EXTENDED ROTATION ALGEBRAS: ADJOINING SPECTRAL
PROJECTIONS TO ROTATION ALGEBRAS

GEORGE A. ELLIOTT AND ZHUANG NIU

ABSTRACT. Denote by Ay the rotation algebra corresponding to the rotation 27f. The C*-
algebra By generated by Ay together with certain spectral projections of the canonical unitary
generators is studied. The C*-algebra By is shown to have a unique tracial state and to be nuclear
provided that € is irrational. Moreover, we study the ideal structure of the C*-algebra By. In
particular, it is shown that By is simple if neither the commutative sub-C*-algebra generated
by the spectral projections of u in the question (assumed to be a set invariant under Adwv)
nor the corresponding commutative sub-C*-algebra associated to v contains non-zero minimal
projections. In the second part of the paper, we study the extended rotation algebra By generated
by the spectral projections (one for each unitary) corresponding to the half-open interval from 0
to 6. (The spectral projections for each half-open interval from nf to (n + 1)@ are then included
for each integer n.) Using the simplicity of By for 6 irrational, the natural field of C*-algebras
on the unit circle with fibres By is shown to be continuous at irrational points. This field is
lower semicontinuous on the whole circle. Much more useful is an upper semicontinuous field
which is obtained by desingularizing this field at rational points on the circle. The fibres of the
desingularized field at rational points are certain (computable) type I C*-algebras. Using this
new field, we are able to show that By is an AF-algebra with Ko(Bg) = Z + 0Z for generic 0, in
the sense of Baire Category, with the class of the unit being 1 € Z.
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1. INTRODUCTION

A classical result of Pimsner and Voiculescu ([PV80]) is that the irrational rotation C*-algebra
can be embedded in an AF-algebra with the same ordered Ky-group (and with the embedding
giving rise to an isomorphism at the level of Kj). While a somewhat different proof of this can
be obtained from the classification theorem for simple AT-algebras ([EIl97]—it is in fact enough
to use the real rank zero case given in [Ell93]), together with the fact that the irrational rotation
C*-algebra is itself an AT-algebra ([EE93]—in [EE93] it is also shown that the real rank is zero),
in either approach the construction is far from canonical; infinitely many, necessarily arbitrary,
choices must be made.

The purpose of the present article is to propose a canonical construction, and to show that this
construction gives the desired AF-embedding at least in the case of a generic irrational rotation,
in the sense of Baire Category.

This article is organized as follows. In Section 2, the extended rotation algebra is introduced, as
the universal C*-algebra generated by the rotation algebra together with a specified set of spectral
projections for each of the two canonical unitary generators (Definition 2.1). We investigate the
universal property of the irrational extended rotation algebras. In particular, if there is no non-
zero minimal projections, each irrational extended rotation algebras can be described as a certain
universal algebra generated by the canonical unitaries and their logarithms (Corollary 2.10). In
Section 3, by means of an averaging process, the extended rotation algebra is shown to have a
unique tracial state, and the faithfulness of this state is shown to be equivalent to the simplicity
of the extended rotation algebra. In Section 4, we make several remarks concerning the question
of the nuclearity of the extended rotation algebra, and in Section 7, we use these remarks to
show that any extended rotation algebra is nuclear.

In Section 5, we study the ideal structure of extended rotation algebras. It is show that
the maximal ideal of an extended rotation algebra is always isomorphic to a direct sum of the
algebra of compact operators, and moreover, it is exactly generated by the minimal projections
of the commutative sub-C*-algebra generated by spectral projections of v and the commutative
sub-C*-algebra generated by spectral projections of v. In particular, if the spectral projections
are corresponding to half-open intervals with same orientation, the extended rotation algebra is
simple. In Section 6, we make a remark on the universality of simple extended rotation algebras.

From Section 8, we consider the case of the extended rotation algebra By generated by the
two spectral projections—one for each of the canonical unitary generators—corresponding to the
half-open interval from 0 to #. We construct a field of C*-algebras over the unit circle, which
is upper semicontinuous—and continuous at each irrational point—, with fibre the extended
rotation algebra at each irrational point, and with fibre a certain type I C*-algebra at each
rational point. Using this upper semicontinuous field of C*-algebras, we show that there is a
dense G subset U of the circle such that By is the AF-algebra with

(KO(BO)v Ka_(BH)’ [139]) = (Z + QZ, (Z + HZ) n R+v 1)

for any 0 € U (Theorem 8.39).
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2. PRELIMINARIES

Let A be a C*-algebra. By an ideal of A, we shall mean a closed two-sided ideal of A. Recall
that if the only ideals of A are A itself and {0}, the C*-algebra A is said to be simple. If 1 € A,
it is a simple fact that an ideal I of A has non-zero intersection with C1 if and only if I = A.

Let 6 be a real number. Recall that the rotation algebra Ay is the universal C*-algebra
generated by two unitaries u and v satisfying the Heisenberg relation

ww = 20y,

If 0 = p/q with (p,q) = 1, Ay is a C*-algebra of type I with spectrum T?, and the dimension of
any irreducible representation of Ay is ¢. If 6 is irrational, the C*-algebra Ay is simple, and has
a unique tracial state. Moreover, in the case that @ is irrational, it was shown in [EE93] that A
is the inductive limit of a sequence of circle algebras (finite direct sums of matrix algebras over
the circle), and furthermore (as a consequence), has real rank zero.

Fix an irrational number 6 in [0,1]. Let {fi}ica, and {g;};er, be two collections of (closed,
open, or half open) subintervals of the unit circle T, where A1, Ay are countable index sets (finite
or infinite). Note that the spectrum of u and v is the unit circle. Given a faithful representation
m of Ap on a Hilbert space JZ, let us still denote by f; and g; the spectral projections of m(u)
and 7(v) in B(J) corresponding to the specific collections of subintervals of T. Let us refer to
the C*-algebra

Bro i= C*({m(u),w(v), fi,gs: i € A1, j € As}) C B(#)
as the concrete extended rotation algebra obtained by adjoining these projections, specifically,
with respect to the collections of intervals { f;}ica, and {g;},ea, in T and the representation m
of Ay.

The C*-algebra B,y in general depends on the representation w. However, we introduce the

universal extended rotation algebra as follows.
Consider the C*-algebra C(T) as the canonical sub-C*-algebra of £>°(T), and denote by o the
automorphism of ¢°°(T) induced by

f(2) = f(e¥2).

Note that C(T) is invariant under the action of o. Still denote by f; and g, the spectral projections
of the canonical unitary f(z) = z in £>°(T) corresponding to the intervals f; and g; of T.
Consider the two commutative C*-algebras

C(Q,) == CHC(TYU {o"(f;); i € A,k € Z}) C £>°(T)

and
C(Q,) := CHC(T) U {c*(g)); j € Ao,k € Z}) C £°(T)
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where €2, and €2, denote the spectra of these algebras. Denote by u and v the canonical generators
of C(T) in C(£2,) and C(£2,) respectively.

Definition 2.1. For an irrational number 6, and two collections of subintervals { f;}ica, and
{gj}jen, of the unit circle T, we shall refer to the universal C*-algebra generated by C(€2,) and
C(£2,) with respect to the relations

(1) uv = > yu,

(2) uo*(g;)u* = o**1(g,) for any j € Ay and k € Z, and

(3) vok(fi)v* = o FL(f;) for any i € Ay and k € Z
as the (irrational) extended rotation algebra, and denoted by By (= Bo({f:},{9;}))-

Concerning the question of rational extended rotation algebras, we shall define these in Section
8.1 as certain concrete C*-algebras.

It follows from the universality of By that the C*-algebra B, is a quotient C*-algebra of By
for any representation 7 of Ag.

In the rest part of this section, we shall investigate more details on generators and relations
for the extended rotation algebras.

Definition 2.2. Given real numbers aq, as, ... will be said to be #-independent if a; — a; = no
mod Z for some n € Z implies i = j, i.e., if the orbits of the points e?™1 2™ under the
rotation o are distinct.

Consider the commutative C*-algebra C(£2,,). We have the following lemma.

Lemma 2.3. There is a set of O-independent real numbers {ay; k € A,} for some countable
index set A, (finite or infinite) such that the C*-algebra C(S),) is generated by

{c"(pr),0"(ex); n € Z,k € A},

where py, s the spectral projection corresponding to [ag, ar+0) or (ax, ar+0], and ey, is the minimal
projection corresponding to {ay} or zero. Moreover, there exists a non-zero minimal projection
er in this decomposition if and only if there exists | € Ay such that the interval corresponding to
f1 is closed with length n@ or n(1 — 6) for some natural number n.

Proof. Since 6 is irrational, the C*-algebra C(€2,) is generated by
{d"(f1); n € Z,l € A},

where f; is a spectral projection corresponding to a subinterval (half-open or closed) of T. Denote
by z; and y; the left endpoint and right endpoint of f; respectively. Set O the orbit of {x;,y;; [ €
A1}, We then have .
0= U Oy
ke,

with each Oy an orbit of a single point.

Pick a representative ay from each Oy. It is clear that {ax; k € A,} is f-independent (their
orbits are disjoint). Assume that the spectral projection f; corresponds to a closed subinterval
[z, y1] with 2, € O, and y; € O,. If ki # ko, then there exist integers n; and ng such
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that if denote by ¢g; and gy the spectral projections corresponding to [z, z; + n160) and (y; +
n9b, y;| respectively, then f; = g¢1g2, in other words, f; is generated by spectral projections
corresponding to [z;,z; + n10) and (y, + n26,y,]. Moreover, for any integer m, the spectral
projection corresponding to [z, z; + m#) is generated by f;. (There is an integer s such that
fi+0°(fi) —o®(f1) fi is a spectral projection corresponding to [x;, x; +m'6) for some integer m/,
and hence [z}, x; +mf) is generated by f;.)

If k1 = ks, then the projection f; can be generated by spectral projections corresponding to
[z, 2, + n10) and {0}, which is a minimal projection. Note that this minimal projection is also
generated by fj.

