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Abstract. Denote by Aθ the rotation algebra corresponding to the rotation 2πθ. The C*-
algebra Bθ generated by Aθ together with certain spectral projections of the canonical unitary
generators is studied. The C*-algebra Bθ is shown to have a unique tracial state and to be nuclear
provided that θ is irrational. Moreover, we study the ideal structure of the C*-algebra Bθ. In
particular, it is shown that Bθ is simple if neither the commutative sub-C*-algebra generated
by the spectral projections of u in the question (assumed to be a set invariant under Adv)
nor the corresponding commutative sub-C*-algebra associated to v contains non-zero minimal
projections. In the second part of the paper, we study the extended rotation algebra Bθ generated
by the spectral projections (one for each unitary) corresponding to the half-open interval from 0
to θ. (The spectral projections for each half-open interval from nθ to (n+ 1)θ are then included
for each integer n.) Using the simplicity of Bθ for θ irrational, the natural field of C*-algebras
on the unit circle with fibres Bθ is shown to be continuous at irrational points. This field is
lower semicontinuous on the whole circle. Much more useful is an upper semicontinuous field
which is obtained by desingularizing this field at rational points on the circle. The fibres of the
desingularized field at rational points are certain (computable) type I C*-algebras. Using this
new field, we are able to show that Bθ is an AF-algebra with K0(Bθ) ∼= Z+ θZ for generic θ, in
the sense of Baire Category, with the class of the unit being 1 ∈ Z.
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1. Introduction

A classical result of Pimsner and Voiculescu ([PV80]) is that the irrational rotation C*-algebra

can be embedded in an AF-algebra with the same ordered K0-group (and with the embedding

giving rise to an isomorphism at the level of K0). While a somewhat different proof of this can

be obtained from the classification theorem for simple AT-algebras ([Ell97]—it is in fact enough

to use the real rank zero case given in [Ell93]), together with the fact that the irrational rotation

C*-algebra is itself an AT-algebra ([EE93]—in [EE93] it is also shown that the real rank is zero),

in either approach the construction is far from canonical; infinitely many, necessarily arbitrary,

choices must be made.

The purpose of the present article is to propose a canonical construction, and to show that this

construction gives the desired AF-embedding at least in the case of a generic irrational rotation,

in the sense of Baire Category.

This article is organized as follows. In Section 2, the extended rotation algebra is introduced, as

the universal C*-algebra generated by the rotation algebra together with a specified set of spectral

projections for each of the two canonical unitary generators (Definition 2.1). We investigate the

universal property of the irrational extended rotation algebras. In particular, if there is no non-

zero minimal projections, each irrational extended rotation algebras can be described as a certain

universal algebra generated by the canonical unitaries and their logarithms (Corollary 2.10). In

Section 3, by means of an averaging process, the extended rotation algebra is shown to have a

unique tracial state, and the faithfulness of this state is shown to be equivalent to the simplicity

of the extended rotation algebra. In Section 4, we make several remarks concerning the question

of the nuclearity of the extended rotation algebra, and in Section 7, we use these remarks to

show that any extended rotation algebra is nuclear.

In Section 5, we study the ideal structure of extended rotation algebras. It is show that

the maximal ideal of an extended rotation algebra is always isomorphic to a direct sum of the

algebra of compact operators, and moreover, it is exactly generated by the minimal projections

of the commutative sub-C*-algebra generated by spectral projections of u and the commutative

sub-C*-algebra generated by spectral projections of v. In particular, if the spectral projections

are corresponding to half-open intervals with same orientation, the extended rotation algebra is

simple. In Section 6, we make a remark on the universality of simple extended rotation algebras.

From Section 8, we consider the case of the extended rotation algebra Bθ generated by the

two spectral projections—one for each of the canonical unitary generators—corresponding to the

half-open interval from 0 to θ. We construct a field of C*-algebras over the unit circle, which

is upper semicontinuous—and continuous at each irrational point—, with fibre the extended

rotation algebra at each irrational point, and with fibre a certain type I C*-algebra at each

rational point. Using this upper semicontinuous field of C*-algebras, we show that there is a

dense Gδ subset U of the circle such that Bθ is the AF-algebra with

(K0(Bθ),K+
0 (Bθ), [1Bθ ]) ∼= (Z+ θZ, (Z+ θZ) ∩ R+, 1)

for any θ ∈ U (Theorem 8.39).



EXTENDED ROTATION ALGEBRAS 3

Acknowledgment. The second author would like to thank Hanfeng Li for helpful discussions

during his visit to Buffalo in April of 2007. Parts of this work were carried out during the second

author’s stay at the Fields Institute for Research in Mathematical Sciences in the fall of 2007 for

the Thematic Program on Operator Algebras.

2. Preliminaries

Let A be a C*-algebra. By an ideal of A, we shall mean a closed two-sided ideal of A. Recall

that if the only ideals of A are A itself and {0}, the C*-algebra A is said to be simple. If 1 ∈ A,

it is a simple fact that an ideal I of A has non-zero intersection with C1 if and only if I = A.

Let θ be a real number. Recall that the rotation algebra Aθ is the universal C*-algebra

generated by two unitaries u and v satisfying the Heisenberg relation

uv = e2πiθvu.

If θ = p/q with (p, q) = 1, Aθ is a C*-algebra of type I with spectrum T2, and the dimension of

any irreducible representation of Aθ is q. If θ is irrational, the C*-algebra Aθ is simple, and has

a unique tracial state. Moreover, in the case that θ is irrational, it was shown in [EE93] that Aθ
is the inductive limit of a sequence of circle algebras (finite direct sums of matrix algebras over

the circle), and furthermore (as a consequence), has real rank zero.

Fix an irrational number θ in [0, 1]. Let {fi}i∈Λ1 and {gj}j∈Λ2 be two collections of (closed,

open, or half open) subintervals of the unit circle T, where Λ1,Λ2 are countable index sets (finite

or infinite). Note that the spectrum of u and v is the unit circle. Given a faithful representation

π of Aθ on a Hilbert space H , let us still denote by fi and gj the spectral projections of π(u)

and π(v) in B(H ) corresponding to the specific collections of subintervals of T. Let us refer to

the C*-algebra

Bπ,θ := C*({π(u), π(v), fi, gj; i ∈ Λ1, j ∈ Λ2}) ⊂ B(H )

as the concrete extended rotation algebra obtained by adjoining these projections, specifically,

with respect to the collections of intervals {fi}i∈Λ1 and {gj}j∈Λ2 in T and the representation π

of Aθ.

The C*-algebra Bπ,θ in general depends on the representation π. However, we introduce the

universal extended rotation algebra as follows.

Consider the C*-algebra C(T) as the canonical sub-C*-algebra of `∞(T), and denote by σ the

automorphism of `∞(T) induced by

f(z) 7→ f(e2πiθz).

Note that C(T) is invariant under the action of σ. Still denote by fi and gj the spectral projections

of the canonical unitary f(z) = z in `∞(T) corresponding to the intervals fi and gj of T.

Consider the two commutative C*-algebras

C(Ωu) := C*(C(T) ∪ {σ−k(fi); i ∈ Λ1, k ∈ Z}) ⊂ `∞(T)

and

C(Ωv) := C*(C(T) ∪ {σk(gj); j ∈ Λ2, k ∈ Z}) ⊂ `∞(T)
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where Ωu and Ωv denote the spectra of these algebras. Denote by u and v the canonical generators

of C(T) in C(Ωu) and C(Ωv) respectively.

Definition 2.1. For an irrational number θ, and two collections of subintervals {fi}i∈Λ1 and

{gj}j∈Λ2 of the unit circle T, we shall refer to the universal C*-algebra generated by C(Ωu) and

C(Ωv) with respect to the relations

(1) uv = e2πiθvu,

(2) uσk(gj)u
∗ = σk+1(gj) for any j ∈ Λ2 and k ∈ Z, and

(3) vσ−k(fi)v
∗ = σ−k−1(fi) for any i ∈ Λ1 and k ∈ Z

as the (irrational) extended rotation algebra, and denoted by Bθ (= Bθ({fi}, {gj})).

Concerning the question of rational extended rotation algebras, we shall define these in Section

8.1 as certain concrete C*-algebras.

It follows from the universality of Bθ that the C*-algebra Bπ,θ is a quotient C*-algebra of Bθ
for any representation π of Aθ.

In the rest part of this section, we shall investigate more details on generators and relations

for the extended rotation algebras.

Definition 2.2. Given real numbers a1, a2, ... will be said to be θ-independent if ai − aj = nθ

mod Z for some n ∈ Z implies i = j, i.e., if the orbits of the points e2πia1 , e2πia2 , ... under the

rotation σ are distinct.

Consider the commutative C*-algebra C(Ωu). We have the following lemma.

Lemma 2.3. There is a set of θ-independent real numbers {ak; k ∈ Λu} for some countable

index set Λu (finite or infinite) such that the C*-algebra C(Ωu) is generated by

{σn(pk), σ
n(ek); n ∈ Z, k ∈ Λu},

where pk is the spectral projection corresponding to [ak, ak+θ) or (ak, ak+θ], and ek is the minimal

projection corresponding to {ak} or zero. Moreover, there exists a non-zero minimal projection

ek in this decomposition if and only if there exists l ∈ Λ1 such that the interval corresponding to

fl is closed with length nθ or n(1− θ) for some natural number n.

Proof. Since θ is irrational, the C*-algebra C(Ωu) is generated by

{σn(fl); n ∈ Z, l ∈ Λ1},

where fl is a spectral projection corresponding to a subinterval (half-open or closed) of T. Denote

by xl and yl the left endpoint and right endpoint of fl respectively. Set O the orbit of {xl, yl; l ∈
Λ1}. We then have

O =
⋃̇
k∈Λu

Ok

with each Ok an orbit of a single point.

Pick a representative ak from each Ok. It is clear that {ak; k ∈ Λu} is θ-independent (their

orbits are disjoint). Assume that the spectral projection fl corresponds to a closed subinterval

[xl, yl] with xl ∈ Ok1 and yl ∈ Ok2 . If k1 6= k2, then there exist integers n1 and n2 such
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that if denote by g1 and g2 the spectral projections corresponding to [xl, xl + n1θ) and (yl +

n2θ, yl] respectively, then fl = g1g2, in other words, fl is generated by spectral projections

corresponding to [xl, xl + n1θ) and (yl + n2θ, yl]. Moreover, for any integer m, the spectral

projection corresponding to [xl, xl + mθ) is generated by fl. (There is an integer s such that

fl + σs(fl)− σs(fl)fl is a spectral projection corresponding to [xl, xl +m′θ) for some integer m′,

and hence [xl, xl +mθ) is generated by fl.)

If k1 = k2, then the projection fl can be generated by spectral projections corresponding to

[xl, xl + n1θ) and {θ}, which is a minimal projection. Note that this minimal projection is also

generated by fl.

Repeating the argument above for each fl, l ∈ Λ1, one has that the spectral projection cor-

responding to fl is generated by spectral projections {pk; k ∈ Λu}, projections {ek; k ∈ Λu},
together with their rotations, where pk is the spectral projection corresponding to [ak, ak + θ) or

(ak, ak + θ], and ek is the minimal projection corresponding to {ak} or zero. The second part of

the statement follows from the construction. �

Remark 2.4. We shall refer the points {ak; k ∈ Λu} above the cutting points of the canonical

unitary u.

Moreover, in the case there is no non-zero minimal projections, the commutative C*-algebra

C(Ωu) and C(Ωv) is independent on the choice of the orientation of half-open intervals.

Lemma 2.5. Let {ak; k ∈ Λu} be a set of θ-independent real numbers. For each k ∈ Λu, let

pk be a spectral projection corresponding to a half-open interval with endpoints in the orbit of ak
under the rotation. Then the C*-algebra

C(Ωu) = C*{σn(pk); k ∈ Λu, n ∈ Z}

is independent with the choice of the orientation of the half-open interval. More precisely, the

map pk 7→ p′k by changing the orientation of the half-open interval induces the isomorphism.

Proof. Let us assume that p1 is the spectral projection corresponding to [a1, a1 + θ). Set p′k =

(a1, a1+θ] and p′k = pk. In order to prove the theorem, it is enough to show that the map p1 7→ p′1,

pk 7→ pk, k 6= 1 induces an isomorphism from C*{σn(pk); k ∈ Λu, n ∈ Z} to C*{σn(p′k); k ∈
Λu, n ∈ Z}, and it is enough to show that for any polynomial P (xnk ; n ∈ Z, k ∈ Λu),

‖P (σn(pk); n ∈ Z, k ∈ Λu)‖ = ‖P (σn(p′k); n ∈ Z, k ∈ Λu)‖ .

For polynomial P , one has

P (σn(pk); n ∈ Z, k ∈ Λu) =
∑
i

(ci
∏
k∈Λu

ei,k) =
∑
i

(ciei,1
∏
k∈Λu
k 6=1

ei,k) =
∑
i

ciei,1fi,

where ei,1 is a spectral projection corresponding to [a1 + miθ, a1 + niθ) for some integers mi

and ni, ei,k is a spectral projection corresponding to some half-open interval with endpoints in

the orbits of ak for k 6= 1, and fi is a spectral projection corresponding to some interval with

endpoints in the orbits of {ak; k 6= 1}. Applying the polynomial P to p′k, one then has

P (σn(p′k); n ∈ Z, k ∈ Λu) =
∑
i

cie
′
i,1fi,
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where e′i,1 is a spectral projection corresponding to (a1 +miθ, a1 + niθ] for some integers mi and

ni.

Since ak; k ∈ Λu are θ-independent, there exists a point t ∈ T which is not in the orbit of a1

such that

‖P (σn(pk); n ∈ Z, k ∈ Λu)‖ = |P (σn(pk); n ∈ Z, k ∈ Λu)(t)| =
∣∣∣∣∣∑
i

ciei,1(t)fi(t)

∣∣∣∣∣ .
Since t is not in the orbit of a1, one has∣∣∣∣∣∑

i

ciei,1(t)fi(t)

∣∣∣∣∣ =

∣∣∣∣∣∑
i

cie
′
i,1(t)fi(t)

∣∣∣∣∣ ≤ ‖P (σn(p′k); n ∈ Z, k ∈ Λu)‖ ,

and therefore

‖P (σn(pk); n ∈ Z, k ∈ Λu)‖ ≤ ‖P (σn(p′k); n ∈ Z, k ∈ Λu)‖ .
The same argument shows that

‖P (σn(p′k); n ∈ Z, k ∈ Λu)‖ ≤ ‖P (σn(pk); n ∈ Z, k ∈ Λu)‖ ,

and hence

‖P (σn(pk); n ∈ Z, k ∈ Λu)‖ = ‖P (σn(p′k); n ∈ Z, k ∈ Λu)‖ ,
as desired. �

In Definition 2.1, relations among the projections {fi} (or {gj}) are hidden in the (concrete)

commutative C*-algebra C(Ωu) (or C(Ωv)). However, using Lemma 2.3, one can change the

generators {fi} and {gj} to the projections corresponding to intervals with endpoints in a sin-

gle orbit. Then, in the case there are no non-zero minimal projections (in the commutative

C*-algebras C(Ωu) and C(Ωv)), the extended rotation algebra can be characterized entirely by

generators and relations in the following way.

First, let {ak; k ∈ Λu} be a set of θ-independent numbers, where Λu is a countable index set

(finite of infinite). Consider the set of generators

G ′ = {u, dk,n; n ∈ Z, k ∈ Λu}

and the set of relations R′ consisting of

(1) u is a unitary, and each dk is a projection,

(2) udk,n = dk,nu for any n ∈ Z,

(3) for any n ∈ Z and any continuous function f on the circle with suppf ⊂ (ak + nθ, ak +

(n+ 1)θ),

f(u)dk,n = f(u),

(4) for any n ∈ Z and any continuous function f on the circle with suppf ⊂ [ak + nθ, ak +

(n+ 1)θ]c,

f(u)dk,n = 0,

(5) for any n ∈ Z and any continuous function f on the circle with suppf ⊂ (ak + (n+ 1)θ−
θ

4
, ak + (n+ 1)θ +

θ

4
),

(dk,n + dk,n+1)f(u) = f(u).
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Denote the universal C*-algebra generated by {G ′ | R′} by W , and denote by pk a spectral

projection corresponding to a half-open interval from ak to ak + θ. It is clear that the genera-

tors {z, σ−n(pk); n ∈ Z, k ∈ Λu} of the concrete C*-algebra C(Ωu) satisfy the relations above.

Moreover, let us show that these two C*-algebras are canonically isomorphic.

Lemma 2.6. The map u 7→ z, dk,n 7→ σ−n(pk) defines a *-isomorphism from W to C(Ωu).

Proof. Denote by φ : W → C(Ωu) the map induced by u 7→ z, dk,n 7→ σ−n(pk). This surjective

map is by definition a contraction. Let us show that it is an isometry.

Let π be a faithful representation of W on a Hilbert space H . For any subinterval I of the

circle, denote by E(I) the spectral projection of π(u) corresponding to the set I. By the relations

(3) and (4) of R′, we have that for each k ∈ Z,

E([ak + nθ, ak + (n+ 1)θ]) ≥ π(dk,n) ≥ E((ak + nθ, ak + (n+ 1)θ)).

Therefore,

π(dk,n) = E((ak + nθ, ak + (n+ 1)θ)) + e
(0)
k,n + e

(1)
k,n

for some projections e
(0)
k,n ≤ E({ak + nθ}) and e

(1)
k,n ≤ E({ak + (n + 1)θ}). Moreover, by the

relation (5) of R′, for each n ∈ Z,

e
(1)
k,n + e

(0)
k,n+1 = E({ak + (n+ 1)θ}).

Set

H1 = span{e(1)
k,n}.

It is clear that H1 is invariant under W and that e
(0)
k,n ⊥H1 for each k ∈ λu, n ∈ Z. Denote the

restrictions of π to H1 and H ⊥
1 by π1 and π0 respectively. We then have that π = π0 ⊕ π1 and

dk,n = E0([ak + nθ, ak + (n+ 1)θ))⊕ E1((ak + nθ, ak + (n+ 1)θ]),

where E0 and E1 are the spectral measures for u with respect to π0 and π1, respectively.

Note that the C*-algebra generated by {z, σn(χ([ak, ak + θ))); k ∈ Λu, n ∈ Z} ⊆ `∞(T) is

isomorphic to the C*-algebra generated by {z̄, σn(χ((ak, ak + θ])); k ∈ Λu, n ∈ Z} ⊆ `∞(T) by

Lemma 2.5. It follows immediately that

‖a‖ ≤ ‖φ(a)‖

for any a ∈ W , and so φ is an isometry, as desired. �

Let {ak; k ∈ Λu} and {bl; l ∈ Λv} be two sets of θ-independent real numbers. Using the

lemma above, we can formulate the generators and relations for the extended rotation algebra

Bθ with pk and ql corresponding to half-open intervals from ak to ak + θ and from bl to bl + θ

respectively (without specifying directions) as follows:

Lemma 2.7. The extended rotation algebra Bθ above is the universal C*-algebra generated by

G = {u, pk,n, v, ql,n; n ∈ Z, k ∈ Λu, l ∈ Λv}

with respect to the set of relations R consists of
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(1) each of {u, pk,n; k ∈ Λu, n ∈ Z} and {v, ql,n; l ∈ Λv, n ∈ Z} satisfies the set of relations

R′ as above,

(2) uv = e2πiθvu,

(3) upk,nu
∗ = pk,n−1, and

(4) vql,nv
∗ = ql,n+1.

Proof. It follows from Lemma 2.6 and Definition 2.1 directly. �

Remark 2.8. From the generators and relations above, we see immediately that these extended

rotation algebras do not depend on the choice of the orientation of the half-open interval. More-

over, in the case that |Λu| = |Λv| = 1, a1 = 0 and b1 = 0, if one sets en = p1,n and fn = q1,n,

then, by the universal property, the map

ψ :=


u 7→ v∗

v 7→ u

en 7→ f−n−1

fn 7→ en

defines an automorphism of this extended rotation algebra; that is, the order 4 automorphism of

the rotation algebra induced by

(
0 1

−1 0

)
extends to an order 4 automorphism of this special

extended rotation algebra.

