (Lusztig, 1987):

1) Vay,z € ZZO

2) Jy is associative

3) Jw hasunit 1 =), g

Question (Lusztig): Compute Jyy
explicitly (as a based ring)

Why we care: the ring Jy plays

a significant role in the classification of
1) complex representations of G(F,)

2) character sheaves



SL(2)—example:
C,=1and C? = (v+0v1C,
he,e,e — 17 he,s,s — 17 hs,e,s =1
hs,s,s =V + U_l

ale) =0, a(s) =1

12 =t t2 =t toty =tit, =0
in particular 1 = ¢, + ¢,

Jw = Zt. ® Zts (direct sum of algebras)

For A C W denote J4 = > _,Zt, C Jy
Two sided cells:

finest partition W = LUC such that
Jw = @ Jo is a direct sum of algebras

Example: A;: W =els

As, By, Go: W = e U wy U (the rest)
Classification of two sided cells: known
in all types (Lusztig, Barbasch-Vogan)

reA

Refined Question: for a two sided cell
C' compute explicitly Jo (as a based ring)



Lusztig’s finite group: I' = ['(C)
['={e} in type A

I' = (Z/2Z)* in type BCD
['=5;,1<k<5intype GFE

Another based ring:

[' — finite group, Y — finite ['—set

Kr(Y xY) — equivariant K —theory
convolution product: pis.(piy(F1)®@p5s(Fy))
where p;j; Y XY XY =Y xY

basis: irreducible I'—equivariant bundles
onY XY

Lusztig’s Conjecture (1987):
For any two sided cell C' there exists
a finite I'(C')—set Y = Y (C') and
an isomorphism of based rings:

JC ~ KF(C)<Y X Y)

Example (Lusztig, 1987):
P(C) = {e} (eg. type A)
K(Y xY)= Ma,tm(Z)
basis: matrix units
Conjecture holds true



Theorem (BFO):

Lusztig’s conjecture holds true in general

Examples:

type Bs, unique cell with I' = Z /27
Y =T/Tul/{e}

Y| =3, [I\Y]=2

type G, unique cell with [I' = 53
Y = 53/83 L Sg/SQ
Y[=4 [P\Y]=2

type Fj, unique cell with I' = .5}
Y = (54/54)3 L (S1/55)3 U (S4/ o x S2)4 1S4/ L1 Sy /Dy
Y| =54, ['\Y| =12
type Ejg, unique cell with I' = Sf
= (S5/85)"% L (95/54)™° U (S5/ D)% LI (95/.52) ™1
LI(S5/S5 % S2)15% L (Ss/Sa x S5)10%2 L (S5/.55)57

Y| = 83160, |\ Y| = 4480



Categorification:

based ring = Grothendieck ring K (C)

of (additive) monoidal category C
monoidal category:

category with tensor product, associativity
isomorphisms, unit object

Theorem (Lusztig, 1997): Jo = K(C¢)

semisimple monoidal category Ce (over Q)
is defined via truncated convolution of
perverse sheaves on the flag variety of G

By definition:
Kpr(Y xY)=K(Cohp(Y xY))

Cohr(Y xY) (coherent I'—equivariant sheaves
on Y xY') is semisimple monoidal category
(over any field of characteristic 0,

in particular Q)

Categorical Lusztig’s Conjecture (1997):
There is a monoidal equivalence

CC ~ COhF(C)<Y X Y)



Theorem (BFO): Assume two sided cell
C' is not exceptional. Then categorical
Lusztig’s Conjecture holds true

Exceptional cells:

there is one (out of 35) in type E7 and
two (out of 46) in type Fg

in all three cases I'(C') = Z /2.

The equality Jo = Kp(Y x Y) for excep-
tional C' was verified by Lusztig (1987)

Y =T/{e}uT/{e} L



More on exceptional cells.

Unit object of Cc: 1 =& ,.+p la

1,1, =14 1d®1d/:Oifd7éd/

Choose 14 (512 of them in smallest excep-
tional cell)

1, ® Co ® 1, is monoidal subcategory of
Cc

For an exceptional cell 1;,0C~®1,4 has just
two (isomorphism classes of ) simple objects:
1, (unit object) and § such that 6 ® 6 ~ 1,



Possible monoidal structures are classified
by associativity isomorphism:
dR(O®I) — (0RIH®I
equivalently, by a class in

H3Z/27.,C*) = 7./ 27
usual structure: same as in Rep(Z /27
unusual (twisted) structure: same
as in Rep(glg)l

Categorical Lusztig’s Conjecture implies
1,0 Co ® 1, ~ Rep(Z/27)

Theorem (O, in preparation):
For an exceptional two sided cell C
we have 15 ® Co ® 14 ~ Rep(sly);



Connection with finite /V/—algebras
e € g = Lie(G) nilpotent element
W, finite W—algebra (defined by Premet)

Recall that Z(W,) = Z(g) = Z(U(g))
Choose a regular integral central
character x : Z(g) — C = End(C,)

WGX = W, ®Z(g) CX

Known facts:

(i) (Premet, Losev): YWWX has nonzero finite
dimensional module if and only if e is special

(ii) (Lusztig, Barbasch-Vogan): There is a
natural bijection e — C/(e)

special nilpotent two sided
{ (G — orbits in g }H{cells inW}

Refinement of Conjecture by Premet:

Conjecture (Bezrukavnikov, O):

Assume e is special. There is a bijection:
simple finite dimensional

{ WX — modules b Y (Cle))