Repeating the argument above for each f;,l € Ay, one has that the spectral projection cor-
responding to f; is generated by spectral projections {py; k € A,}, projections {ex; k € A,},
together with their rotations, where py, is the spectral projection corresponding to [ay, ay + 6) or
(ax, ar + 0], and ey, is the minimal projection corresponding to {a;} or zero. The second part of
the statement follows from the construction. O

Remark 2.4. We shall refer the points {ax; k € A,} above the cutting points of the canonical
unitary u.

Moreover, in the case there is no non-zero minimal projections, the commutative C*-algebra
C(£2,) and C(£2,) is independent on the choice of the orientation of half-open intervals.

Lemma 2.5. Let {ay; k € Ay} be a set of O-independent real numbers. For each k € A,, let
pr be a spectral projection corresponding to a half-open interval with endpoints in the orbit of ay
under the rotation. Then the C*-algebra

C(Q2y) = CHo"(pr); k€ Au,n €Z}

15 independent with the choice of the orientation of the half-open interval. More precisely, the
map pg — Py, by changing the orientation of the half-open interval induces the isomorphism.

Proof. Let us assume that p; is the spectral projection corresponding to [a1,a; + ). Set p) =
(a1, a;+0] and p), = pg. In order to prove the theorem, it is enough to show that the map p; — pf,
Pk — Pk, k # 1 induces an isomorphism from C*{c"(py); k € Ay,n € Z} to C*{a™(p,); k €
Ay, n € Z}, and it is enough to show that for any polynomial P(z}; n € Z,k € A,),

1P(0"™(pr); n € Z,k € A)|| = [[P(0"(pr); n € Z,k € Ay)l|-
For polynomial P, one has

P(Un(Pk)§ ne€ ke Au) = Z(Cz H ei,k) = 2(0161,1 H ei,k) = Zciei,lfia

i ke, i keA,
k#1

where e;; is a spectral projection corresponding to [a; + m;0,a; + n;0) for some integers m;
and n;, e;;, is a spectral projection corresponding to some half-open interval with endpoints in
the orbits of a; for k # 1, and f; is a spectral projection corresponding to some interval with
endpoints in the orbits of {ay; k # 1}. Applying the polynomial P to pj, one then has

P(c"(py); n€Z,k e A\,) = Zcie;,lfi,
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where eéyl is a spectral projection corresponding to (a; + m;0, a; + n;0] for some integers m; and
n;.

Since a; k € A, are f-independent, there exists a point ¢ € T which is not in the orbit of a;
such that

I1P(c"(pr); n € Z,k € Al = [P(0"(pr); n € Z, k € M) ()] =

ji:(%eal(t)fi(t)’-
i
Since t is not in the orbit of ay, one has

Z ciein(t) fi(t) Z Cie;,l(t)fi(t)

< [|P(o"(pr); n € Z,k € A,

and therefore
1P(0" (pr); m € Z,k € A)|| < [[P(0"(pi); n € Z,k € Ay
The same argument shows that

1P(e"(pr); m € Zk € M) < |P("(pr); n € Z,k € A,

and hence
1P(" (pi); n € Z,k € M)l = [|[P(o"(ph); n € Z,k € A,
as desired. ]

In Definition 2.1, relations among the projections {f;} (or {g;}) are hidden in the (concrete)
commutative C*-algebra C(€2,) (or C(€2,)). However, using Lemma 2.3, one can change the
generators {f;} and {g;} to the projections corresponding to intervals with endpoints in a sin-
gle orbit. Then, in the case there are no non-zero minimal projections (in the commutative
C*-algebras C(€2,) and C(€,)), the extended rotation algebra can be characterized entirely by
generators and relations in the following way:.

First, let {ax; k € Ay} be a set of #-independent numbers, where A, is a countable index set
(finite of infinite). Consider the set of generators

G ={u,dpn; n€Zk e}
and the set of relations R’ consisting of
(1) w is a unitary, and each dj, is a projection,
(2) udy,, = dgnu for any n € Z,
(3) for any n € Z and any continuous function f on the circle with suppf C (ax + nb, ay +
(n+1)8),
fW)dyn = f(u),
(4) for any n € Z and any continuous function f on the circle with suppf C [ax + nf, ax +
(n+1)6],
fu)dy,, =0,
(5) for any n € Z and any continuous function f on the circle with suppf C (ax+ (n+1)0 —

0 0
Za&k_‘_ (n+ 1)0+ Z)a

(din + dinia) f(u) = [f(u).
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Denote the universal C*-algebra generated by {G’' | R’} by W, and denote by p; a spectral
projection corresponding to a half-open interval from ay to ay + 6. It is clear that the genera-
tors {z,07"(px); n € Z,k € A,} of the concrete C*-algebra C(£2,) satisfy the relations above.
Moreover, let us show that these two C*-algebras are canonically isomorphic.

Lemma 2.6. The map u v z, dy,, — o "(px) defines a *-isomorphism from W to C(Q,).

Proof. Denote by ¢ : W — C(€2,) the map induced by u +— 2, di,, — 0~ "(pg). This surjective
map is by definition a contraction. Let us show that it is an isometry.

Let 7 be a faithful representation of ¥V on a Hilbert space 7. For any subinterval I of the
circle, denote by E(I) the spectral projection of 7(u) corresponding to the set I. By the relations
(3) and (4) of R', we have that for each k € Z,

E(lax +nb,a, + (n+ 1)0]) > 7(dy.n) > E((ar + nb, ar + (n + 1)0)).
Therefore,
7(din) = E(ax +n6,ax + (n+1)0)) + ey + e
for some projections efle < E({ay + nf}) and egﬂ)l < E({ar + (n + 1)8}). Moreover, by the
relation (5) of R/, for each n € Z,
el + elni = B{ax + (n +1)0}).

Set
1
I = span{egw)z}.
It is clear that 77 is invariant under W and that e,(fn L J4 for each k € \,,n € Z. Denote the
restrictions of 7 to 4 and 4+ by m; and 7 respectively. We then have that m = my @ 7, and

din = Eo(lag + 10, ar, + (n+ 1)0)) & E1((ar, + nb, a; + (n + 1)6)),

where Fy and E; are the spectral measures for u with respect to my and 7y, respectively.

Note that the C*-algebra generated by {z,c"(x([ax,ar + 0)));k € Ay,n € Z} C £°(T) is
isomorphic to the C*-algebra generated by {z, 0" (x((ax,ar + 0])); k € Ay,n € Z} C £>°(T) by
Lemma 2.5. Tt follows immediately that

lall < ll¢(a)]
for any a € W, and so ¢ is an isometry, as desired. 0

Let {ax; k € A} and {b; | € A,} be two sets of f-independent real numbers. Using the
lemma above, we can formulate the generators and relations for the extended rotation algebra
By with p, and ¢; corresponding to half-open intervals from a; to ay + 6 and from b; to b; + 6
respectively (without specifying directions) as follows:

Lemma 2.7. The extended rotation algebra By above is the universal C*-algebra generated by
g - {uvpk,navacﬁ,n; nec Za k S Au,l S Av}

with respect to the set of relations R consists of
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(1) each of {u,prn; k € Ayyn € Z} and {v,qn; | € Ay,n € Z} satisfies the set of relations
R’ as above,

(2) uv = >y

(3) upgnu* = pgp_1, and

(4) UQZ,nU* = {qln+1-

Proof. 1t follows from Lemma 2.6 and Definition 2.1 directly. O

Remark 2.8. From the generators and relations above, we see immediately that these extended
rotation algebras do not depend on the choice of the orientation of the half-open interval. More-
over, in the case that |A,| = |Ay] = 1, ay = 0 and by = 0, if one sets e, = py,, and f, = qin,
then, by the universal property, the map

U — v*

v

ent— fon_1

fn = en

defines an automorphism of this extended rotation algebra; that is, the order 4 automorphism of
0

the rotation algebra induced by ( 10

) extends to an order 4 automorphism of this special

extended rotation algebra.

One can go further to characterize the universal property of irrational extended rotation alge-
bras without minimal projections by logarithms.

Theorem 2.9. Let 0 € [0,1] be an irrational number, and B a unital C*-algebra. Let A,
and A, be countable index sets (finite or infinite). If there are unitaries u and v and positive
elements {hyx;k € Ay} and {h,;;1 € Ay} in B, and real numbers {ay; k € A} C [0,1] and
{bi; 1 € Ay} C[0,1] which are O-independent such that for each k and l,

— 27r10
1) uv=e U,

(1)
(3) u= 627” huicta) , and
(4) v = 627”(hv l+bl)
then there are projections {px; k € Ay} C B and {q;; | € A,} C B such that
{u,v, V"o ", u "qu"; n € Z}

satisfy the relations for the extended rotation algebra By of Lemma 2.7 with cutting points {ay; k €
Ay} and {b; 1 € Ay}, and C*u, v, pr, qi; k € Ayl € Ay} = Cu, v, hoyg, hoyy k€ Ayl €AY

Proof. Without lose of generality, let us assume that 6 < 1/2.

Let 7 be a faithful representation of B on a Hilbert space 77, and let us use the same notation
for the images of the elements of B. For each k, since u = e?™(hurte) with ||k, .|| = 1, one has
that

h’u k= n(e_QWiaku) + Pu,k

)
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in B(.) where p,; is a subprojection of the spectral projection E,({1}), and 7 is the function
on T\ {e?™} sending 2z to arg(z)/2m.

Note that since v*uv = e*u, the element v*E,(I)v is the spectral projection E,(c(I)), where
o is the rotation of the circle by angel 6 clock-wisely.

Consider the positive element hy := fi(hy, ) and hy := fa(hy k), where

0 if0<z<1/2
fi(z) =< linear if1/2<x<1-46,
1 otherwise.
and
1 if0<xz<0,
fo(z) = q linear if 0 <x <1/2,
0 otherwise.