One can go further to characterize the universal property of irrational extended rotation alge-

bras without minimal projections by logarithms.

Theorem 2.9. Let θ ∈ [0, 1] be an irrational number, and B a unital C*-algebra. Let Λu

and Λv be countable index sets (finite or infinite). If there are unitaries u and v and positive

elements {hu,k; k ∈ Λu} and {hv,l; l ∈ Λv} in B, and real numbers {ak; k ∈ Λu} ⊆ [0, 1] and

{bl; l ∈ Λv} ⊆ [0, 1] which are θ-independent such that for each k and l,

(1) uv = e2πiθvu,

(2) ‖hu,k‖ = ‖hv,l‖ = 1,

(3) u = e2πi(hu,k+ak), and

(4) v = e2πi(hv,l+bl),

then there are projections {pk; k ∈ Λu} ⊆ B and {ql; l ∈ Λv} ⊆ B such that

{u, v, vnpkv−n, u−nqlun; n ∈ Z}

satisfy the relations for the extended rotation algebra Bθ of Lemma 2.7 with cutting points {ak; k ∈
Λu} and {bl; l ∈ Λv}, and C*{u, v, pk, ql; k ∈ Λu, l ∈ Λv} = C*{u, v, hu,k, hv,l; k ∈ Λu, l ∈ Λv}.

Proof. Without lose of generality, let us assume that θ < 1/2.

Let π be a faithful representation of B on a Hilbert space H , and let us use the same notation

for the images of the elements of B. For each k, since u = e2πi(hu,k+ak) with ‖hu,k‖ = 1, one has

that

hu,k = η(e−2πiaku) + pu,k
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in B(H ) where pu,1 is a subprojection of the spectral projection Eu({1}), and η is the function

on T \ {e2πiak} sending z to arg(z)/2π.

Note that since v∗uv = e2πiθu, the element v∗Eu(I)v is the spectral projection Eu(σ(I)), where

σ is the rotation of the circle by angel θ clock-wisely.

Consider the positive element h1 := f1(hu,k) and h2 := f2(hu,k), where

f1(x) =


0 if 0 ≤ x ≤ 1/2,

linear if 1/2 ≤ x ≤ 1− θ,
1 otherwise.

and

f2(x) =


1 if 0 ≤ x ≤ θ,

linear if θ ≤ x ≤ 1/2,

0 otherwise.

We then have

h1 = f1 ◦ η(u) + pu,k,

and

h2 = f2 ◦ η(u) + (Eu({e2πiak})− pu,k).

Consider

h1(v∗h2v) = (f ◦ η(u) + pu,k)(v
∗(f2 ◦ η)(u)v + v∗(Eu({e2πiak})− pu,k)v)

= ((f ◦ η) · (f2 ◦ η)(u) + pu,k + v∗(Eu({e2πiak})− pu,k)v
= Eu((ak − θ, ak)) + pu,k + v∗(Eu({e2πiak})− pu,k)v.

It is clear that h1v
∗h2v ∈ B is a projection. For each integer n, set pk,n = vn+1(h1(v∗h2v))v−n−1.

The same construction also produces projections {pk,n; k ∈ Λu, n ∈ Z} associated with the

unitary u and {ql,n; l ∈ Λv, n ∈ Z} associated with the unitary v. Moreover, the unitaries u and

v together with projections {pk,n; k ∈ Λu, n ∈ Z} and {ql,n; l ∈ Λv, n ∈ Z} satisfy the relations

for the extended rotation algebra Bθ of Lemma 2.7 with {ak; k ∈ Λu} on u and {bl; l ∈ Λv} on

v.

It is clear that C*{u, v, pk, ql; k ∈ Λu, l ∈ Λv} ⊆ C*{u, v, hu,k, hv,k; k ∈ Λu, l ∈ Λv}. Since θ

is irrational, it is not difficult to see that hu,k ∈ C*{pk,n; n ∈ Z} and hv,l ∈ C*{ql,n; n ∈ Z}.
Hence C*{u, v, pk, ql; k ∈ Λu, l ∈ Λv} = C*{u, v, hu,k, hv,l; k ∈ Λu, l ∈ Λv}, as desired. �

Corollary 2.10. The irrational extended rotation algebra Bθ of Lemma 2.7 with cutting points

{ak; k ∈ Λu} and {bl; l ∈ Λv} is the universal C*-algebra generated by the positive elements

{hu,k; k ∈ Λu} and {hv,l; l ∈ Λv} and unitaries u and v with respect to the relations

(1) uv = e2πiθvu,

(2) ‖hu,k‖ = ‖hv,l‖ = 1,

(3) u = e2πi(hu,k+ak), and

(4) v = e2πi(hv,l+bl).
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Proof. Denote by the universal C*-algebra of the statement by B′θ. By Theorem 2.9, there is a

surjective canonical *-homomorphism φ : Bθ → B′θ. Thus, in order to prove the statement, one

has to show that φ is also injective.

By Lemma 2.7, the C*-algebra Bθ can be considered as the universal C*-algebra generated by

certain concrete C*-algebras C(Ωu) and C(Ωv) (which are sub-C*-algebras of `∞(T)) with respect

to the relations of Definition 2.1. Then, it is clear that there are {hu,k; k ∈ Λu} and {hv,l; l ∈ Λv}
in Bθ satisfying the relations of the statement, and hence there is a canonical *-homomorphism

ψ : B′θ → Bθ. Moreover, by checking the proof of Theorem 2.9, one has that the generators of Bθ
are fixed by the composition ψ ◦φ. Therefore, ψ ◦φ = id, and hence φ is injective, as desired. �

Corollary 2.11. If there is only one cutting point, say, at z = 1, for each canonical unitary, the

irrational extended rotation algebra Bθ is the universal C*-algebra generated by unitaries u and

v together with positive elements hu and hv satisfying the following relations:

(1) uv = e2πiθvu,

(2) ‖hu‖ = ‖hv‖ = 1,

(3) u = e2πihu, and

(4) v = e2πihv .

Proof. It follows from Corollary 2.10 directly. �

Remark 2.12. In Section 8, we show that the irrational extended rotation algebra Bθ above is

AF for generic θ, in the sense of Baire Category.

3. The unique tracial state

The irrational rotation algebra Aθ always has a unique tracial state. We shall show in this

section that the irrational extended rotation algebra Bθ (for arbitrary collections of subintervals

{pi} and {qj} of T) also has a unique tracial state.

For any natural numbers M and N , define a completely positive linear map ΦM,N : Bθ → Bθ
by

ΦM,N(a) =
1

(2M + 1)(2N + 1)

∑
−M≤m≤M,
−N≤n≤N

umvnav−nu−m.

The maps converge to a state:

Proposition 3.1. For any a ∈ Bθ, the doubly indexed sequence (ΦM,N(a)) is Cauchy. Moreover,

the limit of ΦM,N(a) belongs to C1.

Let us also introduce the following completely positive linear maps

Φu
M(a) =

1

2M + 1

∑
−M≤m≤M

umau−m

and

Φv
N(a) =

1

2N + 1

∑
−N≤n≤N

vnav−n.
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We then have that ΦM,N = Φu
M ◦ Φv

N . Note that the maps Φu
M and Φv

N have the properties

(3.1) Φu
M(xay) = xΦu

M(a)y for any x, y ∈ C(Ωu)

and

(3.2) Φv
N(xay) = xΦv

N(a)y for any x, y ∈ C(Ωv)

If one considers the restriction of ΦM,N to the rotation C*-algebra Aθ, then the linear maps

{ΦM,N} converge to the canonical tracial state of Aθ. Indeed, if f and g are two continuous

functions on the unit circle T, one then has

ΦM,N(f(u)g(v)) =
1

(2M + 1)(2N + 1)

∑
−M≤m≤M,
−N≤n≤N

umvnf(u)g(v)v−nu−m

=
1

(2M + 1)(2N + 1)

∑
−M≤m≤M,
−N≤n≤N

umvnf(u)v−nu−mumvng(v)v−nu−m

=
1

(2M + 1)(2N + 1)

∑
−M≤m≤M,
−N≤n≤N

f(σ−n(u))g(σm(v))

= (
1

2N + 1

∑
−N≤n≤N

f(σ−n(u)))(
1

2M + 1

∑
−M≤n≤M

g(σm(v))).

Since θ is irrational, the functions 1
2N+1

∑
−N≤n≤N f(e2πinθz) converge uniformly to the constant

function
∫
T f(z)dz as N →∞, and hence

ΦM,N(f(u)g(v))→ (
∫
T
f(z)dz

∫
T
g(z)dz)1 if M,N →∞.

Since any element of Aθ can be approximated by a polynomial in elements u and v and their

inverses, it follows that ΦM,N(a) converges to τ(a) for any a ∈ Aθ where τ is the canonical tracial

state of Aθ.

For a spectral projection q of v corresponding to a subinterval of the circle, since v commutes

with qj for each j and

umqju
−m = σm(qj),

one has

ΦM,N(q) =
1

2M + 1

∑
−M≤m≤M

σm(q)

=
1

2M + 1

∑
−M≤m≤M

χq(e
2πimθz)

which converges uniformly to µ(q)1 where µ denotes Lebesgue measure on T (see, for example,

Section 1.1 of [Par81]). By the same argument (or by symmetry), (ΦM,N(p)) converges as well

for a spectral projection p of u corresponding to a subinterval.

Moreover, the same calculation also shows that (Φu
N(q)) converges to µ(q)1 as N → ∞, and

(Φv
M(p)) converges to µ(p)1 as M →∞.
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Consider the sub-C*-algebra of Bθ generated by C(Ωu) and v. Since v acts on C(Ωu) by

conjugation, by the universality of Bθ, this sub-C*-algebra is isomorphic to the crossed product

C*-algebra C(Ωu)ovZ. Note that there is a canonical conditional expectation Πu from C(Ωu)ovZ
onto C(Ωu) (see, for example, VIII.2 of [Dav96]). A direct calculation shows that for any a ∈
C(Ωu)ov Z, the sequence (Φu

N(a)) converges to Πu(a). A similar statement holds for the positive

linear maps Φv
M .

In order to prove Proposition 3.1, one has to show that (ΦM,N(a)) is Cauchy for any a ∈ Bθ.
Since each linear map ΦM,N has norm one, it is enough to show that (ΦM,N(a)) is Cauchy for any

word a in {u, u∗, v, v∗, σ−k(pi), σk(qj)}. First, we have the following lemma, which was suggested

to us by Hanfeng Li.

Lemma 3.2. Let A and B be two unital C*-algebras, and let Φ be a unital positive linear map

from A to B. Let a ∈ A with ‖a‖ = 1 be such that ‖Φ(a∗a)‖ ≤ ε2 for some ε > 0. Then

‖Φ(ba)‖ < 2ε

for any b ∈ A with ‖b‖ = 1.

Proof. By the Cauchy-Schwarz inequality, one has

ρ(Φ(ba)) ≤ ε

for any state ρ of B. Therefore, by the polarization identity,

‖Φ(ba)‖ ≤ 2ε,

as desired. �

Let us consider the map Φv
N . We show the following lemma.

Lemma 3.3. For any word a1 · · · an where each ai is a spectral projection of u or v, and for any

ε > 0, there exists {f1, · · · , fn} in the C*-algebra generated by C(Ωv)∪{u} and a natural number

K such that

(1) fi is a self-adjoint element in C*(u) if ai is a spectral projection of u, and fi = ai if ai is

a spectral projection of v, and

(2) for any N > K, one has ∥∥∥Φv
N(ai − fi)2

∥∥∥ < ε,

and

‖Φv
N(wa1 · · · an)− Φv

N(wf1 · · · fn)‖ < ε

for any word w of {u, u∗, v, v∗}.

Proof. Let us prove the lemma by induction on n. If n = 1, the statement is trivial if a1 is not

a spectral projection of u. If a1 is a spectral projection of u, let em denote the characteristic

function corresponding to a1. Then there is a positive real-valued continuous function f1 on the

unit circle such that

f1 < e1 and µ(supp(e1 − f1)) < ε2/4,
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where µ denotes Lebesgue measure. Since e1 − f1 < χsupp(e1−f1) and Φv
N(χsupp(e1−f1)) converges

to µ(supp(em − fm)), we have ∥∥∥Φv
N(a1 − f1)2

∥∥∥ < ε2/4.

Then, by Lemma 3.2, the statement holds for n = 1.

Let us assume that the lemma holds for all n ≤ k. Let us consider a word a = a1 · · · akak+1 in

the spectral projections, and let w be any word in the canonical unitaries and their inverses. If

ak+1 is a spectral projection of v, by Equation 3.2, we have

Φv
N(a) = Φv

N(a1 · · · ak)ak+1.

Applying the induction assumption to the word wa1 · · · ak, we have that the statement holds for

the word a.

If ak+1 is a spectral projection of u (therefore ak is a spectral projection of v), there is a positive

continuous function fk+1 on the unit circle and a natural number K such that∥∥∥Φv
N((ak+1 − fk+1(u))2)

∥∥∥ < (
ε

4
)2

for any N > K. Hence, by Lemma 3.2, for any N > K one has

(3.3) ‖Φv
N(wa1 · · · akak+1)− Φv

N(wa1 · · · akfk+1(u))‖ < ε

2
.

Without loss of generality, one may assume that fk+1 =
∑l
i=−l ciu

i. Then

Φv
N(wa1 · · · akfk+1(u)) =

l∑
i=−l

ciΦ
v
N(wa1 · · · akui)

=
l∑

i=−l
ciΦ

v
N(wa1 · · · ak−1u

iσ−iu (ak))

=
l∑

i=−l
ciΦ

v
N(wa1 · · · ak−1u

i)σ−iu (ak)

=
l∑

i=−l
ciΦ

v
N(wuia

(i)
1 · · · a

(i)
k−1)σ−iu (ak),

where a
(i)
j = u−iaju

i. (Note that a
(i)
j = aj if aj is a spectral projection of u.)

Applying the inductive assumption to the word a1 · · · ak−1, there exist a natural number K1

and elements f1, ..., fk−1 ∈ C(Ωv) ou Z such that for any 1 ≤ j ≤ k − 1, fj ∈ C*(u)+ if aj is

a spectral projection of u, and fj = aj if aj is a spectral projection of v. Moreover, for any

N > K1, ∥∥∥Φv
N(aj − fj)2

∥∥∥ < ε, 1 ≤ j ≤ k − 1,

and for any −l ≤ i ≤ l,∥∥∥Φv
N(uiwa1 · · · ak−1)− Φv

N(uiwf1 · · · fk−1)
∥∥∥ < ε

2(2l + 1) max{|ci|}
.

Noting that by the construction of the map Φv
N , one has

Φv
N(u−iaui) = u−iΦv

N(a)ui, −l ≤ i ≤ l.



14 GEORGE A. ELLIOTT AND ZHUANG NIU

Therefore, denoting by f
(i)
j = u−ifju

i, we have∥∥∥Φv
N(wuia

(i)
1 · · · a

(i)
k−1)− Φv

N(wuif
(i)
1 · · · f

(i)
k−1)

∥∥∥
=

∥∥∥ui(Φv
N(wuia

(i)
1 · · · a

(i)
k−1)− Φv

N(wuif
(i)
1 · · · f

(i)
k−1))u−i

∥∥∥
=

∥∥∥Φv
N(uiwa1 · · · ak−1)− Φv

N(uiwf1 · · · fk−1)
∥∥∥

≤ ε

2(2l + 1) max{|ci|}
.

Noting that

Φv
N(wf1 · · · fk−1akfk+1(u)) =

l∑
i=−l

ciΦ
v
N(wf1 · · · fk−1aku

i)

=
l∑

i=−l
ciΦ

v
N(wf1 · · · fk−1u

i)σ−iu (ak)

=
l∑

i=−l
ciΦ

v
N(wuif

(i)
1 · · · f

(i)
k−1)σ−iu (ak),

we then have

‖Φv
N(wa1 · · · akfk+1(u))− Φv

N(wf1 · · · fk−1akfk+1(u))‖

=
l∑

i=−l

∥∥∥ci(Φv
N(wuia

(i)
1 · · · a

(i)
k−1)− Φv

N(wuif
(i)
1 · · · f

(i)
k−1))σ−iu (ak)

∥∥∥
≤ ε/2.

Together with Inequality 3.3, we have

‖Φv
N(wa1 · · · akak+1)− Φv

N(wf1 · · · fk−1akfk+1(u))‖ ≤ ε.

Thus, the statement holds for n = k + 1, and therefore, the statement holds for any n, as

desired. �

The lemma above also holds for the maps Φu
M .

Proposition 3.4. The sequence (Φv
N) (or (Φu

M)) converges to a conditional expectation Φv (or

Φu) of Bθ onto C(Ωv) (or C(Ωu)).

Proof. We only give the proof for (Φv
N). For any a ∈ Bθ, let us show that (Φv

N(a)) is Cauchy.

We may assume that a is a monomial. By Lemma 3.3, for any ε > 0, there is an element

a′ ∈ C(Ωv)ou Z ⊆ Bθ and a natural number K1 such that

‖Φv
N(a)− Φv

N(a′)‖ < ε/2 for any N > K1.

On the other hand, there is a natural number K2 such that

‖Φv
N(a′)− Πv(a

′)‖ ≤ ε/2 for any N > K2,



EXTENDED ROTATION ALGEBRAS 15

where Πv is the canonical conditional expectation of C(Ωv)ou Z onto C(Ωv). Therefore, for any

N > max{K1, K2},
‖Φv

N(a)− Πv(a
′)‖ < ε

which implies that (Φv
N(a)) is Cauchy with limit belonging to C(Ωv). Hence, (Φv

N) converges to

a unital completely positive linear map Φv from Bθ to C(Ωv).

By Equation 3.2, one has

Φv(xay) = xΦv(a)y

for any x, y ∈ C(Ωv). Therefore, Φv is a conditional expectation, as stated. �

Now, let us prove Proposition 3.1.

Proof of Proposition 3.1. Note that ΦM,N = Φu
M ◦ Φv

N . Fix an element a ∈ Bθ. For any ε > 0,

by Proposition 3.4, there are natural numbers K1 and K2 such that for any N > K1,

‖Φv
N(a)− Φv(a)‖ ≤ ε/2,

and for any M > K2,

‖Φu
M(Φv(a))− Φu(Φv(a))‖ ≤ ε/2.

Then, for any M,N > max{K1, K2},

‖ΦM,N(a)− Φu(Φv(a))‖ = ‖Φu
M(Φv

N(a))− Φu(Φv(a))‖
≤ ‖Φu

M(Φv
N(a)− Φv(a))‖+ ‖Φu

M(Φv(a))− Φu(Φv(a))‖
≤ ε.

Thus, the double indexed sequence (ΦM,N) converges to Φu ◦ Φv. Since Φv(a) ∈ C(Ωv), we have

Φu(Φv(a)) ∈ C1, as desired. �

Remark 3.5. In an earlier version of this paper, Lemma 3.3 was proved for the map ΦM,N

instead of Φu
M or Φv

N . Then it was pointed out by Hanfeng Li that the same argument still works

for the maps Φu
M and Φv

N , and this made the original arguments for simplicity and nuclearity in

Section 5 and Section 7 valid for more general extended rotation algebras.

Denote by Φ the limit of (ΦM,N). By Proposition 3.1, the linear map Φ is a state of Bθ.

Theorem 3.6. The state Φ is the unique tracial state of Bθ.

Proof. Let us first show the uniqueness. Let τ be any tracial state on Bθ. For any a ∈ Bθ and

any M,N , a direct calculation shows that

τ(ΦM,N(a)) = τ(a).

Then, by Lemma 3.1,

Φ(a) = τ(Φ(a)) = lim τ(ΦM,N(a)) = τ(a),

and therefore, Φ = τ .