We then have
hi = fion(uw) + puk,
and
= f2on(u) + (Bu({e"*}) = pu)-

Consider

hi(v*hov) = (f o n(u) + pur) (0" (f2 0 n)(w)v + v* (B, ({e*™*}) = pug)v)
= ((fomn) - (f2on)(u) + pur + 0" (E.({e*™™}) = pui)v
= Eu((ax — 0,ar)) + pur + v (E.({e™™*}) — pur)v.

It is clear that hyv*hev € B is a projection. For each integer n, set py, = v" " (hy(v*hov))v
The same construction also produces projections {pg,; k € Ay,n € Z} associated with the

—n—1

unitary u and {q.,; | € A,,n € Z} associated with the unitary v. Moreover, the unitaries v and
v together with projections {pxn; k € Ay,n € Z} and {qn; | € Ay, n € Z} satisty the relations
for the extended rotation algebra By of Lemma 2.7 with {ax; & € A,} on wand {b; [ € A,} on
v.

It is clear that C*{u,v,pr,qi; k € Ayl € Ay} C C*{w, v, hyp, hoi; k € Ayl € Ay}, Since 6
is irrational, it is not difficult to see that h,, € C*{prn; n € Z} and h,; € C*{q; n € Z}.
Hence C*{u, v, pp, qi; k € Ay, € Ay} = C*{u, v, hy g, hoys k€ Ayl € Ay}, as desired. d

Corollary 2.10. The irrational extended rotation algebra By of Lemma 2.7 with cutting points
{ag; k € Ay} and {b; | € A} is the universal C*-algebra generated by the positive elements
{hur:k € Ay} and {hy ;1 € Ay} and unitaries w and v with respect to the relations

_ 2mif
(1) wv = e*™vu,

)
(2) ”hukw|‘_ Hhle _'1
(3) u = e2milhuntar) - gnd
(4) v = 27T2(h l+bl)
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Proof. Denote by the universal C*-algebra of the statement by Bj. By Theorem 2.9, there is a
surjective canonical *-homomorphism ¢ : By — ). Thus, in order to prove the statement, one
has to show that ¢ is also injective.

By Lemma 2.7, the C*-algebra By can be considered as the universal C*-algebra generated by
certain concrete C*-algebras C(€2,) and C(£2,) (which are sub-C*-algebras of ¢>°(T)) with respect
to the relations of Definition 2.1. Then, it is clear that there are {h,x; k € A,} and {h, ;1 € A}
in By satisfying the relations of the statement, and hence there is a canonical *-homomorphism
¥ : By — By. Moreover, by checking the proof of Theorem 2.9, one has that the generators of By
are fixed by the composition ¢ o ¢. Therefore, 1) o¢ = id, and hence ¢ is injective, as desired. [

Corollary 2.11. If there is only one cutting point, say, at z = 1, for each canonical unitary, the
irrational extended rotation algebra By is the universal C*-algebra generated by unitaries u and
v together with positive elements h, and h, satisfying the following relations:

(1) uwv = e>™yu,
(2) [|Pull = [[holl = 1,
(3) u= e and
(4)

4) v = 627Tihv

Proof. Tt follows from Corollary 2.10 directly. 0J

Remark 2.12. In Section 8, we show that the irrational extended rotation algebra By above is
AF for generic 6, in the sense of Baire Category.

3. THE UNIQUE TRACIAL STATE

The irrational rotation algebra Ay always has a unique tracial state. We shall show in this
section that the irrational extended rotation algebra By (for arbitrary collections of subintervals
{p;} and {g;} of T) also has a unique tracial state.

For any natural numbers M and NNV, define a completely positive linear map ®y n : By — By
by

1

Purv(a) = 2M + 1)(2N + 1)

Z v av "™,
—M<m<M,
—N<n<N

The maps converge to a state:

Proposition 3.1. For any a € By, the doubly indexed sequence (Ppr n(a)) is Cauchy. Moreover,
the limit of ®p n(a) belongs to C1.

Let us also introduce the following completely positive linear maps

1
DY (a) = uau”™
w(a) M1 —Mg;ng
and )
@’U — n 777,‘
M) =gy 2 v
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We then have that @,y = @}, o ;. Note that the maps @}, and ®%, have the properties

(3.1) Oy (zay) = x®Y,(a)y for any z,y € C(,)
and
(3.2) O (ray) = 2P} (a)y for any x,y € C(,)

If one considers the restriction of @, x to the rotation C*-algebra Ay, then the linear maps
{®r N} converge to the canonical tracial state of Ap. Indeed, if f and ¢ are two continuous
functions on the unit circle T, one then has

Pun(F90) = GrrpErey S e
1 —~N<n<N - - -
= G IDEN ) _MS%;SM’u " f(u)o M u MM g (v)o M
1 o N -
- @rErTy S, J @)
= Gy X S0 X sem o).

Since 6 is irrational, the functions 55— > _y<u<n f(€27"?2) converge uniformly to the constant
function [; f(z)dz as N — oo, and hence

Oy (f(1)g(v)) — (/T f(z)dz/qrg(z)dz)l it M, N — oo,

Since any element of Ay can be approximated by a polynomial in elements u and v and their
inverses, it follows that @, v(a) converges to 7(a) for any a € Ay where 7 is the canonical tracial
state of Ay.

For a spectral projection ¢ of v corresponding to a subinterval of the circle, since v commutes
with ¢; for each j and

uqiuT" = o"(q;),
one has
1

Py n(g) = M+ 1 > ™)

o 1 2mimo
- 2M—|—1 Z XtI(e Z)

—M<m<M

which converges uniformly to p(q)1 where 1 denotes Lebesgue measure on T (see, for example,
Section 1.1 of [Par81]). By the same argument (or by symmetry), (s n(p)) converges as well
for a spectral projection p of u corresponding to a subinterval.

Moreover, the same calculation also shows that (®%(q)) converges to u(q)1 as N — oo, and
(®Y,(p)) converges to u(p)l as M — oc.
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Consider the sub-C*-algebra of By generated by C(f2,) and v. Since v acts on C(§2,) by
conjugation, by the universality of By, this sub-C*-algebra is isomorphic to the crossed product
C*-algebra C(£2,) %, Z. Note that there is a canonical conditional expectation II,, from C(2,) %, Z
onto C(£2,) (see, for example, VIIL.2 of [Dav96]). A direct calculation shows that for any a €
C(€2,) X Z, the sequence (P (a)) converges to I1,(a). A similar statement holds for the positive
linear maps ®%,.

In order to prove Proposition 3.1, one has to show that (®,n(a)) is Cauchy for any a € By.
Since each linear map ®,; x has norm one, it is enough to show that (®, x(a)) is Cauchy for any
word a in {u,u*,v,v*,07%(p;),0%(q;)}. First, we have the following lemma, which was suggested
to us by Hanfeng Li.

Lemma 3.2. Let A and B be two unital C*-algebras, and let ® be a unital positive linear map
from A to B. Let a € A with ||a|| = 1 be such that ||®(a*a)|| < &* for some ¢ > 0. Then

@ (ba)| < 20
for any b € A with ||b]| = 1.
Proof. By the Cauchy-Schwarz inequality, one has
p(®(ba)) < e
for any state p of B. Therefore, by the polarization identity,
[ (ba)|| < 2e,
as desired. 0

Let us consider the map ®%,. We show the following lemma.

Lemma 3.3. For any word a; - - - a,, where each a; is a spectral projection of u or v, and for any
e >0, there exists { f1,- -, fu} in the C*-algebra generated by C(Q,)U{u} and a natural number
K such that
(1) fi is a self-adjoint element in C*(u) if a; is a spectral projection of u, and f; = a; if a; is
a spectral projection of v, and
(2) for any N > K, one has

o] <
and
[N (war - an) = PR (wfi--- fu)l <e

for any word w of {u,u*,v,v*}.

Proof. Let us prove the lemma by induction on n. If n = 1, the statement is trivial if a; is not
a spectral projection of u. If a; is a spectral projection of u, let e, denote the characteristic
function corresponding to a;. Then there is a positive real-valued continuous function f; on the
unit circle such that

fi<er and p(supp(e; — f1)) < /4,
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where 1 denotes Lebesgue measure. Since e; — fi < Xsupp(er—f1) ad DX (Xsupp(er—f)) converges
to p(supp(em, — fm)), we have
HQJUN(al — f1)2H < e?/4.
Then, by Lemma 3.2, the statement holds for n = 1.
Let us assume that the lemma holds for all n < k. Let us consider a word a = a; - - - axags1 in
the spectral projections, and let w be any word in the canonical unitaries and their inverses. If
ap11 is a spectral projection of v, by Equation 3.2, we have

Oy (a) = Py (ar- - ar)aris.

Applying the induction assumption to the word way - - - a, we have that the statement holds for
the word a.

If ajy1 is a spectral projection of u (therefore ay, is a spectral projection of v), there is a positive
continuous function fi,; on the unit circle and a natural number K such that

v 3
[ @5 (@i = fea)?)] < (3)?
for any N > K. Hence, by Lemma 3.2, for any N > K one has
c
5

Without loss of generality, one may assume that f.; = >\, c;u’. Then

(3:3) [P (wan - - - agag 1) = P (war -+ - a frn (W) <

l

DY (war -+ apferi(w) = D Py (way - - apu’)
i=—1

!
= Y P (war - aguloy (ay))
i=—1
l . .
= > P (war - apqu’)o, (ar)
i=—
= X a(wdial’ o oy (a),
i=—1
@)
j
Applying the inductive assumption to the word ay - - - a,_1, there exist a natural number K,
and elements fi, ..., fr—1 € C(Q,) %, Z such that for any 1 < j < k—1, f; € C*(u)" if a; is
a spectral projection of u, and f; = a; if a; is a spectral projection of v. Moreover, for any
N > Kl,

where a;” = u"a;u’. (Note that ay) = a; if a; is a spectral projection of u.)

1ok (a; = 1) <& 1<i<k-1,
and for any — <17 </,
€
20+ 1) max{|e;| }

H@})\z(uiwal Ceap_p) — (I)UN(UiU)fl .. fk*l)H < o
Noting that by the construction of the map ®%;, one has

% (ulau’) = u P (a)ut, —1<i<I.
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Therefore, denoting by fj(i) = u~" fu', we have

Oy (wu'al’ - ) — o (wu' £+ £
= |ui @R (wuial? - ) — By (wuif7 - £ )
= ‘ O} (u'way - - - ap—y) — Py (u'wfy - -- sz)H
g
< .
— 2(20+ 1) max{|c]}

Noting that

l
Py (wfi- frmrapfria(u)) = Z Py (wfy - fkqakui)

i=—1

I
= > a®y(wfi-- fiau)o, (ar)
=1

l i . .
= > @ (wi £ £ Yo (),

==l

we then have

PN (way - -+ ag fryr (w) = QR (whi- -+ frran fra ()]
!

>

i=—1

< g/2.

ci( @ (w'al” - ) — O (wi £ £0))o )|

Together with Inequality 3.3, we have

| PN (way - - - agarsr) — PR (wfi - forak fera ()] <e.

Thus, the statement holds for n = k + 1, and therefore, the statement holds for any n, as
desired. 0

The lemma above also holds for the maps ®f,.

Proposition 3.4. The sequence (®Y,) (or (®Y,)) converges to a conditional expectation ®* (or

O") of By onto C(Q,) (or C(§,)).

Proof. We only give the proof for (®%). For any a € By, let us show that (®%(a)) is Cauchy.
We may assume that a is a monomial. By Lemma 3.3, for any ¢ > 0, there is an element
a' € C(2,) Xy Z C By and a natural number K such that

| % (a) — PR (a")]| <e/2 for any N > K.
On the other hand, there is a natural number K, such that

[®%(a’) —y(a')|| < e/2 for any N > Ko,
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where II, is the canonical conditional expectation of C(£2,) %, Z onto C(f2,). Therefore, for any
N > II]&X{[(l7 KQ},
1% (a) — u(a)|| < e

which implies that (®%(a)) is Cauchy with limit belonging to C(£2,). Hence, (®%) converges to
a unital completely positive linear map ®* from By to C(€2,).

By Equation 3.2, one has

¥"(vay) = 20" (a)y

for any z,y € C(£2,). Therefore, ®" is a conditional expectation, as stated. O

Now, let us prove Proposition 3.1.

Proof of Proposition 3.1. Note that &,y = @Y, o ®%,. Fix an element a € By. For any € > 0,
by Proposition 3.4, there are natural numbers K; and K5 such that for any N > K,

[Py (a) — °(a)]| < /2,
and for any M > Ko,
|93, (2(a)) — 2*(2"(a))]| < e/2.
Then, for any M, N > max{K;, K>},
[Par,n(a) = @“(2%(a))]| = [[P5(PN(a)) — 2“(2"(a))ll
195 (P (a) — %(a))[| + |@5, (2" (a)) — 2*(2"(a))]]

E.

[VARVAN

Thus, the double indexed sequence (P ) converges to ®* o ®¥. Since ®¥(a) € C(£2,), we have
o4(dY(a)) € C1, as desired. O

Remark 3.5. In an earlier version of this paper, Lemma 3.3 was proved for the map ®u;n
instead of ®%, or ®%,. Then it was pointed out by Hanfeng Li that the same argument still works
for the maps @, and ®%,, and this made the original arguments for simplicity and nuclearity in
Section 5 and Section 7 valid for more general extended rotation algebras.

Denote by @ the limit of (®,, ). By Proposition 3.1, the linear map @ is a state of By.
Theorem 3.6. The state ® is the unique tracial state of By.

Proof. Let us first show the uniqueness. Let 7 be any tracial state on By. For any a € By and
any M, N, a direct calculation shows that

T(Pyn(a)) = 7(a).
Then, by Lemma 3.1,
O(a) =7(P(a)) =lim7(Py n(a)) = 7(a),
and therefore, ® = 7.
Let us show the existence of the tracial state of By. Consider the concrete extended rotation

algebra By associated with the standard GNS representation of the rotation algebra with respect
to the canonical tracial state. It is well known that the von Neumann algebra A” is a factor of
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type II;. In particular, it has a tracial state. Therefore, the concrete extended rotation algebra
By C A” also has a tracial state. Since By is a quotient of By, this shows that By has a tracial
state, as desired. O

By the construction, the maps ®,; n, @4, and @Y are averages of certain inner automorphisms
of By; therefore the tracial state ® and the conditional expectations ®* and ® preserve ideals
of By. Denote by Zy the ideal

Ty :={a € By; ®(aa”) =0}.

Corollary 3.7. The ideal Iy is the unique mazimal proper ideal of By. In particular, the quotient
Bo/Zy is simple.

Proof. Let Z be any ideal of By. If Z & 7y, then there exists a € Z such that
®(aa™) = A1 # 0.
However, since ¢ preserves ideals, one has that
AN el
and hence Z = By. Thus, the ideal Zy is the unique maximal proper ideal of By. O

Recall that a state p of a C*-algebra A said to be faithful if p(aa*) > 0 for any non-zero
element a € A.

Corollary 3.8. Let B be any quotient C*-algebra of By. Then the C*-algebra B has a unique
tracial state ®. Moreover, the C*-algebra B is simple if and only if the tracial state ® is faithful.
In particular, the statement above holds for B, g where 7 is a representation of Ag.

Proof. By Corollary 3.7, the kernel of the canonical map from By to B is contained in Zj.
Therefore, the tracial state ® passes to a tracial state of B; denote this by ®. The uniqueness of
tracial states of B follows from the uniqueness of tracial states of By.

By construction, the tracial state ® is faithful if and only if the kernel of the canonical kernel is
Ty, and if and only if B is isomorphic to By/Zs, and hence if and only if B is simple by Corollary
3.7. OJ

An immediate consequence is
Corollary 3.9. The C*-algebra By is simple if and only if ® is faithful.

Denote by (7., 7, ) the GNS representation of Ay with respect to the canonical tracial state 7
of Ay. In the remaining part of the paper, let us denote the concrete extended rotation algebra
B, ¢ by By. Since the von Neumann algebra Aj is a factor of type II;, the canonical tracial state
of By is faithful. By Corollary 3.8, we have the following corollary.

Corollary 3.10. The concrete C*-algebra By is simple.

The following theorem provides a criterion for the faithfulness of the canonical tracial state.
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Theorem 3.11. Let B be a quotient C*-algebra of By, and denote by ® the canonical tracial
state of B. Let a € B* with ||la|| = 1. Then ®(a) > 0 if and only if the following statement
holds:

There exists A > 0 such that for any € > 0, there exists 6 > 0 such that

n
1> u"vtiav™"u " > nA(1 —¢)

for any integers (r;, ;) with ;0,50 € [—0,0] mod Z, where u and v are the images of the
canonical unitaries of By.

Proof. By Corollary 3.7, there is a canonical quotient map 7 from B to By, the concrete extended
rotation algebra associated with the standard representation of Ag. If ®(a) > 0, then 7(m(a)) =
®(a) > 0 where 7 is the unique tracial state on By. Therefore 7(a) # 0. Let us set A = ||7(a)]|.

Note that in B(J%), the sequence (mw(u™v*rav~*"u~"")) converges to 7(a) in the strong oper-
ator topology if 7,0 and s,0 converge to 0 modulo Z. Hence, for any € > 0, there exists § > 0
such that, if r;0,s,60 € [6,0], then

1> m(um v av™ru™™)|| > nllm(a)l[(1 - ¢).

i=1

Therefore, we have

||Zu“v av " u”™| > |fw( Zu”’v av— " u~"™])

> n||7T( )||(1 —¢)
= nA1l—¢)
for any integers (r;, s;)f, with r;0, s;0 € [—6,0] mod Z.
To prove the inverse direction of the statement, it is enough to show that ||®,/ n(a)|| has a
strictly positive lower bound for sufficiently large M and N, since ®(a) = lim @y y(a).

Suppose that for any 0 < & < 1/2, there exists a positive number 6 > 0 such that if {r;, s;}7,
satisfy r;0,s;,0 € [—0,0] mod Z, then

(3.4) I Zon s (@)][ > nA(1 —e).

Define a subset Rs of Z2 by
Rs(M,N) :={(r,s); —M <r< M, —N <s< N, and r6,s0 € [-6,0] mod Z}.

Since € is an irrational number, one has

#Rs(M, N)

li =46 >0.
MNoo (2M + 1)(2N + 1) ~

(3.5)
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Therefore,
1o @Il = a2 @l
> oM + 1)1(2N gy i (m’n)G%(M’N) Omn(a)|| (since a is positive)
> (ij‘sl%’fvvl 1))\(1 — &) (by 3.4)
#1125 (M, N)

T 22M +1)(2N+ 1)
and hence, by 3.5,
®(a) = ||lim @y n(a)|| > A6%/2 > 0,
as desired. 0

A similar argument gives us the following criterion for the faithfulness of ®* (or ®v).

Theorem 3.12. Let a € B with ||| = 1. If there exists A > 0 such that for any € > 0, there
exists 0 > 0 such that

n
1> v av™
i=1

for any integers {sy, S, ..., Sp.} with s;0 € [—0,0] mod Z, then ®*(a) # 0 (or ®*(a) # 0).

>nA1—¢) (or || wau || >nA(1l-e¢))
i=1

4. REMARKS ON THE NUCLEARITY OF GENERAL EXTENDED ROTATION ALGEBRAS

In this section, we shall report some observations concerning the nuclearity of general extended
rotation algebras.

Let D be a unital C*-algebra. Denote by Byg®D the algebraic tensor product of By and D.
Denote by By®minD and By®max D the completion of By® D with respective to the minimal norm
|| - ||min and the maximal norm || - ||ax respectively.