Let us show the existence of the tracial state of Bθ. Consider the concrete extended rotation

algebra Bθ associated with the standard GNS representation of the rotation algebra with respect

to the canonical tracial state. It is well known that the von Neumann algebra A′′ is a factor of
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type II1. In particular, it has a tracial state. Therefore, the concrete extended rotation algebra

Bθ ⊆ A′′ also has a tracial state. Since Bθ is a quotient of Bθ, this shows that Bθ has a tracial

state, as desired. �

By the construction, the maps ΦM,N , Φu
M , and Φv

N are averages of certain inner automorphisms

of Bθ; therefore the tracial state Φ and the conditional expectations Φu and Φv preserve ideals

of Bθ. Denote by Iθ the ideal

Iθ := {a ∈ Bθ; Φ(aa∗) = 0}.

Corollary 3.7. The ideal Iθ is the unique maximal proper ideal of Bθ. In particular, the quotient

Bθ/Iθ is simple.

Proof. Let I be any ideal of Bθ. If I 6⊆ Iθ, then there exists a ∈ I such that

Φ(aa∗) = λ1 6= 0.

However, since Φ preserves ideals, one has that

λ1 ∈ I,

and hence I = Bθ. Thus, the ideal Iθ is the unique maximal proper ideal of Bθ. �

Recall that a state ρ of a C*-algebra A said to be faithful if ρ(aa∗) > 0 for any non-zero

element a ∈ A.

Corollary 3.8. Let B be any quotient C*-algebra of Bθ. Then the C*-algebra B has a unique

tracial state Φ̃. Moreover, the C*-algebra B is simple if and only if the tracial state Φ̃ is faithful.

In particular, the statement above holds for Bπ,θ where π is a representation of Aθ.

Proof. By Corollary 3.7, the kernel of the canonical map from Bθ to B is contained in Iθ.
Therefore, the tracial state Φ passes to a tracial state of B; denote this by Φ̃. The uniqueness of

tracial states of B follows from the uniqueness of tracial states of Bθ.
By construction, the tracial state Φ̃ is faithful if and only if the kernel of the canonical kernel is

Iθ, and if and only if B is isomorphic to Bθ/Iθ, and hence if and only if B is simple by Corollary

3.7. �

An immediate consequence is

Corollary 3.9. The C*-algebra Bθ is simple if and only if Φ is faithful.

Denote by (πτ ,Hτ ) the GNS representation of Aθ with respect to the canonical tracial state τ

of Aθ. In the remaining part of the paper, let us denote the concrete extended rotation algebra

Bπτ ,θ by Bθ. Since the von Neumann algebra A′′θ is a factor of type II1, the canonical tracial state

of Bθ is faithful. By Corollary 3.8, we have the following corollary.

Corollary 3.10. The concrete C*-algebra Bθ is simple.

The following theorem provides a criterion for the faithfulness of the canonical tracial state.
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Theorem 3.11. Let B be a quotient C*-algebra of Bθ, and denote by Φ̃ the canonical tracial

state of B. Let a ∈ B+ with ‖a‖ = 1. Then Φ̃(a) > 0 if and only if the following statement

holds:

There exists λ > 0 such that for any ε > 0, there exists δ > 0 such that

||
n∑
i=1

urivsiav−siu−ri || > nλ(1− ε)

for any integers (ri, si)
n
i=1 with riθ, siθ ∈ [−δ, 0] mod Z, where u and v are the images of the

canonical unitaries of Bθ.

Proof. By Corollary 3.7, there is a canonical quotient map π from B to Bθ, the concrete extended

rotation algebra associated with the standard representation of Aθ. If Φ̃(a) > 0, then τ(π(a)) =

Φ̃(a) > 0 where τ is the unique tracial state on Bθ. Therefore π(a) 6= 0. Let us set λ = ||π(a)||.
Note that in B(Hτ ), the sequence (π(urnvsnav−snu−rn)) converges to π(a) in the strong oper-

ator topology if rnθ and snθ converge to 0 modulo Z. Hence, for any ε > 0, there exists δ > 0

such that, if riθ, siθ ∈ [−δ, 0], then

||
n∑
i=1

π(urnvsnav−snu−rn)|| > n||π(a)||(1− ε).

Therefore, we have

||
n∑
i=1

urnvsnav−snu−rn|| ≥ ||π(
n∑
i=1

urnvsnav−snu−rn||)

≥ n||π(a)||(1− ε)
= nλ(1− ε)

for any integers (ri, si)
n
i=1 with riθ, siθ ∈ [−δ, 0] mod Z.

To prove the inverse direction of the statement, it is enough to show that ||Φ̃M,N(a)|| has a

strictly positive lower bound for sufficiently large M and N , since Φ̃(a) = lim Φ̃M,N(a).

Suppose that for any 0 < ε < 1/2, there exists a positive number δ > 0 such that if {ri, si}ni=1

satisfy riθ, siθ ∈ [−δ, 0] mod Z, then

||
n∑
i=1

σri,si(a)|| > nλ(1− ε).(3.4)

Define a subset Rδ of Z2 by

Rδ(M,N) := {(r, s); −M ≤ r ≤M, −N ≤ s ≤ N, and rθ, sθ ∈ [−δ, 0] mod Z}.

Since θ is an irrational number, one has

(3.5) lim
M,N→∞

#Rδ(M,N)

(2M + 1)(2N + 1)
= δ2 > 0.
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Therefore,

||Φ̃M,N(a)|| = || 1

(2M + 1)(2N + 1)

∑
σm,n(a)||

≥ 1

(2M + 1)(2N + 1)
||

∑
(m,n)∈Rδ(M,N)

σm,n(a)|| (since a is positive)

≥ #Rδ(M,N)

(2M + 1)(2N + 1)
λ(1− ε) (by 3.4)

≥ #Rδ(M,N)

2(2M + 1)(2N + 1)
λ,

and hence, by 3.5,

Φ̃(a) = || lim Φ̃M,N(a)|| ≥ λδ2/2 > 0,

as desired. �

A similar argument gives us the following criterion for the faithfulness of Φu (or Φv).

Theorem 3.12. Let a ∈ B+
θ with ‖a‖ = 1. If there exists λ > 0 such that for any ε > 0, there

exists δ > 0 such that

||
n∑
i=1

vsiav−si || > nλ(1− ε) (or ||
n∑
i=1

usiau−si || > nλ(1− ε))

for any integers {s1, s2, ..., sn} with siθ ∈ [−δ, 0] mod Z, then Φv(a) 6= 0 (or Φu(a) 6= 0).

4. Remarks on the nuclearity of general extended rotation algebras

In this section, we shall report some observations concerning the nuclearity of general extended

rotation algebras.

Let D be a unital C*-algebra. Denote by Bθ⊗̇D the algebraic tensor product of Bθ and D.

Denote by Bθ⊗minD and Bθ⊗maxD the completion of Bθ⊗̇D with respective to the minimal norm

|| · ||min and the maximal norm || · ||max respectively.

Let Bθ⊗D be the completion of Bθ⊗̇D with respect to an arbitrarily given C*-norm. For any

positive integers M and N , consider the completely positive linear map Ψu
M : Bθ ⊗D → Bθ ⊗D

defined by

Ψu
M : a 7→ 1

2M + 1

∑
−M≤m≤M

UmaU−m,

where U = u⊗ 1D.

For any b⊗ d ∈ Bθ ⊗D, one has

Ψu
M(b⊗ d) = Φu

M(b)⊗ d,

and hence by Proposition 3.4, the sequence {Ψu
M} converges to a completely positive linear map

from Bθ ⊗ D to C(Ωu) ⊗ D (considered as a sub-C*-algebra of Bθ ⊗ D). Denote it by Ψu. In
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particular, the argument above applies to the tensor products Bθ⊗minD and Bθ⊗maxD. Denote

by Ψu
min and Ψu

max the corresponding completely positive linear maps. Then the diagram

Bθ⊗minD

Ψumin
��

Bθ⊗maxD
πoo

Ψumax

��
C(Ωu)⊗D C(Ωu)⊗D

commutes, where π is the canonical homomorphism from Bθ⊗maxD to Bθ⊗minD.

Remark 4.1. The argument above also works for the averaging by the unitary V = v⊗1D or by

the unitaries U and V together. Denote the corresponding completely positive linear maps by Ψv,

Ψv
min and Ψv

max, and Ψ, Ψmin and Ψmax, respectively. Note that Ψ = Ψu ◦Ψv, Ψmin = Ψu
min ◦Ψv

min,

and Ψmax = Ψu
max ◦Ψv

max.

Since the C*-algebra Bθ is nuclear if and only if the map π is an isomorphism for any unital

C*-algebra D, with the commutative diagram above, we have the following lemma.

Lemma 4.2. The C*-algebra Bθ is nuclear if the map Ψu
max or Ψv

max is faithful for any unital

C*-algebra D. In particular, if the map Ψmax is faithful for any unital C*-algebra D, then the

C*-algebra Bθ is nuclear.

Proof. It is sufficient to show that the canonical homomorphism π is an isomorphism for any

C*-algebra D. Since the map Ψu
max is faithful, then for any non-zero element a ∈ Bθ⊗maxD, we

have

Ψu
min(π(a)π(a∗)) = Ψu

min(π(aa∗)) = Ψu
max(aa∗) 6= 0,

and hence π(a) 6= 0. Therefore, π is an isomorphism, as desired. �

By an argument similar to that of Theorem 3.11, we have the following criterion for the

faithfulness of the maps Ψ, Ψu and Ψv.

Proposition 4.3. Let D be a unital C*-algebra, and let Bθ⊗D be the completion of Bθ⊗̇D with

respect to an arbitrary C*-norm || · ||. Denote by Ψ,Ψu and Ψv the completely positive linear

maps constructed as above. Then the following statement holds:

Let a ∈ (Bθ ⊗ D)+ with ||a|| = 1. If there exists λ > 0 such that for any ε > 0, there exists

δ > 0 such that

||
n∑
i=1

U riV siaV −siU−ri || ≥ nλ(1− ε)

(or ||∑n
i=1 U

riaU−ri || ≥ nλ(1− ε), or ||∑n
i=1 V

siaV −si || ≥ nλ(1− ε)) for any integers (ri, si)
n
i=1

with riθ, siθ ∈ [−δ, 0] mod Z, then Ψ(a) 6= 0 (or Ψu(a) 6= 0, or Ψv(a) 6= 0, respectively).

Proof. The proof is similar to the proof of Theorem 3.11. �

Remark 4.4. The proposition above still holds if one replaces [−δ, 0] by [0, δ], or requires that

riθ mod Z are in [−δ, 0] and siθ mod Z are in [0, θ], or siθ mod Z are in [−δ, 0] and riθ mod Z
are in [0, θ].
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Theorem 4.5. If the canonical tracial state of Bθ is faithful, then the completely positive linear

map Ψmin is faithful for any C*-algebra D.

Proof. For any given positive element a in Bθ⊗minD with norm one, let us show that the following

statement holds: For any ε > 0, there exists δ > 0 such that

||
n∑
i=1

U riV siaV −siU−ri ||min ≥ n(1− ε)(4.1)

for any integers (ri, si)
n
i=1 with riθ, siθ ∈ [−δ, 0] mod Z. Then the faithfulness of Ψmin follows

from Proposition 4.3 (with λ = 1).

To show that (4.1) holds, it is sufficient to show that it holds for any a ∈ Bθ⊗̇D. Therefore,

we may assume

a =
k∑
i=1

bi ⊗ di ∈ Bθ⊗̇D

where bi ∈ Bθ and di ∈ D, i = 1, · · · , k.

Let (πD,HD) be a faithful representation of D, and denote by (πτ ,Hτ ) the representation

of Bθ induced by the GNS representation of Aθ associated with the canonical trace. Since the

canonical tracial state Φ is faithful, Bθ is simple, and hence (πτ ,Hτ ) is a faithful representation

of Bθ. It follows that (πτ ⊗ πD,Hτ ⊗HD) is a faithful representation of Bθ ⊗min D.

Note that for any b ∈ Bθ, (πτ (u
rjvsjbv−sju−rj)) converges to πτ (b) in the strong operator

topology in B(Hτ ) if rjθ → 0 mod Z and sjθ → 0 mod Z. Thus, for any bi ⊗ di, we have that

πτ ⊗ πD(U rjV sj(bi ⊗ di)V −sjU−rj) = πτ ⊗ πD((urjvsjbiv
−sju−rj)⊗ di)

= πτ (u
rjvsjbiv

−sju−rj)⊗ πD(di)

→ πτ (bi)⊗ πD(di) (as j →∞)

= πτ ⊗ πD(bi ⊗ di)

in the strong operator topology on B(Hτ⊗HD) if rjθ → 0 mod Z and sjθ → 0 mod Z. Hence,

πτ ⊗ πD(U rjV sjaV −sjU−rj)→ πτ ⊗ πD(a) (j →∞)

in the strong operator topology on B(Hτ ⊗ HD) if rjθ → 0 mod Z and sjθ → 0 mod Z.

Therefore, for any ε > 0, there exists δ > 0 such that

||πτ ⊗ πD(
n∑
i=1

U riV siaV −siU−ri)|| = ||
n∑
i=1

πτ ⊗ πD(U riV siaV −siU−ri)||

≥ n(||πτ ⊗ πD(a)|| − ε)

for any integers (ri, si)
n
i=1 with riθ, siθ ∈ [−δ, 0] mod Z.

Since πτ ⊗ πD is a faithful representation of Bθ ⊗min D, it is an isometry, and hence we have

||
n∑
i=1

U riV siaV −siU−ri ||min ≥ n(1− ε).

This shows that (4.1) holds, and therefore, Ψmin is faithful. �

With the theorem above, we have a partial converse of Lemma 4.2.



EXTENDED ROTATION ALGEBRAS 21

Corollary 4.6. If the canonical tracial state Φ is faithful, then the C*-algebra Bθ is nuclear if

and only if the map Ψmax is faithful for any C*-algebra D.

5. The ideal structure of extended rotation algebras

In general, the universal C*-algebra Bθ is not simple. For instance, if |Λ1| = 1 and p =

Eu([−θ, 0]) where Eu([a, b]) denotes the spectral projection of u corresponding to the closed

subinterval of T with angle from 2πa to 2πb, then the element

(v−n−1pvn+1)(v−npvn)

is a minimal projection which is concentrated on the singleton {e−2πinθ} in the spectrum of u.

These minimal projections vanish on the canonical tracial state Φ, and so the ideal Iθ is non-

trivial. We shall show in this section that the ideals of this type are the only nontrivial ideals

appearing in extended rotation algebras.

5.1. Simplicity of certain extended rotation algebras. As we have seen, minimal projec-

tions (if these exist) in the commutative sub-C*-algebras C(Ωu) and C(Ωv) generate non-trivial

ideals of Bθ. In this subsection, let us consider extended rotation algebras with the sub-C*-

algebras C(Ωu) and C(Ωv) do not contain minimal projections, and show that these extended

rotation algebras are simple. More precisely, for any pair of sets of θ-independent real numbers

{ak; k ∈ Λu} and {bl; l ∈ Λv} with Λu and Λv countable index sets (finite or infinite), we shall

consider the extended rotation algebra obtained by adding spectral projections {pk; i ∈ Λu} of

u and spectral projections {ql; l ∈ Λv} of v, with each pk corresponds to the half-open interval

[ak, ak + θ) (or (ak, ak + θ]) and each qk corresponds to the half-open interval [bl, bl + θ) (or

(bl, bl + θ]). (By Lemma 2.5, Bθ does not depend on orientation of these half-open intervals.) It

is easy to see that in such a case C(Ωu) and C(Ωv) do not contain minimal projections. We shall

prove the following theorem in this subsection.

Theorem 5.1. The extended rotation algebra Bθ generated by the spectral projections above is

simple.

We first have the following decomposition lemma for representations of extended rotation

algebras.

Lemma 5.2. With the notation above, if there is a representation of Bθ on a Hilbert space H ,

then there is a decomposition

H = H0 ⊕H−1 ⊕H1

such that each Hi (i = −1, 0, 1) is invariant by Bθ, and for each l, Ev({bl}) = 0 on H0,

ql = Ev([bl, bl + θ)) on H−1 and ql = Ev((bl, bl + θ]) on H1.

Proof. The proof is similar to that of Lemma 3.3.1 of [MPX92]. Note that for each l and for any

continuous function f ∈ C(T) with supp(f) ⊆ [bl, bl + θ], we have f(v)ql = qlf(v) = f(v). It

follows that Ev((bl, bl+θ)) ≤ ql in B(H ). A similar argument also shows that ql ≤ Ev([bl, bl+θ])

in B(H ). Thus, we have

Ev((bl, bl + θ)) ≤ ql ≤ Ev([bl, bl + θ]),
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and therefore ql = Ev((bl, bl + θ)) + ql,0 + ql,1 where ql,0 ≤ Ev({bl}) and ql,1 ≤ Ev({bl + θ}).
Consider the eigenspaces Ev({bl}) and Ev({bl + θ}). For any ξ ∈ Ev({bl}), we have

v(u∗ξ) = (vu∗v∗)vξ = e2πi(bl+θ)(u∗ξ).

Thus, u∗Ev({bl}) ⊆ Ev({bl + θ}). A similar argument also shows that uEv{bl + θ} ⊆ Ev({bl}).
Therefore, the unitary u∗ induces an isomorphism between Ev({bl}) and Ev({bl + θ}).

We assert that ql,0 + uql,1u
∗ = Ev({bl}). Indeed, we may assume that θ < 1/2 (otherwise we

can consider 1 − ql, u∗, and v∗), and thus ql ⊥ uqlu
∗. Since ql,1 ≤ ql, we have that ql ⊥ uql,1u

∗,

and in particular ql,0 ⊥ uql,1u
∗.

If ql,0 + uql,1u
∗ � Ev({bl}), then there is a unit eigenvector ξ ∈ H such that vξ = e2πiakξ

and ql,0ξ = uql,1u
∗ξ = 0. Hence, qlξ = uqlu

∗ξ = 0. Noting that (ql + uqlu
∗)f(v) = f(v) for any

continuous function f on the unit circle with supp(f) ⊆ [bl − θ/2, bl + θ/2], and also noting that

f(v)ξ ∈ Cξ, we then have

f(v)ξ = (ql + uqlu
∗)f(v)ξ = 0.

However, we can always choose the function f with f(e2πibl) = 1, and then f(v)ξ = ξ. This is a

contradiction, and hence ql,0 + uql,1u
∗ = Ev({bl}).

Denote by H 0 the subspace C(Ωu)(
⊕
lEv({bl})H ), and denote by H0 the orthogonal comple-

ment of H 0. It is clear that H 0 is invariant under C(Ωu). In order to show that it is invariant

under C(Ωv), it is enough to show that it is invariant under each ql (since C(Ωv) is generated by

{unqlu−n;n ∈ Z, l ∈ Λv}). For any ξ ∈ Ev({bl})H and any f ∈ C(Ωu), we have

v(fξ) = vfv∗vξ = e2πiblvfv∗ξ.

Since vfv∗ ∈ C({Ωu}), the subspace H 0 is invariant under v, and thus invariant under Ev((bl, bl+

θ)). Moreover, for any l, since Ev({bl})H ⊆ H 0 and Ev({bl + θ})H ⊆ H 0, one has that

ql,0H 0 ⊆H 0 and ql,1H 0 ⊆H 0. Therefore H 0 (together with it complement H0) is invariant

under ql = Ev((bl, bl + θ)) + ql,0 + ql,1, and hence under all of C(Ωv).

We shall decompose H 0 further. Write H−1 = C(Ωu)(
⊕

l ql,0H ) and H1 = C(Ωu)(
⊕

l uql,1u∗H ).

Since Ev({bl}) = ql,0 +uql,1u
∗ for each l, it is clear that H 0 = H−1 + H1. Let us show that H−1

is orthogonal to H1. It is enough to show that qk,0fql,1 = 0 for any k, l ∈ Λv and any f ∈ C(Ωu).

Let us show that the positive element qk,0fql,1f
∗qk,0 is zero. Consider the completely positive

linear map

ψ : Bθ 3 a 7→ qk,0aqk,0 ∈ Bθ.
Since qk,0u

nqk,0 = qk,0σ
n(qk,0)un = 0 for any nonzero n, with the same argument as that of

Lemma 5.7 below, one has that

qk,0f(u)qk,0 = (
∫
T
fdµ)qk,0,

where µ is Lebesgue measure on the unit circle. Using the argument as that of Lemma 3.3, one

has that for any ε > 0, there exists a polynomial p(u) such that

‖qk,0fql,1f ∗qk,0 − qk,0fql,1p(u)qk,0‖ ≤ ε.

Since ql,1p(u)qk,0 = 0 and ε is arbitrary, one has that qk,0fql,1f
∗qk,0 = 0, and hence qk,0fql,1 = 0.

Therefore, H−1 ⊥H1.
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For each l, let us show that H−1 and H1 are invariant under ql = Ev((bl, bl + θ)) + ql,0 + ql,1.

An argument similar to the one at the first part of the proof shows that H−1 is invariant under

v, and thus invariant under Ev((bl, bl + θ)). It is clear that H−1 is invariant under ql,0. Since

uql,1u
∗H−1 ⊆ H1 and H−1 ⊥ H1, one has that uql,1u

∗H−1 = {0}, and hence ql,1H−1 = {0}.
Thus, H−1 is invariant under ql. A similar argument also shows that H1 also invariant under ql.

For each l, by the construction, Ev({bl}) = 0 on H0, and thus ql = Ev((bl, bl + θ)). On the

subspace H−1, we have that ql,1 = 0 and thus ql = Ev([bl, bl + θ)); on the subspace H1, we have

that ql,0 = 0 and thus ql = Ev((bl, bl + θ]), as desired. �

Proposition 5.3. With the setting above, the conditional expectation Φu from Bθ to C(Ωu) is

faithful.

Proof. Fix a faithful representation (π,H ) of Bθ and a positive element a ∈ B+
θ with ‖a‖ = 1.

By Lemma 5.2, there is a decomposition

H = H0 ⊕H−1 ⊕H1

such that each Hi (i = −1, 0, 1) is invariant under Bθ, and Ev({bl}) = 0 on H0, ql = Ev([bl, bl+θ))

on H−1 and ql = Ev((bl, bl + θ]) on H1 for any lΛv.

Consider the restriction of π(a) to each invariant subspace. Since π is faithful, for any ε > 0,

there is a unit vector ξ in one of Hi, say H−1, such that ‖π(a)ξ‖ ≥ 1− ε.
Consider the cut-down of π to Hl, and let us still denote the image of π by Bθ. Note that Bθ

is generated by C(Ωu), v, and ql, and so there exists

a′ =
n∑
i=1

ai,1bi,1 · · · ai,kibi,ki

with ai,j ∈ C(Ωu) and bi,j = v or ql such that

‖a− a′‖ ≤ ε.

Noting that ql is the spectral projection Ev([bl, bl + θ)), one has that uriqlu
−ri converges to ql in

the strong operator topology if riθ converges to 1 from the left modulo Z. Therefore, uria′u−ri

converges to a′ in the strong operator topology if riθ converges to 1 from the left modulo Z.

Hence there is a δ > 0 such that

∥∥∥ura′u−rξ − a′ξ∥∥∥ ≤ ε

for any r with rθ ∈ [1− δ, 1] mod Z.
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Therefore, for any integers ri, r2, ..., rn with riθ ∈ [1− δ, 1] mod Z, we have∥∥∥∥∥
n∑
i=1

uriau−ri
∥∥∥∥∥ ≥

∥∥∥∥∥
n∑
i=1

uriau−riξ

∥∥∥∥∥
≥

∥∥∥∥∥
n∑
i=1

uria′u−riξ

∥∥∥∥∥− nε
≥

∥∥∥∥∥
n∑
i=1

a′ξ

∥∥∥∥∥− 2nε

≥
∥∥∥∥∥
n∑
i=1

aξ

∥∥∥∥∥− 3nε

≥ n(1− ε)− 3nε

= n(1− 4ε).

By Theorem 3.12 (with λ = 1), one has that Φu(a) 6= 0, as desired. �

Proof of Theorem 5.1. By Proposition 5.3, the conditional expectations Φu and Φv are faithful.

Therefore the canonical trace Φ = Φu ◦ Φv is faithful. By Corollary 3.9, the C*-algebra Bθ is

simple. �

5.2. The ideal structure of non-simple extended rotation algebras. Consider any ex-

tended rotation algebra Bθ. By Lemma 2.3, there are θ-independent real numbers {ak; k ∈ Λu}
and {bl; l ∈ Λv} such that the algebra is generated by spectral projections pk of u corresponding

to [ak, ak + θ) or (ak, ak + θ], and spectral projections ql of v corresponding to [bl, bl + θ) or

(bl, bl + θ], and minimal projections (might be zero) ek and fl which corresponds to {ak} and

{bl}. Set

Γu = {k ∈ Λu; ek 6= 0}
and

Γv = {l ∈ Λv; fl 6= 0}.
If Γu = Γv = Ø, by Theorem 5.1, the C*-algebra Bθ is simple. Otherwise, the C*-algebra Bθ is

non-simple, since the non-zero minimal projections have zero traces.

Lemma 5.4. If the C*-algebra Bθ is non-simple, then the unique maximal ideal Iθ of Bθ is

generated by its minimal (non-zero) projections.

Proof. By Lemma 2.3, the C*-algebra Bθ is generated by spectral projections corresponding to

half-open intervals and minimal projections. Denote by I ′θ the ideal generated by all the non-

zero minimal projections. Then the quotient C*-algebra Bθ/I ′θ is generated by the image of the

spectral projections corresponding to half-open intervals. Note that these spectral projections

satisfy the relations for extended rotation algebras. Thus, by Theorem 5.1, the quotient C*-

algebra Bθ/I ′θ is simple, and thus I ′θ is a maximal ideal of Bθ.
However, by Corollary 3.7, the ideal

Iθ = {a ∈ Bθ; Φ(a∗a) = 0}
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is the unique maximal ideal. Therefore, we conclude that Iθ = I ′θ, as desired. �

Remark 5.5. From the proof, we have the following short exact sequence:

0 // Iθ // Bθ
π // B′θ // 0,

where B′θ is an extended rotation algebra generated by spectral projections {pk, k ∈ Λu} and

{ql, l ∈ Λv}. Moreover, there is a canonical embedding ι: B′θ → Bθ such that π ◦ ι = idB′
θ
; that

is, this short exact sequence splits.

Remark 5.6. Since the minimal projection with angle ak + mθ is unitarily equivalent to the

minimal projection with angle ak + nθ, the unique maximal ideal Iθ of Bθ contains |Γu| + |Γv|
copies of the C*-algebra of compact operators.

Recall that C(Ωu) and C(Ωv) are the sub-C*-algebras of Bθ generated by {u, vnpkv−n, vnekv−n; k ∈
Λu, n ∈ Z} and {v, unqlu−n, vnflv−n; l ∈ Λv, n ∈ Z} respectively. We have the following lemma.

Lemma 5.7. If p is a minimal projection in C(Ωu) (or C(Ωv)), then

pfp = (
∫
T
fdµ)p

for any f ∈ C(Ωv) (or f ∈ C(Ωu)), where µ is Lebesgue measure on T (consider f as a measurable

function on T).

Proof. Without loss of generality, let us assume that p is a minimal projection in C(Ωu). Since

θ is irrational, for any n ∈ Z \ {0}, we have that p ⊥ σn(p), and therefore,

pvnp = pvnpv−nvn = pσn(p)vn = 0.

Hence,

pf(v)p = 0 for any f ∈ C(T) with
∫
fdµ = 0.

For any f ∈ C(T), we have

0 = p(f(v)−
∫
fdµ)p = pf(v)p− (

∫
fdµ)p,

and therefore

pf(v)p = (
∫
fdµ)p for any f ∈ C(T).

For any spectral projection q in C(Ωv) and any ε > 0, there are two positive continuous

functions f0 and f1 on T such that

f−1(v) ≤ q ≤ f1(v) and 0 ≤
∫

(f1 − f−1)dµ ≤ ε.

Hence, we have

(
∫
f−1dµ)p ≤ pqp ≤ (

∫
f1dµ)p and |

∫
f−1dµ−

∫
f1dµ| ≤ ε,

and therefore pqp = (
∫
qdµ)p. Since C(Ωv) is generated by projections, we have

pfp =
∫
T
fdµp for any f ∈ C(Ωv),

as desired. �
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Corollary 5.8. For any pair of minimal projections p in C(Ωu) and q in C(Ωv), one has that

p ⊥ q.

Proof. By the lemma above, one has

pqp = (
∫
qdµ)p = 0,

and hence p ⊥ q. �

Theorem 5.9. Let p be a minimal projection in C(Ωu) or in C(Ωv). The hereditary sub-C*-

algebra pBθp is isomorphic to C.

Proof. Let us assume that p ∈ C(Ωu). Consider the unital completely positive linear map

Ψ : Bθ → pBθp defined by

Ψ : a 7→ pap.

From Lemma 5.7, it follows that Ψ(a) ∈ Cp for any a ∈ Aθ ⊂ Bθ.
We shall use an argument similar to that of Lemma 3.3 to show that

Ψ(a) ∈ Cp

for any word a = a1 · · · anb1 · · · bm, where ai ∈ {u, v, u∗, v∗} and each bi is a spectral projection of

u or v. Assume that bm is a spectral projection of v. Then, by Lemma 5.7, for any ε > 0, there

is a positive function fm on T such that∥∥∥Ψ((bm − fm(v))2)
∥∥∥ ≤ (

ε

2m
)2.

Therefore, by Lemma 3.2, we have

||Ψ(a1 · · · anb1 · · · bm−1bm)−Ψ(a1 · · · anb1 · · · bm−1fm(v))|| ≤ ε

m
.

Without loss of generality, we may assume that fm(v) =
∑l
i=−l civ

i. Then we have

Ψ(a1 · · · anb1 · · · bm−1fm(v)) =
l∑

i=−l
ciΨ(a1 · · · anb1 · · · bm−1v

i)

=
l∑

i=−l
ciΨ(a1 · · · anb1 · · · viσ−i(bm−1))

where σ is the canonical action on C(Ωu). Since Ψ is a point evaluation on C(Ωu), there is a

positive function fm−1 on T such that for any −l ≤ i ≤ l, one has

||Ψ(a1 · · · anb1 · · ·uiσ−i(bm−1))−Ψ(a1 · · · anb1 · · ·uiσ−i(fm−1(v)))|| ≤ ε

m(2l + 1)|ci|+ 1
,
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and hence

||Ψ(a1 · · · anb1 · · · bm−1fmv)−Ψ(a1 · · · anb1 · · · fm−1(u)fmv)||

= ||
l∑

i=−l
ciΨ(a1 · · · anb1 · · · viσ−i(bm−1))−

l∑
i=−l

ciΨ(a1 · · · anb1 · · · viσ−i(fm−1(v)))||

= ||
l∑

i=−l
ci(Ψ(a1 · · · anb1 · · · viσ−i(bm−1))−Ψ(a1 · · · anb1 · · · viσ−i(fm−1(v))))||

≤ ε

m
.

Repeating the argument above, we obtain positive functions f1, · · · , fm on T such that

||Ψ(a1 · · · anb1 · · · bifi+1(u)) · · · fm(v)−Ψ(a1 · · · anb1 · · · fi(v)fi+1(u)) · · · fm(v))|| ≤ ε

m
.

Therefore, we have

||Ψ(a1 · · · anb1 · · · bm)−Ψ(a1 · · · anf1(u) · · · fm(v))|| ≤ ε.

Noting that Ψ(a1 · · · anf1(u) · · · fm(v)) ∈ Cp and that ε is arbitrary, we have

Ψ(a) ∈ Cp.

Hence Ψ(Bθ) = Cp. Noting that Ψ : Bθ → pBθp is surjective, we have that pBθp is isomorphic

to C, as desired. �

For any k ∈ Γu and l ∈ Γv, denote by Iu,k and Iv,l the ideals of Bθ generated by ek and fl
respectively. Let K denote the C*-algebra of compact operators on a separable Hilbert space.

Corollary 5.10. The ideals Iu,k and Iv,l are isomorphic to K.

Proof. Since the ideal Iu,k is generated by the minimal projection ek, by Brown’s theorem

([Bro77]), Iu,k is stably isomorphic to ekBθek. By Corollary 5.9, the C*-algebra ekBθek is isomor-

phic to C, and hence Iu,k is isomorphic to K. Similar arguments apply to the other ideals. �

Corollary 5.11. The ideals Iu,k, Iv,l, k ∈ Γu, l ∈ Γv are orthogonal to each other.

Proof. For any pair i, j ∈ Γu with i 6= j and any element a ∈ Bθ, consider the element eiaej.

From the argument of Theorem 5.9, the element

(eiaej)(eja
∗ei) = eiaeja

∗ei

can be approximated arbitrarily close by an element in the form of eiaejbei for some b in the

sub-C*-algebra Aθ. It is clear that the latter element is zero, and hence eiaej = 0 for any a ∈ Bθ.
Therefore, we have Iu,iIu,j = 0, as desired.

Similar arguments show that the ideal Iv,i is orthogonal to the ideal Iv,j with i, j ∈ Γv and

i 6= j, and Iu,k orthogonal to Iv,l. �

Let {αk; k ∈ Γu} and {βl; l ∈ Γv} be a collection of strictly positive numbers such that∑
k∈Γu αkek and

∑
l∈Γv βlfl converge in norm. Then we have the following corollary.
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Corollary 5.12. The hereditary sub-C*-algebra of Bθ generated by
∑
k∈Γu αkek +

∑
l∈Γv βlfl is

isomorphic to
⊕
|Γu|+|Γv |C.

Proof. By Theorem 5.9 and Corollary 5.11, for any a ∈ Cθ, we have

(
∑
k∈Γu

αkek +
∑
l∈Γv

βlfl)a(
∑
k∈Γu

αkek +
∑
l∈Γv

βlfl) ∈ (
⊕
k∈Γu

Cek)⊕ (
⊕
l∈Γv

Cfl),

as desired. �

Corollary 5.13. The canonical ideal Iθ of Bθ is isomorphic to
⊕
|Γu|+|Γv |K.

Proof. By Lemma 5.4, the canonical ideal Iθ is generated by the mutually orthogonal minimal

projections {ek, fl; k ∈ Γu, l ∈ Γv}, and thus is generated by γ =
∑
k∈Γu αkek +

∑
l∈Γv βlfl. Hence

by Brown’s theorem, the ideal Iθ is stably isomorphic to the hereditary sub-C*-algebra γBθγ.

However, by Corollary 5.12, γBθγ is isomorphic to
⊕
|Γu|+|Γv |C, and therefore, Iθ is isomorphic

to
⊕
|Γu|+|Γv |K. �

Remark 5.14. By Corollary 5.13, the short exact sequence of Remark 5.5 can be written as

0 //
⊕
|Γu|+|Γv |

K // Bθ
π

// B′θ
ιoo // 0.

6. A remark on the universality of extended rotation algebras

In this section, we shall make a remark on the extended rotation algebras without non-zero

minimal projections (equivalently, the simple extended rotation algebras). We shall show that

any automorphism of a such irrational extended rotation algbebra is in fact determined by its

restriction to the rotation algebra (Corollary 6.3).

Theorem 6.1. Let Bθ be a simple extended rotation algebra and φ be an endomorphism of Bθ
such that φ(u) = u and φ(v) = v, where u and v are the canonical unitaries of Bθ. Then φ = id.

Proof. it is enough to show that any spectral projection is fixed by φ. Let us consider the spectral

projection p of u corresponding to an interval I. For any ε > 0, pick continuous functions f and

g in C(T) such that f(u)p = p, g(u)p = g(u) and τ((f(u)− g(u))2) ≤ ε, where τ is the canonical

tracial state of Bθ. Since φ(u) = u and φ(v) = v, one has

f(u)φ(p) = φ(p) and g(u)φ(p) = g(u).

Hence

φ(p)− p = f(u)(φ(p)− p)
= (f(u)− g(u) + g(u))(φ(p)− p)
= (f(u)− g(u))(φ(p)− p) + g(u)(φ(p)− p)
= (f(u)− g(u))(φ(p)− p),

and

τ((φ(p)− p)2) ≤ τ((f(u)− g(u))2) ≤ ε.

Since ε is arbitrary, one has that τ((φ(p)− p)2) = 0. Since τ is faithful, one has that φ(p) = p,

as desired. �
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Corollary 6.2. The extended rotation algebra Bθ with cutting points {ak; k ∈ Λu} on u and

cutting points {bl; l ∈ Λv} on v has the following universal property: For any C*-algebra B

generated by {u, v, hu,k, hv,l; k ∈ Λu, l ∈ Λv} with

(1) uu∗ = u∗u = vv∗ = v∗v = 1,

(2) ‖hu,k‖ = ‖hv,l‖ = 1 for each k, l,

(3) uv = e2πiθvu,

(4) u = e2πi(hu+k+ak), and v = e2πi(hv+l+bl) for each k, l,

there is a unique surjective homomorphism φ : Bθ → B sending the canonical unitaries to u and

v respectively.

Proof. It follows from Theorem 2.9 and Theorem 6.1. �

Corollary 6.3. Let α and β be two automorphisms of the extended rotation algebra Bθ above.

If α(a) = β(a) for any a ∈ Aθ ⊆ Bθ, then α = β.

7. Nuclearity of extended rotation algebras

In this section, we shall show that any extended rotation algebra is nuclear. Let us first consider

any extended rotation algebra Bθ without non-zero minimal projections. Denote by {ak; k ∈ Λu}
and {bl; l ∈ Λv} the cutting points, and pk and ql the spectral projections corresponding to half

open intervals from ak to ak + θ and from bl to bl + θ respectively.

Recall that for any C*-algebra D and any C*-algebra tensor product Bθ ⊗ D, we have con-

structed completely positive linear maps Ψu and Ψv from Bθ ⊗ D to D in Section 4. We shall

use Proposition 4.3 to show that the maps Ψu and Ψv are faithful. Hence by Lemma 4.2, the

C*-algebra Bθ is nuclear.

Let D be a unital C*-algebra, and let Bθ ⊗D be any C*-algebra tensor product. Let π be a

faithful representation of Bθ ⊗D on a Hilbert space H . Then the restriction of π to Bθ or D is

a representation of Bθ or D on H ; denote these representations by π1 and π2 respectively. Note

that π1(Bθ) and π2(D) commute with each other.

By Lemma 5.2, the space H has a decomposition

H = H−1 ⊕H0 ⊕H1

such that each Hi (i = −1, 0, 1) is invariant under Bθ, and Ev({bl}) = 0 on H0, ql = Ev([bl, bl+θ))

on H−1, and ql = Ev((bl, bl + θ]) on H1. Let us first show that these subspaces are also invariant

under D.

Lemma 7.1. The subspaces of the decomposition

H = H−1 ⊕H0 ⊕H1

of Lemma 5.2 with respect to the representation π1 of Bθ on H are invariant under D.

Proof. For convenience, let us identify the C*-algebras Bθ and D with their images in B(H ), and

let us use the notation of the proof of Lemma 5.2. Recall that H0 is defined as the orthogonal
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complement of the subspace

H 0 = C(Ωu)(
⊕
k

Ev({bl})H ).

For any d ∈ D, since d commutes with v, it also commutes with each Ev({bl}). For any ξ ∈H
and any f ∈ C(Ωu), since d commutes with Bθ, we have

d(f(Ev({bl})ξ)) = f(d(Ev({bl})ξ)) = f(Ev({bl})(dξ)) ∈H 0.

Therefore, H 0 is invariant under D, and hence H0 is invariant under D.

Recall the definitions

H−1 = C(Ωu)(
⊕
l

ql,0H ) and H1 = C(Ωu)(
⊕
l

uql,1u∗H )

from the proof of Lemma 5.2. In order to show that Hl and Hr are invariant under D, we shall

show that each projections ql,0 and uql,1u
∗ commute with D.