Let By ® D be the completion of Bs®D with respect to an arbitrarily given C*-norm. For any
positive integers M and N, consider the completely positive linear map V%, : By ® D — By ® D
defined by

1

2M +1

Uy a— Z UraU™™,
—M<m<M
where U = u® 1p.

For any b ® d € By ® D, one has
Ul (b®d) = o}, (b) ®d,

and hence by Proposition 3.4, the sequence {UY,} converges to a completely positive linear map
from By @ D to C(£2,) ® D (considered as a sub-C*-algebra of By ® D). Denote it by ¥*. In
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particular, the argument above applies to the tensor products By®uin D and By®y.xD. Denote
by ¥*. and W"_ _ the corresponding completely positive linear maps. Then the diagram

min max

BH@minD <7r7 89®maxD

\Iixlin l \L \Iﬂrj‘nax

C(Q)®D=—=C(Q,)®D
commutes, where 7 is the canonical homomorphism from By® D t0 By&@pmin D.

Remark 4.1. The argument above also works for the averaging by the unitary V' =v®1p or by
the unitaries U and V' together. Denote the corresponding completely positive linear maps by ¥,

v, and WP o cand W, W, and Wy, respectively. Note that W = W4 o WY W ;,, = Uy, oWy .
and Wy =Wy oWy .

Since the C*-algebra By is nuclear if and only if the map 7 is an isomorphism for any unital
C*-algebra D, with the commutative diagram above, we have the following lemma.

Lemma 4.2. The C*-algebra By is nuclear if the map VY or WY s faithful for any unital

C*-algebra D. In particular, if the map V.. is faithful for any unital C*-algebra D, then the
C*-algebra By is nuclear.

Proof. Tt is sufficient to show that the canonical homomorphism 7 is an isomorphism for any
C*-algebra D. Since the map WY is faithful, then for any non-zero element a € By®uax D, wWe

have
i (m(a)m(a”)) = Ui, (w(aa®)) = Vi, (aa®) # 0,
and hence 7w(a) # 0. Therefore, 7 is an isomorphism, as desired. 0]

By an argument similar to that of Theorem 3.11, we have the following criterion for the
faithfulness of the maps ¥, ¥* and W".

Proposition 4.3. Let D be a unital C*-algebra, and let By @ D be the completion of By®D with
respect to an arbitrary C*-norm || -||. Denote by U, U" and WY the completely positive linear
maps constructed as above. Then the following statement holds:

Let a € (By @ D)* with ||a|| = 1. If there exists A > 0 such that for any ¢ > 0, there exists
0 > 0 such that

1> U VEaV =5 U || > nA(l —¢)
i=1

(or || X0, UniaU || > nA(1 —¢), or || X0, VEiaV=%|| > nA(1 — €)) for any integers (r;, s;)i,
with ;0, 5,60 € [—0,0] mod Z, then ¥(a) # 0 (or ¥*(a) # 0, or ¥¥(a) # 0, respectively).

Proof. The proof is similar to the proof of Theorem 3.11. OJ

Remark 4.4. The proposition above still holds if one replaces [—¢,0] by [0, §], or requires that
r;0 mod Z are in [—6,0] and s;6 mod Z are in [0, ], or 5,6 mod Z are in [—0, 0] and ;6 mod Z
are in [0, 6].
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Theorem 4.5. If the canonical tracial state of By is faithful, then the completely positive linear
map Vi 18 faithful for any C*-algebra D.

Proof. For any given positive element a in By ®,;, D with norm one, let us show that the following
statement holds: For any € > 0, there exists d > 0 such that

(4.1) IS U VSV = U | > n(1 — )

i=1
for any integers (r;, s;), with r;0,s,0 € [—0,0] mod Z. Then the faithfulness of W, follows
from Proposition 4.3 (with A = 1).
To show that (4.1) holds, it is sufficient to show that it holds for any a € By®D. Therefore,
we may assume

k
a = sz®dz S B@@D
=1

where b; € By and d; € D, i =1,--- | k.

Let (mp, #p) be a faithful representation of D, and denote by (m,, 7 ) the representation
of By induced by the GNS representation of Ay associated with the canonical trace. Since the
canonical tracial state ® is faithful, By is simple, and hence (7, %) is a faithful representation
of By. It follows that (7, ® mp, 7 ® D) is a faithful representation of By @uin D.

Note that for any b € By, (7 (u"v%bv=%u~""7)) converges to m,(b) in the strong operator
topology in B(.7;) if ;6 — 0 mod Z and s;# — 0 mod Z. Thus, for any b; ® d;, we have that
7, @mp(UV(b; @ d;)V59U) = 7w, @mp((uv%bu~%u™"7) @ d;)

= 7 (Wb u"") @ mp(d;)
— 7 (bi) @7p(d;) (as j — o0)
= 7, @7np(b ®d;)
in the strong operator topology on B(.7; ® #p) if r;6 — 0 mod Z and s;6 — 0 mod Z. Hence,
7, @mp(UV¥5aV™5U7") - m @ mpla) (j — o0)

in the strong operator topology on B(J¢ ® p) if rj — 0 mod Z and s;6 — 0 mod Z.
Therefore, for any ¢ > 0, there exists § > 0 such that

|m, @ ap(Q_ U VHaV=5U || = || 7 @ ap(UV5aV 55U ||

i=1 i=1
> n(|[m- @ mp(a)]| - €)

for any integers (r;, s;)", with 7,0, 5,6 € [—§,0] mod Z.
Since 7, ® 7p is a faithful representation of By @i, D, it is an isometry, and hence we have

DS

i=1

This shows that (4.1) holds, and therefore, W, is faithful. O

min 2 n(l — 5).

With the theorem above, we have a partial converse of Lemma 4.2.
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Corollary 4.6. If the canonical tracial state ® is faithful, then the C*-algebra By is nuclear if
and only if the map V.., is faithful for any C*-algebra D.

5. THE IDEAL STRUCTURE OF EXTENDED ROTATION ALGEBRAS

In general, the universal C*-algebra By is not simple. For instance, if [A;] = 1 and p =
E,([-6,0]) where E,([a,b]) denotes the spectral projection of u corresponding to the closed
subinterval of T with angle from 27a to 27b, then the element

(v—n—lpvn-H) (U—npvn)

is a minimal projection which is concentrated on the singleton {e=2""} in the spectrum of u.
These minimal projections vanish on the canonical tracial state ®, and so the ideal Zy is non-
trivial. We shall show in this section that the ideals of this type are the only nontrivial ideals
appearing in extended rotation algebras.

5.1. Simplicity of certain extended rotation algebras. As we have seen, minimal projec-
tions (if these exist) in the commutative sub-C*-algebras C(€2,) and C(£,) generate non-trivial
ideals of By. In this subsection, let us consider extended rotation algebras with the sub-C*-
algebras C(£2,) and C(f2,) do not contain minimal projections, and show that these extended
rotation algebras are simple. More precisely, for any pair of sets of #-independent real numbers
{ar; k € Ay} and {b; | € A,} with A, and A, countable index sets (finite or infinite), we shall
consider the extended rotation algebra obtained by adding spectral projections {py; i € A,} of
u and spectral projections {¢q;; | € A,} of v, with each p; corresponds to the half-open interval
lag, ar, + 0) (or (ag,ar + 0]) and each g, corresponds to the half-open interval [b;, b, + 6) (or
(by, by + 0]). (By Lemma 2.5, By does not depend on orientation of these half-open intervals.) It
is easy to see that in such a case C(£2,) and C(£2,) do not contain minimal projections. We shall
prove the following theorem in this subsection.

Theorem 5.1. The extended rotation algebra By generated by the spectral projections above is
simple.

We first have the following decomposition lemma for representations of extended rotation
algebras.

Lemma 5.2. With the notation above, if there is a representation of By on a Hilbert space €,
then there is a decomposition

such that each 7 (i = —1,0,1) is invariant by By, and for each I, E,({b}) = 0 on 4,
q = Ey([bi,b; +0)) on 71 and q = E,((by, b + 0]) on J4.

Proof. The proof is similar to that of Lemma 3.3.1 of [MPX92]. Note that for each [ and for any
continuous function f € C(T) with supp(f) C [b;, b + 0], we have f(v)q = qf(v) = f(v). It
follows that E,((b,b;+0)) < g, in B(S). A similar argument also shows that ¢ < E,([b, b;+0])
in B(s¢). Thus, we have

Ey((b, b0 +0)) < q < Ey([bi, b + 6]),
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and therefore ¢, = E,((b;, b +0)) + @10 + @1 where g0 < E,({b;}) and ¢;1 < E,({b; + 0}).
Consider the eigenspaces F,({b;}) and E,({b; + 6}). For any ¢ € E,({b;}), we have

U(u*f) _ (UU*U*)Uf _ 62m(bl+0)(u*£).

Thus, v*E,({b;}) C E,({b; + 0}). A similar argument also shows that uwF,{b, + 0} C E,({b}).
Therefore, the unitary u* induces an isomorphism between E,({b;}) and E,({b, + 0}).

We assert that ¢ 0 + ugu* = E,({b;}). Indeed, we may assume that § < 1/2 (otherwise we
can consider 1 — ¢, v*, and v*), and thus ¢, L ugu*. Since ¢;; < ¢, we have that ¢ L ugu”,
and in particular ¢; 0 L ug u*.

If o+ ugu* S E,({bi}), then there is a unit eigenvector £ € J# such that v = e*™*¢
and g0 = ug1u*§ = 0. Hence, ¢§ = uqu*{ = 0. Noting that (¢ + ugu®)f(v) = f(v) for any
continuous function f on the unit circle with supp(f) C [b;, — 0/2, b, + /2], and also noting that
f(v)€ € CE, we then have

fW)€ = (@ +uqu™) f(v)§ =0.
However, we can always choose the function f with f(e*™®) = 1, and then f(v)¢ = £. This is a
contradiction, and hence ¢, + ugu* = E,({b;}).