For any d ∈ D, since d commutes with the canonical unitary v, it also commutes with the

spectral projections q′ = Ev([bl, bl + θ/2)) and q′′ = Ev((bl, bl + θ/2)). Recall that the projection

ql can be written as ql = Ev((bl, bl + θ)) + ql,0 + ql,1, where ql,0, and ql,1 are subprojections of

Ev({bl}) and Ev({bl + θ}) respectively. It follows that d commutes with the element qq′ and

qq′ = (Ev((bl, bl + θ)) + ql,0 + ql,1)Ev([bl, bl + θ/2)) = Ev((bl, bl + θ/2)) + q0 = q′′ + ql,0,

and hence d commutes with the projection ql,0. A similar argument also shows that d commutes

with the projection ql,1. Therefore, the projections ql,0 and uql,1u
∗ commute with D, and the

subspaces H−1 and H1 are invariant under D, as desired. �

We have the following immediate corollary.

Corollary 7.2. Let π be a representation of Bθ ⊗D on a Hilbert space H . There is a decom-

position

H = H−1 ⊕H0 ⊕H1

such that each Hi (i = −1, 0, 1) is invariant under Bθ ⊗ D, and Ev({bl}) = 0 on H0, ql =

Ev([bl, bl + θ)) on H−1 and ql = Ev((bl, bl + θ]) on H1.

With this corollary, let us show the main result of this section.

Proposition 7.3. Let D be any unital C*-algebra, and Bθ ⊗D the completion of the algebraic

tensor product Bθ⊗̇D with respect to an arbitrary pre-C*-algebra norm || · ||. Then, for any non-

zero a ∈ (Bθ⊗D)+, one has that Ψu(a) 6= 0, where Ψu is the conditional expectation constructed

in Section 4.

Proof. We may assume that ||a|| = 1. Let us show that a satisfies Proposition 4.3. That is, there

exists λ > 0 such that for any ε > 0, there exists δ > 0 such that

||
n∑
i=1

U riaU−ri || ≥ nλ(1− ε)

for any integers {ri}ni=1 with riθ ∈ [−δ, 0] mod Z, or for any integers {ri}ni=1 with riθ ∈ [0, δ]

mod Z.
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The proof is the same as that of Proposition 5.3. Let π be a faithful representation of Bθ ⊗D
on a Hilbert space H . By Corollary 7.2, there is a decomposition

H = H−1 ⊕H0 ⊕H1

such that each subspace is invariant under Bθ ⊗ D, and for each l ∈ Λv, Ev({bl}) = 0 on H0,

ql = Ev([bl, bl + θ)) on H−1, and ql = Ev((bl, bl + θ]) on H1. Since π is faithful, there is a unit

vector ξ in one of Hi, say H−1, such that ‖π(a)ξ‖ > 1− ε.
Consider the representation obtained from π by cutting down to the invariant subspace Hl,

and denote this by π−1. Since π−1(ql) = Eπ−1(v)([bl, bl + θ)), we have that π−1(urqlu
−r) converges

to π−1(ql) in the strong operator topology if rθ converges to 1 from the left side modulo Z. The

argument of Proposition 5.3 shows that there is a δ > 0 such that∥∥∥π−1(U raU−r)ξ − π−1(a)ξ
∥∥∥ ≤ ε

for any r with rθ ∈ [1− δ, 1] mod Z.
Therefore, for any integers r1, r2, ..., rn with riθ ∈ [1− δ, 1] mod Z, we have∥∥∥∥∥

n∑
i=1

U riaU−ri
∥∥∥∥∥ ≥

∥∥∥∥∥
n∑
i=1

π−1(U riaU−ri)

∥∥∥∥∥
≥

∥∥∥∥∥
n∑
i=1

π−1(U riaU−ri)ξ

∥∥∥∥∥
≥ n(1− 2ε).

Therefore, by Proposition 4.3 (with λ = 1), we have Ψ(a) 6= 0, as desired. �

By Lemma 4.2, we get the following theorem immediately.

Theorem 7.4. The C*-algebra Bθ is nuclear if it does not contain any non-zero minimal pro-

jection.

Since any extended rotation algebra is an extension of an extended rotation algebra with-

out non-zero minimal projections by the algebra of compact operators (Remark 5.14), and the

property of nuclearity persists under passage to extensions, one has the following corollary.

Corollary 7.5. Any extended rotation algebra is nuclear.

8. Continuous field structure and AF structure

In the remaining part of the paper, we shall focus on the extended rotation algebra Bθ with only

one cutting point for each canonical unitary, that is, only the spectral projections p = Eu([−θ, 0))

and q = Ev([0, θ)) are through in. We shall show that there is a dense Gδ set U ⊆ [0, 1] such

that for any θ ∈ U , the extended rotation algebra Bθ is AF.

First, let us consider rational extended rotation algebras.
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8.1. Rational extended rotation algebras. Let m and n be a pair of relatively prime natural

numbers. Recall that the rational rotation algebra An/m can be identified with the sub-C*-algebra

of Mm(C(T2)) generated by the following two unitaries (see [Boc01]):

u : (z1, z2) 7→



0 z1 · · · · · · 0

0 0 z1 · · · 0
...

...
...

. . .
...

0 0 0 · · · z1

z1 0 0 · · · 0


and

v : (z1, z2) 7→ diag(z2, z2ω, z2ω
2, · · · , z2ω

m−1)

where ω = e2πin/m.

Consider Mm(C(T2)) as a sub-C*-algebra of the von Neumann algebra Mm(L∞(T2)), and

therefore consider the rotation algebra An/m as a sub-C*-algebra of the von Neumann algebra

Mm(L∞(T2)). Denote the spectral projections Eu((−n/m, 0]) and Ev([0, n/m)) by p and q re-

spectively. Let us consider the C*-algebra generated by An/m and the spectral projections p and

q in Mm(L∞(T2)).

Definition 8.1. The (provisional) rational extended rotation algebra Bn/m is the sub-C*-algebra

of Mm(L∞(T2)) generated by u, v, p, and q.

Remark 8.2. Note that any probability measure on T2 induces a tracial state of the rational

extended rotation algebra Bn/m by integration, and it is faithful if the support of this probability

measure is T2.

8.2. A field of extended rotation algebras. Let θ ∈ [0, 1), and let uθ and vθ denote the

canonical unitaries satisfying

uθvθ = e2πiθvθuθ.

Let pθ denote the spectral projection Eu((−θ, 0]) and qθ the spectral projection Ev([0, θ)). Let

us denote by Bθ the extended rotation algebra generated by {uθ, vθ, pθ, qθ}. We shall construct a

field of C*-algebras over the interval with fibres {Bθ}θ∈[0,1).

Consider the families of operators (vkθpθv
−k
θ ), (ukθqθu

−k
θ ), (uθ), (vθ), and their adjoints. Then

the sections ∑
k

fk(θ)a
(k)
1 · · · a

(k)
l ,

where a
(k)
i is one of the families of operators above, and fk is a continuous scalar-valued function

on T, form a *-algebra in a natural way. Denote it by B′. Note that there is a evaluation map

πθ from B′ to Bθ for any θ.

Define a norm || · || on B′ by

||
∑
k

fk(θ)(a
(k)
1 ) · · · (a(k)

n )|| := sup
θ∈[0,1)

||πθ(
∑
k

fk(θ)(a
(k)
1 ) · · · (a(k)

n ))||Bθ .
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It is easy to verify that || · || satisfies the C*-algebra identity. Thus, the completion of B′ with

respect to || · ||, denoted by B, is a C*-algebra. The map πθ : B′ → Bθ can be extended to

surjective *-homomorphism πθ : B → Bθ.
In this way, the C*-algebras Bθ form a field of C*-algebras (Bθ) over the unit circle T. In what

follows, we shall study the continuity of this field, and show that for any section a ∈ B, the

function θ 7→ ||πθ(a)|| is continuous at irrational points.

Remark 8.3. Note that if we only consider the subfield A of B generated by sections (uθ) and

(vθ), the field A is a continuous field of C*-algebras with fibre the rotation algebra Aθ. Moreover,

if we denote the canonical tracial state of Aθ by τθ (if θ is rational, then take τθ to be the integral

with respect to Lebesgue measure on T2), then the function θ 7→ τθ(πθ(a)) is continuous for any

section a of A. (See [Ell82].)

8.3. Lower semicontinuity. Denote by τθ the canonical tracial state of Bθ (if θ is rational,

then take τθ to be the integral with respect to Lebesgue measure). We then have

Lemma 8.4. τθ(πθ(a)) is continuous with respect to θ for any section a ∈ B.

Proof. By linearity and continuity, we only need to prove the statement for a = a1 · · · an where

ai ∈ {(uθ), (vθ), (u∗θ), (v∗θ), (pθ), (qθ)}. For any θ0 and any ε > 0, there are continuous functions

p′θ0 and q′θ0 defined on the unit circle, and δ1 > 0, such that if one substitutes p′θ0(u) for pθ and

q′θ0(u) for qθ, and denotes the modified sequence a1, ..., an by a′1, ..., a
′
n, then

|τθ′(a1 · · · an)− τθ′(a′1 · · · a′n)| < ε

3

for any |θ′ − θ0| < δ1.

Since πθ(a
′
i) ∈ Aθ, the section a′1 · · · a′n is in the field of rotation algebras (Aθ), and therefore

τθ(πθ(a
′
1 · · · a′n)) is continuous with respect to θ by Remark 8.3. Hence there exists δ2 > 0 such

that

|τθ′(a′1 · · · a′n)− τθ0(a′1 · · · a′n)| < ε

3
if |θ′ − θ0| < δ2. Then for any θ′ with |θ′ − θ0| < min(δ1, δ2), we have

|τθ′(a1 · · · an)− τθ0(a1 · · · an)| < |τθ′(a′1 · · · a′n)− τθ0(a′1 · · · a′n)|+ 2ε

3
< ε,

as desired. �

Proposition 8.5. The field (Bθ) is lower semicontinuous.

Proof. By the continuous functional calculus, it is enough to show that for any section a of (Bθ),
if the sequence (θn) converges to θ, and πθn(a) = 0, then πθ(a) = 0.

Since πθn(a) = 0, it follows that τθn(πθn(aa∗)) = 0. By Lemma 8.4,

τθ(πθ(a)) = lim τθn(πθn(a)) = 0.

Since τθ is faithful on Bθ, we have that πθ(aa
∗) = 0 which implies πθ(a) = 0. �
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8.4. Upper semicontinuity. We shall study the upper semicontinuity of the field of C*-algebras

(Bθ). The sections of (Bθ) are not always continuous; for example, the section

n1− (
m−1∑
i=0

viθpθv
−i
θ )

is not continuous at the point n/m. However, we shall show that the field (Bθ) is continuous at

any irrational point.

By analogy with the construction of the field (Bθ) (and in fact as a subfield of this field),

let us construct an auxiliary field of commutative C*-algebras (Ωu
θ ) where Ωu

θ is the C*-algebra

generated by {uθ, vnθ pθv−nθ ; n ∈ Z}. (Note that the unitary uθ is in the C*-algebra generated by

{vnθ pθv−nθ } if θ is an irrational number.) It is easy to see that the spectrum of Ωu
θ is the Cantor

set if θ is irrational, and is the union of disjoint intervals if θ = n/m with (n,m) = 1.

The field of C*-algebras (Ωu
θ ), by definition, is generated by the sections

θ → f(θ)a1a2

where a1, a2 ∈ {(unθ )θ, (v
n
θ pθv

−n
θ )θ; n ∈ Z} and f is a continuous function on T. Let πθ denote

the projection map from (Ωu
θ ) to Ωu

θ .

Lemma 8.6. The field (Ωu
θ ) is continuous at any irrational point.

Proof. Let a be a section of (Ωu
θ ), and let θ0 be a irrational point. It is enough to show that if

πθ0(a) = 0, then for any ε > 0, there exists δ > 0 such that

‖πθ(a)‖ < ε

for any θ with |θ − θ0| < δ.

Note that a can be approximated by a finite sum

a′ =
K∑
k=1

ck(θ)(u
nk
θ )(pk1) · · · (pkmk),

where the ck are continuous functions on T, and each (pkmj) is one of the sections of projections

(vnθ pθv
−n
θ )θ, n ∈ Z. We may assume that

‖a− a′‖ < ε/4.

Since πθ0(a) = 0, one has in particular that ‖πθ0(a′)‖ < ε/4.

Note that at each point θ, πθ(a
′) can be simplified as

πθ(a
′) =

mθ∑
i=1

(ci1(θ)uni1θ + · · ·+ ciji(θ)u
niji
θ )Pi,

where the Pi are mutually orthogonal projections in Ωu
θ , and the family (cij) is a certain re-

arrangement of the continuous functions (ck).

Since the projection vkθpθv
−k
θ is the spectral projection in L∞(T) of the unitary uθ corresponding

to the set [kθ, (k+1)θ), the projection Pi is a spectral projection of the unitary uθ corresponding

to the set [mθ, nθ) for certain integers m and n. Let us consider each commutative C*-algebra Ωu
θ
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as the sub-C*-algebra of L∞(T) generated by the canonical unitary and its spectral projections

{χ[kθ,(k+1)θ); k ∈ Z}.
Note that the mutually orthogonal projections {Pi} induce a partition of the circle T. Denote

by {Ti,θ; i = 1, · · · ,mθ+1} the partition with Ti,θ corresponding to Pi, and Tmθ+1,θ corresponding

to the complement of the sum of Pi (if the complement is zero, then, Tmθ+1,θ is empty). Then

πθ(a
′) can be considered as a continuous function on the partition; in other words,

πθ(a
′) = (a′1,θ, · · · , a′mθ+1,θ) ∈ C([0, 1])⊕ · · · ⊕ C([0, 1])

where each copy of [0, 1] corresponds to a piece of the partition of T, and a′i,θ = ci1(θ)uni1 + · · ·+
ciji(θ)u

niji .

Since θ0 is irrational, there exists δ > 0 such that for any θ with |θ − θ0| < δ, one has that

mθ = mθ0 , and each piece Ti,θ of the partition corresponding to θ only changes slightly from

the piece Ti,θ0 (these sets are subintervals of the circle). Therefore, since uθ corresponds to the

canonical generator of C(T) which is a continuous function on the circle, and the functions cij
are continuous, by choosing δ sufficiently small, we may assume that for any |θ − θ0| < δ,∣∣∣∥∥∥a′i,θ∥∥∥− ∥∥∥a′i,θ0∥∥∥∣∣∣ < ε/2 for any i = 1, · · · ,mθ.

Hence, we have

‖πθ(a′)− πθ0(a′)‖ < ε/2

for any θ with |θ − θ0| < δ. Therefore,

‖πθ(a)‖ < ‖πθ(a′)‖+ ε/4 < ‖πθ0(a′)‖+ 3ε/4 < ε

holds for any θ with |θ − θ0| < δ, as desired. �

In the same way, the sections {(vθ), (unθ qθu−nθ )} generate a field of C*-algebras (Ωv
θ). Similar

arguments show that the field (Ωv
θ) is continuous at irrational points. (Alternatively, the fields

corresponding to u and v are isomorphic.)

For any irrational number θ0, set

I ′θ0 = {a ∈ (Ωu
θ );πθ0(a) = 0}

and

J ′θ0 = {b ∈ (Ωv
θ); πθ0(b) = 0}.

Denote by B the universal C*-algebra generated by the sections of (Ωu
θ ) and (Ωv

θ) with respect

to the relations

(uθ)(bθ)(u
∗
θ) = (σθ(bθ))

and

(vθ)(aθ)(v
∗
θ) = (σ−1

θ (aθ)),

where (aθ) and (bθ) are sections of (Ωu
θ ) and (Ωv

θ) respectively. There exists a canonical surjective

homomorphism ψ : B → B, such that the composition map

πθ0 ◦ ψ : B → Bθ0
sends I ′θ0 and J ′θ0 to zero.
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However, the quotient C*-algebra B/Ideal(I ′θ0 , J
′
θ0

) is generated by the canonical unitaries and

their spectral projections corresponding to the half-open intervals. Therefore, it is a simple

C*-algebra by Theorem 5.1, and is isomorphic to Bθ; in particular, one has

Ideal(I ′θ0 , J
′
θ0

) = ker(πθ0 ◦ ψ).

Let c be a section of (Bθ). If πθ0(c) = 0, then any pre-image c′ of c in B is in ker(πθ0 ◦ ψ), and

thus c lies inside the image of Ideal(I ′θ0 , J
′
θ0

). Without loss of generality, we may assume that

c′ =
n∑
i=1

xiaiyi +
m∑
j=1

gjbjhj

where ai ∈ I ′θ0 , bj ∈ J
′
θ0

, and xi, yi, gj, hj ∈ B. Hence we have

‖πθ ◦ ψ(c′)‖ ≤
n∑
i=1

‖xi‖ ‖yi‖ ‖πθ(ai)‖+
m∑
j=1

‖gj‖ ‖hj‖ ‖πθ(bj)‖ .

Since πθ0(ai) = 0 and πθ0(bj) = 0, and the sections of (Ωu
θ ) and (Ωv

θ) are continuous at irrational

points by Lemma 8.6, we have that for any ε > 0, there is δ > 0 such that

‖πθ ◦ ψ(c′)‖ < ε for any θ with |θ − θ0| < δ.

In particular, one has

‖πθ(c)‖ < ε for any θ with |θ − θ0| < δ.

By the continuous functional calculus, the field (Bθ) is upper semicontinuous at θ0.

Proposition 8.7. The field (Bθ) is upper semicontinuous at irrational points.

Together with Proposition 8.5, we have the following theorem.

Theorem 8.8. The field of C*-algebras (Bθ) is continuous at irrational points.

8.5. An upper semicontinuous field of C*-algebras. Since the field (Bθ) constructed in the

last subsection is not upper semicontinuous at rational points, we cannot get any information

on the structure and the K-theory of the irrational extended rotation algebras from the fibres at

rational points. In this subsection, we shall construct new rational fibres, to obtain a new field

of C*-algebras, still denoted by (Bθ)—we trust that, since the irrational fibres will be exactly the

same, there will be no confusion—, which is upper semicontinuous. In the remaining part of the

paper, we shall show that the rational fibres of this field are approximate dimension drop circle

algebras, and hence using the upper semicontinuous field structure and the classification theorem

for simple inductive limits of dimension drop circle algebras, we shall show that for generic θ,

the C*-algebra Bθ is an AF-algebra with

(K0(Bθ),K+
0 (Bθ), [1Bθ ]) ∼= (Z+ θZ, (Z+ θZ) ∩ R+, 1).

Recall that the fields (Ωu
θ ) and (Ωv

θ) of commutative C*-algebras are continuous at irrational

points, and not continuous at rational points (even not upper semicontinuous). For each θ ∈ [0, 1],

let us define

Iθ := {a ∈ (Ωu
θ ); lim

θ′→θ
(πθ′(a)) = 0}



EXTENDED ROTATION ALGEBRAS 37

and

Jθ := {b ∈ (Ωv
θ); lim

θ′→θ
(πθ′(b)) = 0}.

Denote by Ωu and Ωv the C*-algebras of the fields (Ωu
θ ) and (Ωv

θ) respectively. Then, for any

θ, consider the C*-algebras

Ω̃u
θ = Ωu/Iθ

and

Ω̃v
θ = Ωv/Jθ.

Remark 8.9. By Lemma 8.6, one has that Ω̃u
θ = Ωu

θ and Ω̃v
θ = Ωv

θ for irrational θ. However, for

rational θ, the C*-algebras Ωu
θ and Ωv

θ are only quotient C*-algebras of Ω̃u
θ and Ω̃v

θ respectively.

Remark 8.10. The C*-algebra Ω̃u
θ is generated by the images of the sections

{(uθ), (vθ)k(pθ)(vθ)−k; k ∈ Z}.

In the sequel, let us denote by u and pk the images of (uθ) and (vθ)
k(pθ)(vθ)

−k in Ω̃u
θ , and by

v and qk denote the images of (vθ) and (uθ)
k(qθ)(uθ)

−k in Ω̃v
θ, if there is no confusion with the

C*-algebras of sections generated by u and pk and by v and qk, respectively.

Consider the fields of C*-algebra with (Ω̃u
θ ) and (Ω̃v

θ). We then have the following lemma.

Lemma 8.11. The fields of C*-algebras (Ω̃u
θ ) and (Ω̃v

θ) are upper semicontinuous.

Proof. For any c ∈ Ωu, if πθ(c) = 0, then c ∈ Iθ. By the construction of Iθ, for any ε > 0, there

exists δ > 0 such that ‖πθ′(c)‖ ≤ ε for any θ′ with |θ′ − θ| ≤ δ. By the continuous functional

calculus, it follows that the field (Ω̃u
θ ) is upper semicontinuous. The argument same as above

applies to the field (Ω̃v
θ). �

Definition 8.12. For each θ, denote by Bθ the universal C*-algebra generated by Ω̃u
θ and Ω̃v

θ

with the relations

(1) uv = e2πiθvu,

(2) vpkv
∗ = pk+1, and

(3) uqku
∗ = qk+1.

Remark 8.13. It is clear that for irrational θ, the C*-algebra Bθ defined above is exactly the

irrational extended rotation algebra. Therefore, we use the same notation. But for θ rational,

the algebra is different from the rational extended rotation algebra defined in 8.1. (We use the

same notation because the present choose of fibre seems much more appropriate.)

Definition 8.14. For each θ, denote by Euθ the universal C*-algebra generated by Ω̃u
θ and v with

the relations

(1) vv∗ = v∗v = 1,

(2) uv = e2πiθvu, and

(3) vpkv
∗ = pk+1,

and denote by Evθ the universal C*-algebra generated by Ω̃v
θ and u with the relations

(1) uu∗ = u∗u = 1,
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(2) uv = e2πiθvu, and

(3) uqku
∗ = qk+1.

Remark 8.15. By definition, the C*-algebra Bθ is canonically isomorphic to the amalgamated

free product Euθ ∗Aθ Evθ . (See [Tho03]. We are indebted to Hanfeng Li for this observation; cf.

Remark 8.28 below.)

Consider the field of C*-algebras (Bθ) with sections {(uθ), (pk), (vθ), (qk); k ∈ Z}, or, rather,

with the *-algebra of sections generated by these.

Theorem 8.16. The field of C*-algebras (Bθ) is upper semicontinuous.

Proof. Denote by B the C*-algebra of (Bθ). Consider the universal C*-algebra B generated by

the fundamental sections of (Ω̃u
θ ) and (Ω̃v

θ) with the relations

(1) (uθ)(vθ) = e2πiθ(vθ)(uθ),

(2) (vθ)(pk)(vθ)
∗ = (pk+1), and

(3) (uθ)(qk)(uθ)
∗ = (qk+1).

Then, there is a surjective map ψ : B → B sending each generator of B to the corresponding

element of B.

Fix θ0. Set

I ′θ0 := {a ∈ (Ω̃u
θ ); πθ0(a) = 0}

and

J ′θ0 := {b ∈ (Ω̃v
θ); πθ0(b) = 0}.

Consider the map πθ0 ◦ ψ : B → Bθ0 . It is clear that

Ideal(I ′θ0 , J
′
θ0

) ⊆ ker(πθ0 ◦ ψ).

On the other hand, the C*-algebra B/Ideal(I ′θ0 , J
′
θ0

) is generated by {uθ0 , pk, vθ0 , qk; k ∈ Z} with

the relations of Definition 8.12. Therefore, by the universality of Bθ0 , we have

Ideal(I ′θ0 , J
′
θ0

) = ker(πθ0 ◦ ψ).

Thus, if c is a section in (Bθ) with πθ0(c) = 0, then c = ψ(c′) for some c′ ∈ Ideal(I ′θ0 , J
′
θ0

).

Therefore, without loss of generality, we may assume that

c′ =
n∑
i=1

xiaiyi +
m∑
j=1

gjbjhj

where ai ∈ I ′θ0 , bj ∈ J
′
θ0

, and xi, yi, gj, hj ∈ B. Hence we have

‖πθ ◦ ψ(c′)‖ ≤
n∑
i=1

‖xi‖ ‖yi‖ ‖πθ(ai)‖+
m∑
j=1

‖gj‖ ‖hj‖ ‖πθ(bj)‖ .

Since πθ0(ai) = 0 and πθ0(bj) = 0, and the sections of (Ω̃u
θ ) and (Ω̃v

θ) are upper semicontinuous

by Lemma 8.11, we have that for any ε > 0, there is δ > 0 such that

‖πθ ◦ ψ(c′)‖ < ε for any θ with |θ − θ0| < δ.
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In particular, one has

‖πθ(c)‖ < ε for any θ with |θ − θ0| < δ,

as desired. �

8.6. Structure of the rational fibres. By Remark 8.13, we have that (Bθ) has the irrational

extended rotation algebra as irrational fibre. For a rational n/m with (n,m) = 1, the fibre

C*-algebra Bn/m is not the rational extended rotation algebra defined by 8.1. Let us consider

the ideal of Bn/m generated by {p(1), p(−1), q(1), q(−1)}, where

p(1) = p0(vm+1p0v
−m−1), p(−1) = p0(vm−1p0v

−m+1),

and

q(1) = q0(um+1q0u
−m−1), q(−1) = q0(um−1q0u

−m+1).

Lemma 8.17. The projections p(1) and p(−1) have the properties

(1) for any k 6= 0, (vkp(1)v−k)p(1) = 0,

(2) for any k 6= 0, (vkp(−1)v−k)p(−1) = 0,

(3) for any k ∈ Z, (vkp(1)v−k)p(−1) = 0,

(4) for any continuous function f ∈ C(T) with f(e2πin/m) = 0 one has that p(1)f(u) = 0, and

(5) for any continuous function f ∈ C(T) with f(1) = 0 one has that p(−1)f(u) = 0.

Proof. We only prove Property 1, Property 3, and Property 4. Property 2 and Property 5 can

be proved in a similarly way.

Consider the section (p(1)) = (pθ)(v
m+1
θ pθv

−m−1
θ ) ∈ (Ωu

θ ). Then p(1) is the image of (p(1)) in

Ω̃u
n/m. Consider the section (v−kθ )(p(1))(vkθ )(p(1)) consisting of the spectral projection correspond-

ing to the interval

[(m+ 1)θ, θ) ∩ [(m+ 1)θ + kθ, θ + kθ),

where [a, b) is empty if a > b mod Z. Noting that this half-open interval on the circle is

eventually empty if θ → n/m, one sees

(v−kθ )(p(1))(vkθ )(p(1)) ∈ In/m
for any k 6= 0, and therefore Property 1 holds.

Since the projection p(1) comes from the section of spectral projections [(m + 1)θ, θ), one

has that gp(1) = p(1) for any continuous function g ∈ C(T) with g(e2πti) = 1 for any t ∈
[n/m − δ, n/m + δ] for some δ > 0. Since f(e2πin/m) = 0, for any ε > 0, there is δ > 0 such

that |f(e2πti)| < ε for any t ∈ [n/m− δ, n/m + δ]. Choosing g ∈ C(T) with g(e2πti) = 1 for any

t ∈ [n/m− δ/2, n/m+ δ/2] and g(e2πti) = 0 for any t in the complement of (n/m− δ, n/m+ δ),

we then have ∥∥∥f(u)p(1)
∥∥∥ =

∥∥∥f(u)g(u)p(1)
∥∥∥ ≤ ‖f(u)g(u)‖

∥∥∥p(1)
∥∥∥ < ε.

Since ε is arbitrary, one has that f(u)p(1) = 0, and so Property 4 holds.

To verify Property 3, it is enough to note that the fibre of the section (p(1)) = (pθ)(v
m+1
θ pθv

−m−1
θ )

is eventually zero if θ → n/m counter-clockwise, and the fibre of the section (p(−1)) = (pθ)(v
m−1
θ pθv

−m+1
θ )

is eventually zero if θ → n/m clockwise. �
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Consider the exact sequences

(8.1) 0 // Ideal{p(1), p(−1), q(1), q(−1)} // Bn/m // B′n/m // 0,

(8.2) 0 // Ideal{p(1), p(−1)} // Eun/m // Fun/m // 0,

and

(8.3) 0 // Ideal{q(1), q(−1)} // Evn/m // Fvn/m // 0;

let us study the ideals and quotients separately.

Lemma 8.18. With reference to the extension (8.1), one has

Ideal{p(1), p(−1), q(1), q(−1)} ∼=
⊕

4

K ⊆ Bn/m,

where K is the algebra of compact operators on a separable Hilbert space.

Similarly, with reference to the extensions (8.2) and (8.3). one has

Ideal{p(1), p(−1)} ∼=
⊕

2

K ⊆ Eun/m,

and

Ideal{q(1), q(−1)} ∼=
⊕

2

K ⊆ Evn/m.

Proof. Let us show that p(1) is a minimal projection in the sense that the hereditary sub-C*-

algebra generated by p(1) is one dimensional.

For each non-zero k, consider the element p(1)vkp(1). By Lemma 8.17, we have

p(1)vkp(1) = vk(v−kp(1)vk)p(1) = 0.

Therefore p(1)vkp(1) = 0 in the C*-algebra Bn/m. As in the proof of Lemma 5.7, we have

p(1)f(v)p(1) = (
∫
T
fdµ)p(1)

in Bn/m, where µ is Lebesgue measure on the circle.

On the other hand, by Lemma 8.17,

p(1)(e2πin/m − u) = 0.

Hence p(1)up(1) = e2πin/mp(1) in Bn/m. As in the proof of Theorem 5.9, we have that the hereditary

sub-C*-algebra of Bn/m generated by p(1) is isomorphic to C. Therefore, the ideal generated by

p(1) is isomorphic to K.

A similar argument shows that the hereditary sub-C*-algebra of Bn/m generated by p(−1) is

isomorphic to C.

Let us show that p(1)ap(−1) = 0 for any a ∈ Bn/m. Consider the element p(1)ap(−1)a∗p(1). As in

the proof of Theorem 5.9 (or of Lemma 3.3), this element can be approximated arbitrarily closely

by elements p(1)ap(−1)bp(1) with b in the sub-C*-algebra generated by Ω̃u
n/m and v. However, since

p(1) is orthogonal to vkp(−1)v−k in Bn/m for any k by Lemma 8.17, the element p(1)ap(−1)bp(1) is

zero. Hence p(1)ap(−1) = 0 for any a ∈ Bn/m.
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Therefore, the hereditary sub-C*-algebra generated by p(1) and p(−1) is Cp(1) + Cp(−1).

The same argument applied to the projections q(1) and q(−1) shows that they are minimal,

q(1)aq(−1) = 0 for any a ∈ Bn/m, and moreover p(i)aq(j) = 0 for any a ∈ Bn/m where i, j = 1,−1.

Therefore, the hereditary sub-C*-algebra generated by {p(1), p(−1), q(1), q(−1)} is isomorphic to⊕
4C, and hence the ideal generated by these elements is isomorphic to

⊕
4K. �

Remark 8.19. By the lemma above, the exact sequences (8.1), (8.2), and (8.3) become

(8.4) 0 //
⊕

4
K // Bn/m // B′n/m // 0,

(8.5) 0 //
⊕

2
K // Eun/m // Fun/m // 0,

and

(8.6) 0 //
⊕

2
K // Evn/m // Fvn/m // 0,

Let us consider the quotient algebra B′n/m. Since

p0 = p0(vm+1p0v
−m−1 + vmp0v

−m + (vm−1p0v
−m+1))

= p(1) + p0pm + p(−1)

in Ω̃u
n/m, we have that p0 ≤ pm in B′n/m. By symmetry, also pm ≤ p0 in B′n/m, and therefore

p0 = pm in B′n/m. For the same reason, we have that pk = pk+m in B′n/m, and thus the image of

Ω̃u
n/m in B′n/m is isomorphic to

m⊕
i=1

C([
i− 1

m
,
i

m
])

with pk the characteristic function of
⋃k+m+1
i=k+1 [(i− 1)/m, i/m], and u the function

(t1, · · · , tm) 7→ (e2πit1 , · · · , e2πitm).

The same description holds for the image of Ω̃u
n/m in B′n/m. Then, by the universal property

of Bn/m, the C*-algebra B′n/m is the universal C*-algebra generated by the following generators

and relations.

Set

I =
m⊕
i=1

C([
i− 1

m
,
i

m
])

and

J =
m⊕
j=1

C([
j − 1

m
,
j

m
]).

Fix the unitary u ∈ I with

u : (t1, · · · , tm) 7→ (e2πit1 , · · · , e2πitm)

and the unitary v ∈ J with

v : (t1, · · · , tm) 7→ (e2πit1 , · · · , e2πitm).
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The sub-C*-algebras of I and J generated by u and v respectively are isomorphic to C(T) in the

same way that the unit circle T is obtained by gluing the common endpoint of the spectra of I

or J .

There is a automorphism of order m on each of I and J induced by the map

(t1, t2, · · · , tm) 7→ (tm, t1, · · · , tm−1);

let us denote both of these by σ. Then, the C*-algebra B′n/m is the universal C*-algebra generated

by I and J with respect to the relations

v∗fv = σn(f) for any f ∈ I

and

ugu∗ = σn(g) for any g ∈ J.
In particular, we have

uvu∗ = σn(v) = e2πin/mv.

Let us calculate the irreducible representations of B′n/m. Let π be an irreducible representation

of B′n/m. Since the automorphism σ has order m, the unitaries um and vm are in the center of

B′n/m, and therefore there exist z1 and z2 in T such that

(z̄1u)m = 1 and (z̄2v)m = 1.

Denote by A the sub-C*-algebra of B′n/m generated by u and v. Since they satisfy the relation

uvu∗ = e2πin/mv, there is a canonical map from the rotation algebra An/m to A. Therefore, the

image of A is a m×m matrix algebra, and π sends u to

z1



0 1 · · · · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

1 0 0 · · · 0

 ,

and sends v to

z2diag(1, ω, ω2, · · · , ωm−1)

where ω = e2πin/m.

Hence the restriction of π to the C*-algebra generated by u and v satisfies

π|C*(u)(f) =
m∑
k=1

f(e2πik/mz1)pk for any f ∈ C*(u)

and

π|C*(v)(g) =
m∑
k=1

g(e2πik/mz2)qk for any g ∈ C*(v),

where {pk} and {qk} are two families of mutually orthogonal projections. In matrix form,

pk = Wdiag(0, · · · , 0, 1︸ ︷︷ ︸
k copies

, 0, · · · , 0)W ∗
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and

qk = diag(0, · · · , 0, 1︸ ︷︷ ︸
k copies

, 0, · · · , 0),

where W is the matrix with

(W )r,s =
1√
m

(ωrs).

Let us call the homomorphisms in this form point evaluation maps.

Consider the restriction of π to I. Then the kernel ker(π|I) must be
⋃̇

[(i− 1)/m, i/m] except

for finite many points, where
⋃̇

denotes the disjoint union. Otherwise, the image of u would be

infinite dimensional, in contradiction with the statement that the image of A is finite dimensional.

Thus, π sends I to a finite dimensional C*-algebra. A similar argument shows that π also sends

J to a finite dimensional C*-algebra.

Note that the restriction of π to the C*-algebra generated by u is the direct sum of the point

evaluation maps at {e2πik/mz1; 1 ≤ k ≤ m}. Therefore, if z1 /∈ {e2πik/m; 1 ≤ k ≤ m}, the map π|I
has to be the direct sum of the point evaluation maps at {log(z1e

2πik/m); 1 ≤ k ≤ m}, and hence

is determined by z1. By the same reason, if z2 /∈ {e2πik/m; 1 ≤ k ≤ m}, then the map π|J is the

direct sum of the point evaluation maps at {log(z1e
2πik/m); 1 ≤ k ≤ m}, and hence is determined

by z2. Therefore, if z1, z2 /∈ {e2πik/m; 1 ≤ k ≤ m}, the irreducible representation has dimension

m, and is determined by its restriction to A.

If z1 ∈ {e2πik/m; 1 ≤ k ≤ m}, then the restriction of π to the C*-algebra generated by u is the

direct sum of the point evaluations at {e2πik/m; 1 ≤ k ≤ m}. Therefore, the restriction of π to

the C*-algebra I has the form

π|I(f) =
m∑
k=1

(f((
k

m
)l)p

(k)
1 + f((

k

m
)r)p

(k)
2 ) for any f ∈ I,

where p
(k)
1 and p

(k)
2 are subprojections of pk with p

(k)
1 + p

(k)
2 = pk, and (k/m)l and (k/m)r denote

the endpoint k/m of the left-hand interval or the right-hand interval respectively.

For any k, take a test function fk in I which is zero on all intervals [(i− 1)/m, i/m], 1 ≤
i ≤ m except for [(k − 1)/m, k/m], and furthermore, assume that fk(((k − 1)/m)r) = 0 and

fk((k/m)l) = 1. Then, we have

π(fk) = p
(k)
1 .

Note that σ(fk) is then such a test function for the interval [k/m, (k + 1)/m]. Since v∗fv = σn(f)

for any f ∈ I, we have that

π(v∗)p
(k)
1 π(v) = π(v∗fkv) = π(σn(fk)) = p

(k+n)
1 .

A similar argument shows that

π(v∗)p
(k)
2 π(v) = p

(k+n)
2 .

If z1 /∈ {e2πik/m; 1 ≤ k ≤ m}, consider the projection

P1 := p
(1)
1 + · · ·+ p

(n)
1 .

It is clear that P1 commutes with π(v), and hence commutes with π(J) (since the restriction of

π to J is determined by its restriction to v). Therefore P1 is a central projection, and hence is
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0 or 1. The restriction of π to I is then the point evaluation map at the left endpoint (which

corresponds to P1 = 1) or the right endpoint (which corresponds P1 = 0).

If z1 /∈ {e2πik/m; 1 ≤ k ≤ m} and z2 ∈ {e2πik/m; 1 ≤ k ≤ m}, then the situation is the same to

the one above.

If both z1 and z2 belong to {e2πik/m; 1 ≤ k ≤ m}, then we have

π|I(f) =
m∑
k=1

(f((
k

m
)l)p

(k)
1 + f((

k

m
)r)p

(k)
2 ) for any f ∈ I,

and

π|J(g) =
m∑
k=1

(g((
k

m
)l)q

(k)
1 + g((

k

m
)r)q

(k)
2 ) for any g ∈ J,

where p
(k)
1 + p

(k)
2 = pk and q

(k)
1 + q

(k)
1 = qk. Moreover,

π(v∗)p
(k)
1 π(v) = p

(k+n)
1 and π(v∗)p

(k)
2 π(v) = p

(k+n)
2 ,

and

π(u)q
(k)
1 π(u∗) = q

(k+n)
1 and π(u)q

(k)
2 π(u∗) = q

(k+n)
2 .

Thus the image of B′n/m is generated by the operators
p

(0)
1

0
. . .

0


and 

q
(0)
1

0
. . .

0


together with the m×m matrix algebras (which is generated by the images of u and v). Hence

the C*-algebra generated by them is a simple quotient of Mm(C)⊗ S2, where

(8.7) S2 = {f ∈ M2(C([0, 1])); f(0) =

(
λ0 0

0 µ0

)
, f(1) =

(
λ1 0

0 µ1

)
for some λ0, µ0, λ1, µ1}

is the universal unital C*-algebra generated by two projections. Therefore, the irreducible rep-

resentations of B′n/m can be parameterized by a square together with a splitting interval, in the

following way.

Define

V0 =



0 1 · · · · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

1 0 0 · · · 0

 ,
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and

U0 = diag(1, ω, ω2, · · · , ωm−1).

Then, for any (x, y) ∈ [0, 1]× [0, 1], the map

π(x,y)(f) =
m∑
i=1

f(
i+ x− 1

m
)ei,i, f ∈ I,

π(x,y)(g) = W (
m∑
j=1

g(
j + y − 1

m
)ei,i)W

∗, g ∈ J,

define an m-dimensional irreducible representation of B′n/m, where 0 and 1/m are considered to

be the points in the first interval.