Denote by ##° the subspace C(€,)(@, E,({b;})7#), and denote by % the orthogonal comple-
ment of 0. Tt is clear that s is invariant under C(2,). In order to show that it is invariant
under C(£2,), it is enough to show that it is invariant under each ¢; (since C(£2,) is generated by
{u"qu=";n € Z,l € A,}). For any £ € E,({b;})# and any f € C(Q2,), we have

v(f€) = vfvvé = 2™y fore.
Since v fv* € C({Q,}), the subspace 7 is invariant under v, and thus invariant under E, ((b;, b+
6)). Moreover, for any [, since E,({b;})7# C #° and E,({b + 0})# C #°, one has that
Q07 0 C #° and R4 0 C #°. Therefore 5#° (together with it complement %) is invariant
under ¢; = E,((bi, b +6)) + @0 + @1, and hence under all of C(€2,).

We shall decompose s further. Write 7 1 = C(Q,)(B; q107¢) and 54 = C(Q,) (D, ug1u* ).
Since E,({bi}) = q0+ug u* for each [, it is clear that #° = 7, + J4. Let us show that 5,
is orthogonal to 7. It is enough to show that g ofq1 = 0 for any k,l € A, and any f € C(Q,).
Let us show that the positive element g 0fq.1f"qro is zero. Consider the completely positive

linear map

Y By 3 a— qroaqro € By.
Since g ou"qro = qk00"(qro)u” = 0 for any nonzero n, with the same argument as that of
Lemma 5.7 below, one has that

Qk,of(U)Qk,o = </1r fdu)%,o,

where p is Lebesgue measure on the unit circle. Using the argument as that of Lemma 3.3, one
has that for any € > 0, there exists a polynomial p(u) such that

N akofarf ko — arofaap(w)geoll < e.

Since ¢;1p(u)qro = 0 and ¢ is arbitrary, one has that g ofq.1/*qro = 0, and hence g ofq1 = 0.
Therefore, 77, 1 J4.
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For each [, let us show that J#; and .7 are invariant under ¢, = E,((b;, b, +0)) + g0 + qi.1-
An argument similar to the one at the first part of the proof shows that .7 is invariant under
v, and thus invariant under E,((b;, b + 6)). It is clear that ¢, is invariant under ¢ . Since
uqu* ., C 4 and A, L A, one has that ugu*7#7, = {0}, and hence ¢ 1.7, = {0}.
Thus, 77 1 is invariant under ¢;. A similar argument also shows that .74 also invariant under g;.

For each [, by the construction, E,({b;}) = 0 on %4, and thus ¢, = E,((b;,b; +0)). On the
subspace 771, we have that ¢;; = 0 and thus ¢, = E,([b;, b + 6)); on the subspace J#, we have
that ¢, 0 = 0 and thus ¢, = E,((b;, b, + 0]), as desired. d

Proposition 5.3. With the setting above, the conditional expectation ®“ from By to C(£,) is
faithful.

Proof. Fix a faithful representation (7, %) of By and a positive element a € B with ||a|| = 1.
By Lemma 5.2, there is a decomposition

= I D A DA,

such that each 7 (1 = —1,0, 1) is invariant under By, and E,({b;}) = 0 on 54, ¢, = E,([bi, bi+0))
on 1 and q; = E,((b;, b + 0]) on 74 for any [A,.

Consider the restriction of 7(a) to each invariant subspace. Since 7 is faithful, for any ¢ > 0,
there is a unit vector ¢ in one of J7, say ¢ 1, such that ||7(a){]| > 1 —e.

Consider the cut-down of 7 to 7, and let us still denote the image of m by By. Note that By
is generated by C(€2,), v, and ¢;, and so there exists

n
/
a = Z ai,lbi,l s ai,kibi,ki
i=1

with a; ; € C(€,) and b; ; = v or ¢ such that
la —d'|| <e.

Noting that ¢; is the spectral projection F,([b;, b + 6)), one has that u"qu™"" converges to ¢; in
the strong operator topology if ;0 converges to 1 from the left modulo Z. Therefore, u"a'u="
converges to @' in the strong operator topology if r;6 converges to 1 from the left modulo Z.
Hence there is a 0 > 0 such that

uad'uT"E —d'€

<e

for any r with 70 € [1 —§,1] mod Z.



24 GEORGE A. ELLIOTT AND ZHUANG NIU

Therefore, for any integers r;, o, ..., 7, with 7,6 € [1 — §,1] mod Z, we have

Z utau” | > Z u"tau”"E |
i=1 i=1
> D widuTE| — ne
i=1
> D d¢|| - 2ne
i=1
> 1> ag|| — 3ne
i=1
> n(l—¢)—3ne
n(l — 4e).
By Theorem 3.12 (with A = 1), one has that ®“(a) # 0, as desired. O

Proof of Theorem 5.1. By Proposition 5.3, the conditional expectations ®* and ®" are faithful.
Therefore the canonical trace ® = ®“ o ®¥ is faithful. By Corollary 3.9, the C*-algebra By is
simple. 0

5.2. The ideal structure of non-simple extended rotation algebras. Consider any ex-
tended rotation algebra By. By Lemma 2.3, there are f-independent real numbers {ax; k € A,}
and {b;; | € A,} such that the algebra is generated by spectral projections py of u corresponding
to [ak,ar + 0) or (ax,ar + 0], and spectral projections ¢; of v corresponding to [b;, b, + 6) or
(by, by + 0], and minimal projections (might be zero) e and f; which corresponds to {ax} and
{bl} Set
[y ={k € Ay; ex # 0}

and

L'y, = {l € Av; fl 7£ O}
Ifr', =T, =@, by Theorem 5.1, the C*-algebra By is simple. Otherwise, the C*-algebra By is
non-simple, since the non-zero minimal projections have zero traces.

Lemma 5.4. If the C*-algebra By is non-simple, then the unique maximal ideal Ty of By is
generated by its minimal (non-zero) projections.

Proof. By Lemma 2.3, the C*-algebra By is generated by spectral projections corresponding to
half-open intervals and minimal projections. Denote by Z; the ideal generated by all the non-
zero minimal projections. Then the quotient C*-algebra By/Z; is generated by the image of the
spectral projections corresponding to half-open intervals. Note that these spectral projections
satisfy the relations for extended rotation algebras. Thus, by Theorem 5.1, the quotient C*-
algebra By/Z, is simple, and thus Zj is a maximal ideal of By.

However, by Corollary 3.7, the ideal

Ty ={a € By; P(a*a) =0}
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is the unique maximal ideal. Therefore, we conclude that Zy = 7, as desired. [l

Remark 5.5. From the proof, we have the following short exact sequence:

0 Ty By —— B, 0,

where Bj is an extended rotation algebra generated by spectral projections {p,k € A,} and
{q,1 € A,}. Moreover, there is a canonical embedding ¢: Bj — By such that 7o = idg; that
is, this short exact sequence splits.

Remark 5.6. Since the minimal projection with angle a, + m# is unitarily equivalent to the
minimal projection with angle a; + nf, the unique maximal ideal Zy of By contains |I',| + |T',|
copies of the C*-algebra of compact operators.

Recall that C(£2,,) and C(2,) are the sub-C*-algebras of By generated by {u, v"prv=", v e,v™"; k €
Au,n € Z} and {v,u"qu=",v" fu™™; | € Ay, n € Z} respectively. We have the following lemma.

Lemma 5.7. If p is a minimal projection in C(2,) (or C(§,)), then
pfp=( /T fdp)p

forany f € C(Q,) (or f € C(Q,)), where u is Lebesgue measure on' T (consider f as a measurable
function on T).

Proof. Without loss of generality, let us assume that p is a minimal projection in C(£2,). Since
0 is irrational, for any n € Z \ {0}, we have that p L ¢™(p), and therefore,

n

pv"p = pupv """ = pa”(p)v"™ = 0.
Hence,
pf(v)p=0 for any f € C(T) with /fd,u =0.
For any f € C(T), we have
0=p(f(0) = [ fawp =pf()p— ([ fdu)p
and therefore
pf(wp= ([ faup for any f € C(T),

For any spectral projection ¢ in C(f2,) and any € > 0, there are two positive continuous
functions fy and f; on T such that

faw) Sa<fil) and 0= [(fi=fa)dp<e

Hence, we have

(/ fdp)p < pgp < (/ fidp)p  and I/f_ldu—/fldul <e,
and therefore pgp = ([ qdp)p. Since C(£,) is generated by projections, we have

pfp = /deup for any f € C({2),
as desired. n
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Corollary 5.8. For any pair of minimal projections p in C(€,) and q in C(Q,), one has that
plaq

Proof. By the lemma above, one has

pgp = (/ qdp)p = 0,
and hence p L q. ([l

Theorem 5.9. Let p be a minimal projection in C(Q,) or in C(Q,). The hereditary sub-C*-
algebra pBgp is isomorphic to C.

Proof. Let us assume that p € C(f),). Consider the unital completely positive linear map
U : By — pByp defined by

U :a— pap.

From Lemma 5.7, it follows that W(a) € Cp for any a € Ay C By.
We shall use an argument similar to that of Lemma 3.3 to show that

U(a) € Cp

for any word a = ay - - - a,by - - - by, where a; € {u,v,u*,v*} and each b; is a spectral projection of
u or v. Assume that b,, is a spectral projection of v. Then, by Lemma 5.7, for any £ > 0, there
is a positive function f,, on T such that

£

[0 (b = Fm@)))]| < =)

2m

Therefore, by Lemma 3.2, we have

€
H\Ij(al e anbl Tt bmflbm> - \Ij(al Tt anbl T bmflfm(v>)’| S E
Without loss of generality, we may assume that f,,(v) = >'_ , c;v’. Then we have

!
U(ay - apby - bp_1fm(v)) = Z ciW(ay - apby - bpy_1v")
i=—1

I
= > U(ar - anby - 00 (by1))

i=—1

where o is the canonical action on C(£2,). Since ¥ is a point evaluation on C(£2,), there is a
positive function f,,_; on T such that for any —/ <4 <[, one has

g
2+ D[+ 17

Wy anbr o (b)) = ey byl (f s ()] < —



EXTENDED ROTATION ALGEBRAS 27

and hence

||\Ij(a1 ot anbl o bm—lfmv) - \Ij(al ot anbl Tt fm—l(u)fmv)H
! I
= || aV(ar - apbi 00 (1)) — Y cW(ar - anby 00 (frno1(v)))]]

= I > cilW(ar--anby - 0" (bpor)) = W(ay - anby - - 0" (fruo1(v))))]|
< —.