For any t ∈ [0, 1], define the following map with range Mm(C)⊗M2(C):

πt(f) =
m∑
i=1

(f(
i

m
)(ei,i ⊗ rt) + f(

i− 1

m
)(ei−1,i−1 ⊗ (1− rt))),

πt(g) = W (
m∑
i=1

(g(
i

m
)(ei,i ⊗ st) + g(

i− 1

m
)(ei−1,i−1 ⊗ (1− st))))W ∗,

where

rt =

(
1 0

0 0

)
and st =

 1− t
√
t(1− t)√

t(1− t) t

 .
This gives a 2m-dimensional irreducible representation of B′n/m if t 6= 0, 1. If t = 0, the map is

unitarily equivalent to the direct sum of the two m-dimensional irreducible representations which

correspond to the vertices (0, 0) and (1, 1) of the square referred to above. If t = 1, the map is

then unitarily equivalent to the direct sum of the two m-dimensional irreducible representations

corresponding to the vertices (1, 0) and (0, 1) of the square.

Using the description of the irreducible representations above, let us set B′n/m with a concrete

C*-algebra. As defined in [BEEK92], let us set

(8.8) W1 = Un′

0 =


1 0 · · · 0

0 ρ−1 · · · 0
...

...
. . .

...

0 0 · · · ρ−(m−1)


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where ρ = e2πi 1
m , and nn′ = −1 mod m (and 0 < n′ < m), and define

(8.9) W2 = V n′′

0 =



0

1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1︸ ︷︷ ︸
n′′

0


where nn′′ = 1 mod m (and 0 < n′′ < m). Set α1 = AdW1 and α2 = AdW2. Then the rational

rotation algebra An/m can be described as the algebra of functions f from [0, 1]× [0, 1] to Mm(C)

such that

f(x, 1) = α1(f(x, 0)), 0 ≤ x ≤ 1,

f(1, y) = α2(f(0, y)), 0 ≤ y ≤ 1.

Note that the algebra S2 has four one-dimensional irreducible representations, which corre-

spond to λ0, µ0, λ1, and µ1 of (8.7). For any b ∈ S2, let us denote by b(0, 0), b(0, 1), b(1, 0), and

b(1, 1) the images of b under these irreducible representations, respectively.

Consider the following concrete C*-algebra: Set E := Mm(C([0, 1]× [0, 1]))⊕ (Mm ⊗ S2), and

define

B′n/m :=

{
(a, b) ∈ E;

a(0, 1) = α−1
2 b(1, 0), a(1, 1) = b(0, 1),

a(0, 0) = α−1
1 α−1

2 b(0, 0), a(1, 0) = α−1
1 b(1, 1).

}
,

and consider the elements

ũ = (e2πix/mU0, e
2πi1/mU0 ⊗ 1),

ṽ = (e2πiy/mV0, e
2πi1/mV0 ⊗ 1),

p̃(1) = (e1,1, e1,1 ⊗ rt + em,m ⊗ (1− rt)),
q̃(1) = (We1,1W

∗,W (e1,1 ⊗ st + em,m ⊗ (1− st))W ∗).

Then the elements ũ and p̃(1) generate the interval algebra I, the elements ṽ and q̃(1) generate

the interval algebra J , and I and J generate the C*-algebra B′n/m. Moreover, the irreducible

representations of the C*-algebra B′n/m exhaust all the irreducible representations of the universal

C*-algebra B′n/m. Therefore, we get the following lemma.

Lemma 8.20. The universal C*-algebra B′n/m is isomorphic to the concrete C*-algebra B′n/m.

In particular, the C*-algebra B′n/m is a subhomogeneous C*-algebra.

Remark 8.21. By the exact sequence

0 //
⊕4

i=1
K // Bn/m // B′n/m // 0,

the C*-algebra Bn/m is of type I.
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Observe that by shrinking the square to a single point, the C*-algebra B′n/m is homotopic to

the C*-algebra Mm(C)⊗D, where D is the dimension drop circle algebra

(8.10) D := {f ∈ M2(C(T)); f(1) =

(
λ 0

0 λ

)
for some λ ∈ C}.

A direct calculation shows that K0(B′n/m) ∼= K0(D) ∼= Z with [1] = m, and K1(B′n/m) ∼= K1(D) ∼=
Z, and the six-term exact sequence associated with the extension (8.4) becomes

0 // K1(Bn/m) // Z Ind //
⊕

4
Z i // K0(Bn/m)

π // Z // 0 ,

where Ind is the index map. Since Z is projective, there is a map j : Z → K0(Bn/m) such that

π ◦ j = id. Therefore, we have the following lemma.

Lemma 8.22. For each rational number r, the map (id− j ◦ π, π) induces an isomorphism

K0(Br) ∼= (
⊕

4

Z/Ind(Z))⊕ Z.

Let us consider the C*-algebras Fun/m and Fvn/m. The C*-algebra Fun/m is the universal C*-

algebra generated by the following generators and relations.

Set

I =
m⊕
i=1

C([
i− 1

m
,
i

m
]).

Fix the unitary u ∈ I with

u : (t1, · · · , tm) 7→ (e2πit1 , · · · , e2πitm).

There is a automorphism of order m of I induced by the map

(t1, t2, · · · , tm) 7→ (tm, t1, · · · , tm−1),

and we denote both of them by σ. Then, the C*-algebra Fun/m is the universal C*-algebra

generated by I and and a unitary v with respect to the relations

v∗fv = σn(f) for any f ∈ I.

Then, it is clear that the C*-algebra Fun/m is the sub-C*-algebra of B′n/m generated by the

corresponding elements. Therefore, by Lemma 8.20, the C*-algebra Fun/m is isomorphic to

F u
n/m = C*{ũ, ṽ, p̃(1)} ⊆ B′n/m.

Since the restrictions of irreducible representations of B′n/m to F u
n/m are constant on the open

subinterval (0, 1) of the spectra of Mm(C)⊗ S2, one has

F u
n/m = C*{e2πix/mU0, e

2πiy/mV0, e1,1} ⊆ C([0, 1]2,Mm),

and therefore,

F u
n/m = {f ∈ C([0, 1]2,Mm); f(x, 1) = AdW1(f(x, 0))},

where the unitary W1 is defined by (8.8).
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Since the unitary group of any matrix algebra is path connected, the C*-algebra F u
n/m is

isomorphic to the homogeneous C*-algebra with spectra the cylinder T× [0, 1], that is,

F u
n/m
∼= C(T× [0, 1],Mm(C)).

Hence, K0(F u
n/m) = Z and K1(F u

n/m) = Z. From the identification above, it is clear that v

represents a generator of K1(F u
n/m). In particular, it lifts to a unitary in Eun/m in the extension

(8.5), and therefore, the index map associated with (8.5) is zero.

The C*-algebra Fvn/m is defined in a similar way, and the argument above also valids. So we

have the following lemma.

Lemma 8.23. The universal C*-algebra Fun/m is isomorphic to the homogeneous C*-algebra

C(T × [0, 1],Mm). Moreover, the index map associated with (8.5) is zero. The same statement

holds for Fvn/m.

Corollary 8.24. The K-theory of the C*-algebras Eun/m and Evn/m is given by

K0(Eun/m) = (Z⊕ Z)⊕ Z, K1(Eun/m) = Z

and

K0(Evn/m) = (Z⊕ Z)⊕ Z, K1(Evn/m) = Z

Proof. By Lemma 8.23, the six-term exact sequence associated to the extension (8.5) becomes

0 // K1(Eun/m) // Z Ind // Z⊕ Z i // K0(Eun/m) π // Z // 0,

and the index map is zero. Therefore, K0(Eun/m) = (Z ⊕ Z) ⊕ Z and K1(Eun/m) = Z. The same

argument applies to Evn/m. �

Corollary 8.25. The index map associated to the extension (8.4) is zero.

Proof. Since Bn/m ∼= Eun/m ∗An/m Evn/m (see Remark 8.15), we have

K0(An/m)
(ι00,ι

0
1)

// K0(Eun/m)⊕K0(Evn/m) // K0(Bn/m)

��
K1(Bn/m)

OO

K1(Eun/m)⊕K1(Evn/m)oo K1(An/m),
(ι10,ι

1
1)

oo

where ι0 and ι1 are the embeddings of An/m into Eun/m and Evn/m respectively, and ιi0 and ιi1 denote

the maps induced on the Ki-groups. Since (ι10, ι
1
1) = id, ι00(1, 0) = (0, 0, 0), and ι00(0, 1) = (0, 0, 1),

and ι01(1, 0) = (0, 0, 0) and ι01(0, 1) = (0, 0, 1) (identify K0(An/m) with Z⊕Z with the first copy

of Z representing the infinitesimal elements), we have

0 // K1(Bn/m) // Z⊕ Z
(ι00,ι

0
1)

// (
⊕

3
Z)⊕ (

⊕
3
Z) // K0(Bn/m) // 0 ,

and therefore K1(Bn/m) = Z and K0(Bn/m) =
⊕

5 Z. Comparing to Lemma 8.22, one has that

the index map must be zero, as desired. �



EXTENDED ROTATION ALGEBRAS 49

It is interesting to point out that only with the upper semicontinuity of the field and Lemma

8.22 (without knowing whether the index map is zero), one can obtain certain K-theory infor-

mations on irrational fibres.

Theorem 8.26. There is a dense Gδ subset V of irrational numbers in the interval [0, 1) such

that for any θ ∈ V ,

(K0(Bθ),K+
0 (Bθ), [1Bθ ]) ∼= (Z+ θZ, (Z+ θZ) ∩ R+, 1).

The isomorphism is induced by the canonical tracial state of Bθ.

Proof. Fix an increasing sequence of finite subsets (Fn) of B with dense union, and let us consider

the restriction of the field (Bθ) to a closed interval [ε, 1− ε].
For each Fn and each natural number k, since the field is upper semicontinuous, there is a

δn,k > 0 such that for any c ∈ Mk(Fn) and any r, s ∈ [ε, 1− ε] with |r − s| ≤ δn,k, if πr(c) is close

to a projection, within distance 1/32, then πs(c) is close to a projection within distance 1/16.

Fix a finite subset Fn and a natural number k. For each rational r, set

P ′r,n,k = {f ∈ Mk(Fn); ‖πr(f)− p‖ ≤ 1/16 for some projection p}.

Since K0(Br) is finitely generated (as an abelian group), we can fix a finite set of projections Pr
in Mk′(Br) which generates K0(Br). We may assume that k′ ≥ k, and that for each f ∈ P ′r,n,k,
there is a p ∈ Pr such that ‖p− πr(f)‖ ≤ 1/16, and Pr contains the minimal projections

{p(1), p(−1), q(1), q(−1)} (as indicated in the proof of Lemma 8.18) which generate the ideal
⊕

4K.

Since (Bθ) is upper semicontinuous at r, each projection in Pr can be extended approximately

to a neighbourhood, and thus there is a neighbourhood V (Fn, k, r) such that for each s ∈
V (Fn, k, r), there is a homomorphism ψr,s from K0(Br) to K0(Bs) (as abelian groups).

Note that if f ∈ P ′r,n,k and if p is a projection in Pr with ‖p− πr(f)‖ ≤ 1/16, we may assume

that V (Fn, k, r) is small enough such that there is a projection q ∈ Bs with ψr,s([p]) = [q] and

‖q − πs(f)‖ ≤ 1/8 for each s. Furthermore, let us assume that the length of V (Fn, k, r) is less

than δn,k.

Set

V (Fn, k) =
⋃
r

V (Fn, k, r).

This is a dense open subset of [ε, 1− ε]. Therefore the set

Vε =
⋂
n,k

V (Fn, k)

is non-empty.

Let ε → 0, and set V =
⋃
ε Vε. Then V is a dense Gδ subset of [0, 1). For each θ ∈ V , let us

show that K0(Bθ) is an inductive limit of quotients of {K0(Br); r ∈ Q} as abelian groups, and

using this to show that

(Φ(K0(Bθ)),Φ(K+
0 (Bθ)),Φ([1Bθ ])) = (Z+ θZ, (Z+ θZ) ∩ R+, 1)

with Φ inducing an isomorphism of ordered groups.
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For any finite set of projections {q1, · · · , qm} in Mk(Bθ), we have to show that there is a rational

number r and a homomorphism ψr,θ from K0(Br) to K0(Bθ) such that {[q1], · · · , [qn]} is in the

image of ψr,θ.

Pick Fn such that each qi is close to πθ(fi) for some fi ∈ Mk(Fn), with distance 1/32. Since

θ ∈ Vε, we have that θ ∈ V (Fn, k), and therefore

θ ∈ V (Fn, k, r)

for some rational number r. Since the length of V (Fn, k, r) is less than δn,k, there is a projection

pi in Br such that pi is close to πr(fi), within distance 1/16. In other words, fi ∈ P ′r,n,k. Therefore,

there is a projection q′i in Bθ with [q′i] is in the image of ψr,θ and ‖q′i − πθ(fi)‖ ≤ 1/8. In particular,

‖qi − q′i‖ ≤ 1/4. Hence, we have that [qi] = [q′i] and [qi] is in the image of ψr,θ.

Therefore, K0(Bθ) is an inductive limit of quotients of {K0(Br); r ∈ Q}. Let us study the map

ψr,θ more closely. By Lemma 8.22,

K0(Br) ∼= (
⊕

4

Z/Ind(Z))⊕ Z

where the direct summand
⊕

4 Z/Ind(Z) comes from the ideal
⊕

4K, which is generated by the

minimal projections {p(1), p(−1), q(1), q(−1)}.
Let us assume that r = n/m with m and n relatively prime, and consider the minimal pro-

jection p(1) ∈ Br. The minimal projection comes from the section (pθv
m+1
θ pθv

−m−1
θ ) which lies

inside (Ωu
θ ). In particular, for any irrational θ0, the image πθ0(pθv

m+1
θ pθv

−m−1
θ ) is a projection

in the commutative sub-C*-algebra Ωu
θ0

of Bθ0 with trace (θ0 − {(m+ 1)θ0}) where {x} denotes

x′ ∈ [0, 1] with x − x′ ∈ Z. Similar calculations show that the minimal projection q(1) can be

extended to a projection in the commutative sub-C*-algebra Ωv
θ0

of Bθ0 with the same trace.

Since any projection in Ωu
θ0

(or Ωu
θ0

) is unitarily equivalent to the projection in Aθ0 with the same

trace, we have that πr,θ([p
(1)]) = πr,θ([q

(1)]).

Same argument shows that πr,θ([p
(−1)]) = πr,θ([q

(−1)]). Moreover, from the construction of

these minimal projections, we have that the images of p(1) and q(1) are non-zero if and only if the

images of p(−1) and q(−1) are zero. Therefore, the image of the direct summand
⊕

4 Z/Ind(Z) is

Z, and hence the image of ψr,θ is a quotient of Z⊕ Z.

Let us show that the image is just Z ⊕ Z. Suppose this were not true, then K0(Bθ) is an

inductive limit of proper quotients of Z⊕ Z. Consider the state

Φ : K0(Bθ)→ R

induced by the canonical tracial state. Then the subgroup Φ(K0(Bθ)) must be an inductive limit

of copies Z, which contradicts the fact that Z+ θZ is a subgroup of Φ(K0(Bθ)).
Therefore, K0(Bθ) is an inductive limit of Z ⊕ Z in the category of countable abelian groups

with the connection map being injective.

Fix a subgroup Z⊕Z of K0(Bθ) which is the image of ψr,θ, and consider the restriction of

the canonical tracial state Φ to it. Let us assume that ψr,θ contains [p] and [1Bθ ] where p is the

spectral projection of u corresponding [0, θ) (in other words, we assume that Fn contains the

sections (pθ) and (1)). Let us show that Φ(Z⊕ Z) ⊆ Z+ θZ.
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Note that the K0-class of each minimal projection of {p(1), p(−1), q(1), q(−1)} in Br is sent to the

element (1, 0) ∈ Z⊕Z ⊆ K0(Bθ), which has trace θ−{(m+1)θ} (recall that x denotes the largest

integer less than or equal to x), or sent to zero (depending on whether r sits on the left-hand

side or right-hand side of θ). We then have

Φ((1, 0)) = k1 + k2θ

for integers k1 and k2 with k2 6= 0.

Note that when we identify ψr,θ(K0(Br)) with Z⊕ Z, we use the exact sequence

0 // Z // ψr,θ(K0(Br)) // Z // 0,

with π(ψr,θ([1Br ])) = m and π(ψr,θ([p])) = n, where π denotes the quotient map. Then the

element ψr,θ([1Br ]) (which is the same as [1Bθ ]) has the form (m′,m) for some integer m′, and the

element [p] has the form (n′, n) for some integer n′. (Recall that p comes from the section (pθ),

and the K0-class of the restriction of (pθ) to r has the form (k, n) for some k ∈ (
⊕

4 Z)/Ind(Z).

Therefore, [p] has the form ψr,θ((k, n)) = (n′, n) for some integer n′.)

Set s = Φ((0, 1)) ∈ R. If p(1) is non-zero, then p(1) has trace θ−{(m+ 1)θ} = −mθ+n. Since

Φ(ψr,θ([1Br ])) = Φ(m′,m) = 1, we have

1 = m′(θ − {(m+ 1)θ}) +ms.

That is

1 = m′(−mθ + n) +ms = ms−m′mθ +m′n.

We then have

s =
1−m′n
m

+m′θ.

In other words, s = s1 +m′θ for a rational number s1.

Let us carry out a similar calculation for [p]. Note that Φ(ψr,θ([p])) = θ. We have that

Φ((n′, n)) = θ, and then

θ = n′(−mθ + n) + ns = n′(−mθ + n) + n(s1 +m′θ).

Therefore,

s1 = −n′,
and we have

s = −n′ +m′θ ∈ Z+ θZ.
(Note that from the calculation above, we have that n/m < θ < n′/m′ with m′n−mn′ = 1.)

If p(1) is zero, then p(−1) must be non-zero, and then an argument similar to the one above

also shows that s ∈ Z+ θZ.

Since the image Φ(Z ⊕ Z) is the subgroup of R generated by Φ((0, 1)) = s and Φ((1, 0)) =

k1 + k2θ, we have

Φ(Z⊕ Z) ⊆ Z+ θZ.
Moreover, the restriction of Φ to Z⊕ Z is injective.

Since K0(Bθ) is the inductive limit of the subgroups above, we have

Φ(K0(Bθ)) ⊆ Z+ θZ,
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and the map Φ is injective. On the other hand, it is clear that

Φ(K0(Bθ)) ⊇ Z+ θZ

with

Φ(K+
0 (Bθ)) ⊇ (Z+ θZ) ∩ R+.

Then we have

(K0(Bθ),K+
0 (Bθ), [1Bθ ]) ∼= (Z+ θZ, (Z+ θZ) ∩ R+, 1),

with the isomorphism induced by Φ, as desired. �

Remark 8.27. The method used in the proof was also used by A. Dean in [Dea01] to show that

certain C*-algebras are inductive limits of semiprojective type I C*-algebras. In the following

part of the paper, we shall use this method again to obtain the AF structure of irrational extended

rotation algebras.

Remark 8.28. It was pointed out to us by Hanfeng Li that if one regards the irrational extended

rotation algebra as the amalgamated free product of two Cuntz–Putnam algebras over the usual

rotation algebra, it follows from the Cuntz–Germain–Thomsen exact sequence [Tho03] that

(K0(Bθ),K+
0 (Bθ), [1Bθ ]) ∼= (Z+ θZ, (Z+ θZ) ∩ R+, 1)

and K1(Bθ) ∼= {0} for any irrational θ. (We include our original proof of Theorem 8.26 above as

an illustration in a simpler context of the method used in the proof of Theorem 8.39 below.)

Note that this method also works for general (irrational) extended rotation algebras.