Repeating the argument above, we obtain positive functions fi,--- , f,, on T such that

1¥(ar by bifia () - F(0) = lar -+ anby - () fer (@) -+ S < =

Therefore, we have
@ (ar - anby - bm) = ¥(ar - anfi(u) - frn(v)]| < e
Noting that ¥(ay - - a, fi(u) - fi(v)) € Cp and that € is arbitrary, we have
U(a) € Cp.

Hence W(By) = Cp. Noting that ¥ : By — pByp is surjective, we have that pByp is isomorphic
to C, as desired. [l

For any k € I', and | € I',, denote by 7, and Z,,; the ideals of By generated by e, and f;
respectively. Let K denote the C*-algebra of compact operators on a separable Hilbert space.

Corollary 5.10. The ideals .., and Z,; are isomorphic to K.

Proof. Since the ideal Z, is generated by the minimal projection ey, by Brown’s theorem
([Bro77]), Z, is stably isomorphic to exByey. By Corollary 5.9, the C*-algebra e, Byey, is isomor-
phic to C, and hence 7, is isomorphic to K. Similar arguments apply to the other ideals. [

Corollary 5.11. The ideals 2, Z,;, k € I'y, l € I',, are orthogonal to each other.

Proof. For any pair i,j € I', with ¢ # j and any element a € By, consider the element e;ae;.
From the argument of Theorem 5.9, the element

(ejae;)(eja’e;) = e;ae;a’e;

can be approximated arbitrarily close by an element in the form of e;ae;be; for some b in the
sub-C*-algebra Ay. It is clear that the latter element is zero, and hence e;ae; = 0 for any a € By.
Therefore, we have Z,,,7,, ; = 0, as desired.

Similar arguments show that the ideal Z,; is orthogonal to the ideal Z,; with i,j € I', and
t # j, and Z,,;, orthogonal to Z,, ;. O

Let {ax; k € 'y} and {F; | € I',} be a collection of strictly positive numbers such that
> ker, ke and > 7cp, B fi converge in norm. Then we have the following corollary.
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Corollary 5.12. The hereditary sub-C*-algebra of By generated by Y cr, axer + >ier, Oifi is
isomorphic to @, 4, C.

Proof. By Theorem 5.9 and Corollary 5.11, for any a € Cy, we have
(> awen+ > Bif)al Y awer + > Bufi) € (B Cer) ® (P Cfh),
kel = kel leT, ke, ler,

as desired. 0
Corollary 5.13. The canonical ideal Zy of By is isomorphic to @, |4 r,| K-

Proof. By Lemma 5.4, the canonical ideal Zy is generated by the mutually orthogonal minimal
projections {ex, fi; k € I'y,l € I',}, and thus is generated by v = Y ycr, arer + X e, Gifi- Hence
by Brown’s theorem, the ideal Z is stably isomorphic to the hereditary sub-C*-algebra vByy.
However, by Corollary 5.12, yBy7 is isomorphic to @r, |4 r,| C, and therefore, Zy is isomorphic
to D, |+r.| K- U

Remark 5.14. By Corollary 5.13, the short exact sequence of Remark 5.5 can be written as
0— D, — B ==8—0.

6. A REMARK ON THE UNIVERSALITY OF EXTENDED ROTATION ALGEBRAS

In this section, we shall make a remark on the extended rotation algebras without non-zero
minimal projections (equivalently, the simple extended rotation algebras). We shall show that
any automorphism of a such irrational extended rotation algbebra is in fact determined by its
restriction to the rotation algebra (Corollary 6.3).

Theorem 6.1. Let By be a simple extended rotation algebra and ¢ be an endomorphism of By
such that ¢(u) = u and ¢(v) = v, where u and v are the canonical unitaries of By. Then ¢ = id.

Proof. it is enough to show that any spectral projection is fixed by ¢. Let us consider the spectral
projection p of u corresponding to an interval I. For any € > 0, pick continuous functions f and
g in C(T) such that f(u)p =p, g(u)p = g(u) and 7((f(u) — g(u))?) < &, where T is the canonical
tracial state of By. Since ¢(u) = u and ¢(v) = v, one has

f(w)o(p) = ¢(p) and  g(u)o(p) = g(u).

Hence
o(p) —p = f(u)(o(p) —p)
= (f(u) —g(u) + g(u))(d(p) — p)
= (f(u) —g(w)(o(p) —p) + g(u)(é(p) — p)
= (f(u) —g(uw)(e(p) —p),
and

T((6(p) — p)?) < 7((f(u) = g(u))?) <e.
Since ¢ is arbitrary, one has that 7((¢(p) — p)?) = 0. Since 7 is faithful, one has that ¢(p) = p,
as desired. n
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Corollary 6.2. The extended rotation algebra By with cutting points {ax; k € A,} on u and
cutting points {b;; | € A,} on v has the following universal property: For any C*-algebra B
generated by {u, v, hy g, hoy; k € Ay, 1 € Ay} with

(1) wu* = u*u = vv* =v*v =1,

(2) ||huill = ||hogll = 1 for each k1,

(3) uv = ¥y,

(4) u = e¥milhuirtan) - gnd v = 2 horitb) for each k, 1,

there is a unique surjective homomorphism ¢ : By — B sending the canonical unitaries to u and
v respectively.

Proof. Tt follows from Theorem 2.9 and Theorem 6.1. U

Corollary 6.3. Let a and 3 be two automorphisms of the extended rotation algebra By above.
If a(a) = B(a) for any a € Ay C By, then a = 5.

7. NUCLEARITY OF EXTENDED ROTATION ALGEBRAS

In this section, we shall show that any extended rotation algebra is nuclear. Let us first consider
any extended rotation algebra BBy without non-zero minimal projections. Denote by {ax; k € A, }
and {b;; [ € A,} the cutting points, and py and ¢; the spectral projections corresponding to half
open intervals from ay to a, + 6 and from b; to b; + 0 respectively.

Recall that for any C*-algebra D and any C*-algebra tensor product By ® D, we have con-
structed completely positive linear maps U* and ¥ from By ® D to D in Section 4. We shall
use Proposition 4.3 to show that the maps ¥* and UV are faithful. Hence by Lemma 4.2, the
C*-algebra By is nuclear.

Let D be a unital C*-algebra, and let By ® D be any C*-algebra tensor product. Let 7 be a
faithful representation of By ® D on a Hilbert space 7. Then the restriction of m to By or D is
a representation of By or D on #¢; denote these representations by m; and m, respectively. Note
that m1(By) and me(D) commute with each other.

By Lemma 5.2, the space ¢ has a decomposition

H = H B Hy DI

such that each 7 (i = —1,0, 1) is invariant under By, and E,({b;}) = 0 on 4, q; = E,([bi, bi+0))
on 1, and q; = E,((b;, b+ 6]) on 7. Let us first show that these subspaces are also invariant
under D.

Lemma 7.1. The subspaces of the decomposition
H = H DI D I
of Lemma 5.2 with respect to the representation w of By on F€ are invariant under D.

Proof. For convenience, let us identify the C*-algebras By and D with their images in B(J¢), and
let us use the notation of the proof of Lemma 5.2. Recall that 7 is defined as the orthogonal
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complement of the subspace

A = C(Qu)(@ E,({bi}) ).

For any d € D, since d commutes with v, it also commutes with each E,({b;}). For any { € 5
and any f € C(Q,), since d commutes with By, we have

d(f(E,({bi})€)) = f(d(E,({0i})€)) = f(E.({bi})(dS)) € 2"

Therefore, ##° is invariant under D, and hence %, is invariant under D.
Recall the definitions

| = C(Qu)(@ Qo) and JH = C(Qu)(@ uqu* )

from the proof of Lemma 5.2. In order to show that .7 and 7, are invariant under D, we shall
show that each projections ¢; o and ug ;u* commute with D.

For any d € D, since d commutes with the canonical unitary v, it also commutes with the
spectral projections ¢’ = E,([b;, b, + 0/2)) and ¢" = E,((b;, b+ 60/2)). Recall that the projection
q can be written as ¢ = E,((b;, b + 0)) + qi0 + @1, where g0, and ¢ ; are subprojections of
E,({b;}) and E,({b; + 0}) respectively. It follows that d commutes with the element ¢¢’ and

q¢ = (E,((bi, by +0)) + q10 + q1) Eu ([0, 0 + 6/2)) = E,((bi, by +0/2)) + g0 = 4" + qu0,

and hence d commutes with the projection ¢ . A similar argument also shows that d commutes
with the projection g;;. Therefore, the projections ¢q;o and ug ;u* commute with D, and the
subspaces .77 1 and 7] are invariant under D, as desired. O

We have the following immediate corollary.

Corollary 7.2. Let m be a representation of By @ D on a Hilbert space 7. There is a decom-
position

H = H O DA
such that each € (i = —1,0,1) is invariant under By ® D, and E,({b;}) = 0 on 54, q =
E,([bi,b; 4+ 0)) on S1 and q, = E,((by, by + 0]) on .

With this corollary, let us show the main result of this section.

Proposition 7.3. Let D be any unital C*-algebra, and By @ D the completion of the algebraic
tensor product By D with respect to an arbitrary pre-C*-algebra norm || -||. Then, for any non-
zero a € (By @ D)*t, one has that W"(a) # 0, where U* is the conditional expectation constructed
in Section 4.