8.7. AF structure of (certain) extended rotation algebras. Recall that the standard quo-

tient of the C*-algebra Bn/m is given by

B′n/m :=

{
(a, b) ∈ E;

a(0, 1) = α−1
2 b(1, 0), a(1, 1) = b(0, 1),

a(0, 0) = α−1
1 α−1

2 b(0, 0), a(1, 0) = α−1
1 b(1, 1).

}
,

where E := C([0, 1]2,Mm)⊕ (Mm ⊗ S2). Consider the elements

ũ = (e2πix/mU0, e
2πi1/mU0 ⊗ 1),

ṽ = (e2πiy/mV0, e
2πi1/mV0 ⊗ 1),

p̃e = (e1,1, e1,1 ⊗ rt + em,m ⊗ (1− rt)),
q̃e = (We1,1W

∗,W (e1,1 ⊗ st + em,m ⊗ (1− st))W ∗).

Then, the images of the standard generators {u, p, v, q} of Bn/m in B′n/m are

ũ, ṽ,
n−1∑
i=0

ṽikp̃eṽ
−ik, and

n−1∑
i=0

ũikq̃eũ
−ik,

respectively, where kn = 1 mod m.

Let us consider the sub-C*-algebra

Dn/m := {(a, b) ∈ E; a is constant} ⊆ B′n/m,
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and consider

Cn/m := π−1(Dn/m) ⊆ Bn/m.
We then have the following lemma.

Lemma 8.29. The distance from each of the standard generators u, p, v, and q to the sub-C*-

algebra Cn/m is strictly less than 2π/m.

Proof. Since Cn/m is the pre-image of Dn/m, it is enough to show that the distance between the

image of each of the generators to Dn/m is strictly less than 2π/m. It is clear that

dist(ũ, Dn/m) ≤
∣∣∣e2πi 1

m − 1
∣∣∣ < 2π/m,

and

dist(ṽ, Dn/m) ≤
∣∣∣e2πi 1

m − 1
∣∣∣ < 2π/m.

Note that
∑n−1
i=0 ṽ

ikp̃eṽ
−ik ∈ Dn/m and

∑n−1
i=0 ũ

ikq̃eũ
−ik ∈ Dn/m. One has therefore that the

distance from the image of each generator to Dn/m is strictly less than 2π/m, as desired. �

Remark 8.30. It is clear that the C*-algebra Dn/m is isomorphic to D ⊗Mm(C), where D is

the dimension drop circle C*-algebra as described in (8.10). It follows from (8.4) that there is

an extension

(8.11) 0 −→
⊕

4

K −→ Cn/m −→ Dn/m −→ 0,

and by Corollary 8.25, the index map associated with it is zero.

We shall show that the C*-algebra Cn/m can be locally approximated by dimension drop circle

algebras.

Lemma 8.31. Let D be a dimension drop circle C*-algebra as described in (8.10). Assume that

the index map associated with an extension

0 −→
⊕

4

K −→ C −→ D ⊗Mm(C) −→ 0

is zero. Then, for any finite subset F ⊆ C, there is an approximate unit (pi) for
⊕

4K such that

each pi is a finite rank projection, and for any a ∈ F ,

lim
i→∞
‖pia− api‖ = 0.

Proof. Without loss of generality, we may assume that K is infinite dimensional.

Let us consider the case that the extension is essential. Since the C*-algebra D satisfies the

Universal Coefficient Theorem (UCT), one has

0 // Ext1
Z(K0(D),

⊕
4
Z) // Ext(D,

⊕
4
K)

γ // Hom(K1(D),
⊕

4
Z) // 0 ,

where the map γ sends each extension to the associated index map. Since the abelian group

K0(D) is free and the associated index map is zero, the given extension is trivial. Thus, there is

a map

η : D ⊗Mm(C)→
⊕

4

B(H) ∼=M(
⊕

4

K)



54 GEORGE A. ELLIOTT AND ZHUANG NIU

such that the C*-algebra C is generated by the image of D and
⊕

4K. Then, we may assume

that F = η(F ′) for some F ′ ⊆ D ⊗Mm(C).

We assert that for any ε > 0, there is an approximate unit (pi) for
⊕

4K with each pi a finite

rank projection, such that for sufficiently large i,

‖[pi, a]‖ < ε, a ∈ F .

Indeed, since D ⊗ Mm(C) is quasi-diagonal, there exist a faithful representation σ : D ⊗
Mm(C) → ⊕

4B(H ) and finite rank projections {pi} converging to the identity strongly such

that

lim
i→∞
‖[pi, π(d)]‖ = 0, d ∈ D ⊗Mm(C).

By Voiculescu’s Theorem, the representation σ is approximately unitarily equivalent to η. Thus

the assertion holds.

Applying the assertion for εk = 1/2k, we have approximate units (p
(k)
i ; i ∈ N) such that

lim sup
i→∞

∥∥∥p(k)
i a− ap(k)

i

∥∥∥ ≤ 1/2k, a ∈ F .

Let (Gn) be an increasing family of finite subsets of
⊕

4K with dense union. Since (p
(1)
i ) is an

approximate unit of
⊕

4K, there is a finite rank projection p
(k)
ik

such that∥∥∥b− p(k)
ik
b
∥∥∥ < 1/2k for any b ∈ Gk,

and ∥∥∥p(k)
ik
a− ap(k)

ik

∥∥∥ ≤ 1/2k for any a ∈ F .

Then, denote by pk = p
(k)
ik

, and the sequence of finite rank projections (pk; k ∈ N) is an

approximate unit of
⊕

4K with

lim
k→∞
‖pka− apk‖ ≤ lim

k→∞
1/2k = 0.

This proves the statement for essential extensions.

If the extension is not essential, set I =
⊕

4K, and denote by I⊥ the closed two-sided ideal of

annihilators of I. Then, we have I ∩ I⊥ = {0}. Consider the extension C/I⊥ of I by D/I⊥. Note

that this extension is essential. Since (D ⊗Mm(C))/I⊥ is a proper quotient of D ⊗Mm(C), the

abelian group K0((D ⊗Mm(C))/I⊥) is free and K1((D ⊗Mm(C))/I⊥) = 0. It follows from the

UCT that the extension C/I⊥ is trivial.

Applying the conclusion for essential extensions, we have that there is an approximate unit

(pi) of I such that

lim
i→∞
‖piπ(a)− π(a)pi‖ = 0 for any a ∈ F ,

where π is the quotient map from C to C/I⊥. Since the restriction of π to I is an isometry, we

have

‖pia− api‖ = ‖π(pia− api)‖ = ‖piπ(a)− π(a)pi‖ ,
and hence for any a ∈ F ,

lim
i→∞
‖pia− api‖ = lim

i→∞
‖piπ(a)− π(a)pi‖ = 0,
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as desired. �

Lemma 8.32. The dimension drop circle C*-algebra described in (8.10) is the universal C*-

algebra generated by z and w with the following relations:

(1) zz∗ = z∗z = 1;

(2) zw = wz, and zw∗ = w∗z;

(3) ww∗ ⊥ w∗w; and

(4) ww∗ + w∗w = 2− z − z∗.

Proof. Denote by W the universal C*-algebra generated by the generators and relations above.

Consider the elements

z′ =

{
λ 7→

(
λ 0

0 λ

)}
and w′ =

λ 7→
 0

√
2(1−<λ)

0 0


in the concrete dimension drop circle algebra D. Then, z′ and w′ satisfy the relations of the

lemma, and they generate D. Hence there is a surjective map from W to D.

Let us calculate the irreducible representations of W .

Let π be an irreducible representation of W , and let us still use the same notation for the

images of the generators. Since z is a central unitary, we have that z = λ1 for some λ ∈ T.

If λ = 1, then,

ww∗ + w∗w = 2− z − z∗ = 0,

and hence w = 0. Therefore, the representation π is one dimensional, and π(z) = 1 and π(w) = 0.

If λ 6= 1, the consider the element v := w/
√

2(1−<λ). We then have

vv∗ + v∗v = 1 and vv∗ ⊥ v∗v.

Therefore, the element v is an partial isometry generating a 2 × 2 matrix algebra. Thus, the

representation is two dimensional, and

π(w) =
√

2(1−<λ)v and π(z) = λ(vv∗ + v∗v).

Therefore, the irreducible representations of D exhaust the irreducible representations of W ,

and hence W = D, as desired. �

Remark 8.33. Since dimension drop circle algebras are semiprojective (Theorem 6.22 of [ELP98]),

the relations of Lemma 8.32 are stable.

Lemma 8.34. Consider the dimension drop circle C*-algebra D described in (8.10). Assume

that the index map associated with an extension

0 //
⊕

4
K // C π // D ⊗Mm(C) // 0

is zero. Then, there is a homomorphism η : D ⊗Mm(C)→ C such that π ◦ η = id.

Proof. Since the index map is zero and D has stable rank one, the C*-algebra C has stable rank

one (see, for example, Proposition 4 of [LR95]).
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Denote by (fij) a system of matrix units of Mm(C). Then there is a system of matrix units (eij)

in C which lifts (fij). Consider the C*-algebra e11Ce11. It is an extension of e11(
⊕

4K)e11—which

is isomorphic to
⊕

4K—by D. Note that since e11Ce11 has stable rank one, any unitary in D lifts

to a unitary in e11Ce11 (again, see, for example, Proposition 4 of [LR95]).

Denote by C ′ = e11Ce11, and denote by z and w the generators of D specified by Lemma 8.32.

Let us show that z and w can be lifted approximately, as then, by the semiprojectivity of D,

there is a lifting of D to C ′.
Pick a unitary Z ∈ C ′ which lifts z, and pick any W ∈ C ′ which lifts w. By Lemma 8.31, there

is an approximate unit (pi) of
⊕

4K such that each pi is a projection and

lim
i→∞
‖piZ − Zpi‖ = lim

i→∞
‖piW −Wpi‖ = 0.

Consider the elements

Zi := (1− pi)Z(1− pi) + pi

and

Wi := W − piWpi,

and let us verify that the relations of Lemma 8.32 are satisfied approximately if pi is sufficiently

large.

For Condition (1),

lim
i→∞

ZiZ
∗
i = lim

i→∞
(1− pi)Z(1− pi)Z∗(1− pi) + pi = 1

and

lim
i→∞

Z∗i Zi = lim
i→∞

(1− pi)Z∗(1− pi)Z(1− pi) + pi = 1.

For Condition (2),

lim
i→∞

ZiWi −WiZi = lim
i→∞

((ZW −WZ)− pi(ZW −WZ)pi)

= 0 (since (ZW −WZ) ∈
⊕

4

K),

and

lim
i→∞

ZiW
∗
i −W ∗

i Zi = lim
i→∞

((ZW ∗ −W ∗Z)− pi(ZW ∗ −W ∗Z)pi)

= 0 (since (ZW ∗ −W ∗Z) ∈
⊕

4

K).

For Condition (3),

lim
i→∞

(WiW
∗
i )(W ∗

i Wi) = lim
i→∞

(WW ∗W ∗W − pi(WW ∗W ∗W )pi)

= 0 (since (WW ∗W ∗W ) ∈
⊕

4

K).
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And for Condition (4),

lim
i→∞

(WiW
∗
i +W ∗

i Wi − (2− Zi − Z∗i ))

= lim
i→∞

((WW ∗ +W ∗W − (2− Z − Z∗))− pi(WW ∗ +W ∗W − (2− Z − Z∗))pi)

= 0 (since (WW ∗ +W ∗W − (2− Z − Z∗)) ∈
⊕

4

K).

Therefore, the C*-algebra D can be lifted to C ′, and hence there is a lifting η : D⊗Mm(C)→ C,
as desired. �

Lemma 8.35. Consider the dimension drop circle C*-algebra D described in (8.10). If the index

map of an extension

0 //
⊕

4
K // C π // D ⊗Mm(C) // 0

is zero, then for any finite subset F ⊂ C and any ε > 0, there is a unital sub-C*-algebra F ⊆ C
such that

F ∼= (D ⊗Mm(C))⊕ (
4⊕
i=1

Mki(C))

and F ⊆ε F .

Proof. Since D⊗Mm(C) is semiprojective, there is a finite set G of generators of D⊗Mm(C) such

that for any ε > 0, there exists δ(ε) > 0 such that if a linear map ψ′ : D⊗Mm(C)→ C is G–δ(ε)

multiplicative and π◦ψ′(g) = g for any g ∈ G, then there is a homomophism ψ : D⊗Mm(C)→ C
such that

‖ψ(g)− ψ′(g)‖ < ε

for any g ∈ G and π ◦ψ = id. We may assume that G is in the unit ball of D⊗Mm(C). Fix this

set of generators.

By Lemma 8.34, there is an approximate lifting η : D⊗Mm(C)→ C. Without loss of generality,

we may assume that F = F1 + η(F2), where F1 is a finite subset of
⊕

4K and F2 is the set of

the generators for D ⊗Mm(C).

By Lemma 8.31, there is an approximate unit (pi) of
⊕

4K such that

lim
i→∞
‖pid− dpi‖ = 0, ∀d ∈ η(F2).

Then, there exists a natural number N such that for any a ∈ F and for any i > N ,

‖a− (pia1pi + pia2pi + (1− pi)a2(1− pi))‖ < ε/2

for some a1 ∈ F1 and a2 ∈ η(F2), and the map

D ⊗Mm(C) 3 f 7→ (1− pi)η(f)(1− pi) ∈ (1− pi)C(1− pi)

is F2–delta(ε/2) multiplicative. Therefore, there is a homomorphism

φi : D ⊗Mm(C)→ (1− pi)C(1− pi)

such that for any d ∈ F2,

‖φi(d)− (1− pi)η(f)(1− pi)‖ < ε/2,
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and

π ◦ φi = id.

Thus, for any a ∈ F ,

a ∈ε piCpi ⊕ φi(D ⊗Mm(C)).

Since π ◦ φi = id, the map φi is injective. Note that piCpi ∼=
⊕4
i=1 Mki(C) for some ki. Then

F := piCpi ⊕ φi(D ⊗Mm(C))

is the desired sub-C*-algebra. �

Remark 8.36. If the ideal of the extension is essential, then we can obtain the approximation

structure more directly, and even in more general settings. For instance, we have the following

lemma, which might be well known to experts.

Lemma 8.37. Let D be a weakly semiprojective quasi-diagonal C*-algebra with the abelian group

K0(D) free. Suppose that D satisfies the UCT. If the index map of an extension

0 −→
⊕

4

K −→ C −→ D −→ 0

is zero and the extension is essential, then for any finite subset F ⊂ C and any ε, there is a

unital sub-C*-algebra

F ∼= D′ ⊕ (
4⊕
i=1

Mki(C))

such that F ⊆ε F , where D′ is a quotient of D.

Proof. Since D is weakly semiprojective, there is a finite set G of generators of D such that for

any ε > 0, there exists δ(ε) > 0 such that if a linear map ψ′ : D → A is G–δ(ε) multiplicative

for some C*-algebra A, then there is a homomophism ψ : D → A such that

‖ψ(g)− ψ′(g)‖ < ε

for any g ∈ G. We may assume that G is in the unit ball of D. Fix this set of generators.

Since the index map is zero, and K0(D) is free, the extension is trivial by the UCT. Denote by

η the map from D to
⊕

4B(H ) ∼= M(
⊕

4K). Without loss of generality, we may assume that

F = F1 + η(F2), where F1 is a finite subset of
⊕

4K and F2 is the set of generators for D.

We assert that for any ε′ > 0, there is an approximate unit {pi} of
⊕

4K with each pi finite

rank projection, and for sufficiently large i,

‖[pi, a]‖ < ε′, a ∈ η(F2).

Indeed, since D is quasi-diagonal, there is a faithful representation σ : D → ⊕
4B(H ) and

finite rank projections {pi} converging to the identity strongly such that

lim
i→∞

[pi, π(d)] = 0, d ∈ D.

By taking infinite multiplicity, we may assume that π(D) does not contain any compact operators.

By Voiculescu’s Theorem, the representation σ is approximately unitarily equivalent to η. Thus

the assertion holds.
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Applying the assertion to ε′ = ε/4, we have an approximate unit (pi) of
⊕

4K with each pi a

finite rank projection, and for sufficiently large i,

‖[pi, a]‖ < ε/4, a ∈ η(F2).

Therefore, there exists N such that for any a ∈ F and for any i > N ,

‖a− (pia1pi + pia2pi + (1− pi)a2(1− pi))‖ < ε/2

for some a1 ∈ F1 and a2 ∈ η(F2), and the map

D 3 f 7→ (1− pi)η(f)(1− pi) ∈ (1− pi)C(1− pi)

is F2–δ(ε/2) multiplicative. Therefore, there is a homomorphism φi : D → (1− pi)C(1− pi) such

that for any d ∈ F2,

‖φi(d)− (1− pi)η(f)(1− pi)‖ < ε/2,

and hence for any a ∈ F ,

a ∈ε piCpi ⊕ φi(D).

Note that piCpi ∼=
⊕4
i=1 Mki(C) for some ki. Then F := piCpi ⊕ φi(D) is the desired C*-

subalgebra. �

Corollary 8.38. For any C*-algebra Bn/m, there is a sub-C*-algebra Hn/m such that Hn/m is a

direct sum of a dimension drop circle algebra and a finite dimensional C*-algebra, and

dist(a,Hn/m) <
2π

m
,

where a ∈ {u, p, v, q}, the standard generators of Bn/m.

Proof. By Lemma 8.35, the C*-algebra Cn/m can be locally approximated by direct sums of

dimension drop circle algebras and finite dimensional C*-algebras. The corollary follows by

Lemma 8.29. �

Theorem 8.39. The extended rotation algebra Bθ is AF for generic θ.

Proof. Let us first show that Bθ is an inductive limit of dimension drop circle algebras, for θ

belonging to a dense Gδ set. Consider the sections G = {(uθ), (pθ), (vθ), (qθ)}. Note that each

fibre C*-algebra is generated by the restriction of G. Therefore, in order to prove the theorem, it

is enough to show that the restriction of G to the generic fibre can be approximated by dimension

drop circle C*-algebras.

For each rational fibre Bn/m, by Corollary 8.38, there is a dimension drop circle C*-algebra

Hn/m ⊆ Bn/m such that the distance of each element of the restriction of G from Hn/m is strictly

less than 2π/m. Since Hn/m is semiprojective and the field (Bθ) is upper semicontinuous, there

is an open neighborhood Un/m of n/m such that for any θ ∈ Un/m, there is a dimension drop

circle C*-algebra Hn/m,θ ⊆ Bθ such that the distance of each element of the restriction of G to θ

from Hn/m,θ is still strictly less than 2π/m.

For each natural number k, set

Uk =
⋃
n/m
m>k

Un/m.
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Since the rational numbers with denominator greater than k are dense, the open set Uk is dense.

By the Baire Category Theorem, the Gδ set

U =
⋂
k

Uk

is a dense. As we shall now show, Bθ is a limit of dimension drop circle algebras for any θ ∈ U .

For any θ ∈ U , let us show that Bθ can be locally approximated by dimension drop circle

algebras. For any ε > 0, we have that θ ∈ Uk for any natural number k, and in particular,

θ ∈ Uk for k > [2π/ε], where [2π/ε] denotes the integer part of 2π/ε. Therefore, we have that

θ ∈ Un/m for some rational number n/m with m > k > [2π/ε]. By the construction of Un/m,

there is a dimension drop circle C*-algebra Hn/m,θ ⊆ Bθ with the distance between Hn/m,θ and

the restrictions of G to θ less that 2π/m, and hence less that ε.

By Theorem 6.22 of [ELP98], the C*-algebra Bθ belongs to the class of simple unital inductive

limit of dimension drop circle C*-algebras, a class which contains the simple AF-algebras and

the objects of which are classified by their order-unit K0-group paired with the simplex of tracial

states, together with the K1-group (see [Tho97]). By Remark 8.28, the C*-algebra Bθ has trivial

K1-group, and has the ordered K0-group and paired trace simplex of an AF-algebra; hence it is

isomorphic to that AF-algebra, as desired. �
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