Proof. We may assume that ||a|| = 1. Let us show that a satisfies Proposition 4.3. That is, there
exists A > 0 such that for any € > 0, there exists d > 0 such that

1> U aU™"

=1

>nA(1—¢)

for any integers {r;}!, with 7,0 € [—9,0] mod Z, or for any integers {r;}!, with 6 € [0, ]
mod Z.
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The proof is the same as that of Proposition 5.3. Let m be a faithful representation of By ® D
on a Hilbert space 7. By Corollary 7.2, there is a decomposition

H = H0 DD A,

such that each subspace is invariant under By ® D, and for each [ € A,, E,({b;}) = 0 on J4),
q = Ey([b;,b; +0)) on A, and ¢ = E,((b;,b; + 0]) on 7. Since 7 is faithful, there is a unit
vector £ in one of 77, say 1, such that ||7(a)f]| > 1 —e.

Consider the representation obtained from 7 by cutting down to the invariant subspace 7,
and denote this by 7_;. Since 7_1(q;) = Ex_, )([bi, b +6)), we have that 7_; (u"qu™") converges
to m_1(q) in the strong operator topology if rf converges to 1 from the left side modulo Z. The
argument of Proposition 5.3 shows that there is a § > 0 such that

H7r_1(UTaU_T)§ — 7r_1(a)§H <e

for any r with 70 € [1 —§,1] mod Z.
Therefore, for any integers rq, 79, ...,r, with ;6 € [1 — §,1] mod Z, we have

Z UliaU™ || > Z 71 (U"aU™")
i=1 i=1
> Sy
i=1
> n(l—2e).
Therefore, by Proposition 4.3 (with A = 1), we have U(a) # 0, as desired. O

By Lemma 4.2, we get the following theorem immediately.

Theorem 7.4. The C*-algebra By is nuclear if it does not contain any non-zero minimal pro-
jection.

Since any extended rotation algebra is an extension of an extended rotation algebra with-
out non-zero minimal projections by the algebra of compact operators (Remark 5.14), and the
property of nuclearity persists under passage to extensions, one has the following corollary.

Corollary 7.5. Any extended rotation algebra is nuclear.

8. CONTINUOUS FIELD STRUCTURE AND AF STRUCTURE

In the remaining part of the paper, we shall focus on the extended rotation algebra By with only
one cutting point for each canonical unitary, that is, only the spectral projections p = E,([—6,0))
and ¢ = E,([0,0)) are through in. We shall show that there is a dense G5 set U C [0, 1] such
that for any 6 € U, the extended rotation algebra By is AF.

First, let us consider rational extended rotation algebras.
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8.1. Rational extended rotation algebras. Let m and n be a pair of relatively prime natural
numbers. Recall that the rational rotation algebra A, /,, can be identified with the sub-C*-algebra
of M,,,(C(T?)) generated by the following two unitaries (see [Boc01]):

0 = 0
0 0 = 0
winm)e | 1o
o 0 0 - 2z
z7 0 0 0
and
v (21, 29) — diag(zo, 20w, 20w?, - -+ | 20W™ )

where w = e2™n/m

Consider M,,(C(T?)) as a sub-C*-algebra of the von Neumann algebra M,,(L>°(T?)), and
therefore consider the rotation algebra A, ., as a sub-C*-algebra of the von Neumann algebra
M,,,(L>(T?)). Denote the spectral projections E,((—n/m,0]) and E,([0,n/m)) by p and ¢ re-
spectively. Let us consider the C*-algebra generated by A, /,, and the spectral projections p and
q in M,,(L>(T?)).

Definition 8.1. The (provisional) rational extended rotation algebra B,, ., is the sub-C*-algebra
of M,,,(L>°(T?)) generated by u, v, p, and gq.

Remark 8.2. Note that any probability measure on T? induces a tracial state of the rational
extended rotation algebra B,,/,, by integration, and it is faithful if the support of this probability
measure is T2

8.2. A field of extended rotation algebras. Let 6§ € [0,1), and let uy and vy denote the

canonical unitaries satisfying

ugvg = €2 vguy.

Let py denote the spectral projection E,((—0,0]) and gy the spectral projection E,(]0,0)). Let
us denote by By the extended rotation algebra generated by {ug, vy, pg, go}. We shall construct a
field of C*-algebras over the interval with fibres {Bg}ocpo.1)-

Consider the families of operators (vEpgv, ™), (ubqouy™), (ug), (ve), and their adjoints. Then
the sections

S fu(@)al? -,
k

where al(-k) is one of the families of operators above, and f;, is a continuous scalar-valued function
on T, form a *-algebra in a natural way. Denote it by Z%’. Note that there is a evaluation map
o from A’ to By for any 6.

Define a norm || - || on &’ by

II%:ka)(agk))"'(aff))ll = sup [|mo(3 fu(0)(ai”) - ()]

9€[0,1) k
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It is easy to verify that || - || satisfies the C*-algebra identity. Thus, the completion of %’ with
respect to || - ||, denoted by A, is a C*-algebra. The map my : &' — By can be extended to
surjective *~homomorphism my : B — By.

In this way, the C*-algebras By form a field of C*-algebras () over the unit circle T. In what
follows, we shall study the continuity of this field, and show that for any section a € %, the
function 6 +— ||mp(a)|| is continuous at irrational points.

Remark 8.3. Note that if we only consider the subfield A of B generated by sections (uy) and
(vg), the field A is a continuous field of C*-algebras with fibre the rotation algebra Ay. Moreover,
if we denote the canonical tracial state of Ay by 7y (if 6 is rational, then take 74 to be the integral
with respect to Lebesgue measure on T?), then the function 6 — 7y(my(a)) is continuous for any
section a of A. (See [El82].)

8.3. Lower semicontinuity. Denote by 75 the canonical tracial state of By (if 6 is rational,
then take 7y to be the integral with respect to Lebesgue measure). We then have

Lemma 8.4. 79(mg(a)) is continuous with respect to 0 for any section a € A.

Proof. By linearity and continuity, we only need to prove the statement for a = a; - - - a,, where
a; € {(ug), (vg), (up), (v3), (pe), (qo)}. For any 6y and any ¢ > 0, there are continuous functions
Py, and gy, defined on the unit circle, and d; > 0, such that if one substitutes pj, (u) for py and
qp, (1) for gs, and denotes the modified sequence ay, ..., a, by af, ..., a;,, then

oy Wy

£
s an) = o(al -+ af)| < 5

for any |0’ — 0| < 05.
Since my(a;) € Ayp, the section a} ---al, is in the field of rotation algebras (Ay), and therefore

') is continuous with respect to # by Remark 8.3. Hence there exists d; > 0 such

Tg(ﬂ'@(all Gy,

that
€
() — iy )| <
if |0’ — 6| < d9. Then for any ¢ with [0 — 0| < min(éy, d2), we have
2e
o (ar- - an) =75 (ar---an)| < (@) - a) = 7oy - an) [ + =
< e,
as desired. O

Proposition 8.5. The field (By) is lower semicontinuous.

Proof. By the continuous functional calculus, it is enough to show that for any section a of (By),
if the sequence (6,,) converges to 6, and my, (a) = 0, then my(a) = 0.
Since 7y, (a) = 0, it follows that 7y, (7, (aa*)) = 0. By Lemma 8.4,

7'9(71'9(&)) = lingn(ﬂ'Qn<a)) =0.

Since 7y is faithful on By, we have that mp(aa*) = 0 which implies mg(a) = 0. O
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8.4. Upper semicontinuity. We shall study the upper semicontinuity of the field of C*-algebras
(Bg). The sections of (By) are not always continuous; for example, the section

m—1

nl— () vppovy")
i=0
is not continuous at the point n/m. However, we shall show that the field (By) is continuous at
any irrational point.

By analogy with the construction of the field (By) (and in fact as a subfield of this field),
let us construct an auxiliary field of commutative C*-algebras (Q4) where Qf is the C*-algebra
generated by {ug, vypevy"; n € Z}. (Note that the unitary uy is in the C*-algebra generated by
{vypevy ™} if 6 is an irrational number.) It is easy to see that the spectrum of € is the Cantor
set if # is irrational, and is the union of disjoint intervals if # = n/m with (n,m) = 1.

The field of C*-algebras (£2), by definition, is generated by the sections

0 — f(@)a1&2

where ay,as € {(uf)g, (Vgpevy™)e; m € Z} and f is a continuous function on T. Let 7y denote
the projection map from (£2) to €2f.

Lemma 8.6. The field () is continuous at any irrational point.

Proof. Let a be a section of (2f), and let §y be a irrational point. It is enough to show that if
7o, (@) = 0, then for any € > 0, there exists § > 0 such that

[mo(a)ll < e

for any 6 with |0 — 6y| < 6.
Note that a can be approximated by a finite sum

a = kz_: cr(0)(ug® ) (Pr1) - -+ (Prmy )

where the ¢;, are continuous functions on T, and each (pg,,) is one of the sections of projections
(vgpevg ")g, m € Z. We may assume that

la—d'|| < e/4.

Since g, (a) = 0, one has in particular that |7y, (a’)|| < /4.
Note that at each point 0, my(a’) can be simplified as

me

mo(a) = D (calO)g” + -+ ey (O ") P
i=1
where the P, are mutually orthogonal projections in Qf, and the family (c¢;;) is a certain re-
arrangement of the continuous functions (cy).
Since the projection vgpgv, ¥ is the spectral projection in L>(T) of the unitary uy corresponding
to the set [k6, (k+1)0), the projection P; is a spectral projection of the unitary uy corresponding
to the set [m#f, nf) for certain integers m and n. Let us consider each commutative C*-algebra €2}
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as the sub-C*-algebra of L>°(T) generated by the canonical unitary and its spectral projections
{Xwo,(k+1)0); k € Z}.

Note that the mutually orthogonal projections { P;} induce a partition of the circle T. Denote
by {Tig; i =1,--- ,mp+1} the partition with T} y corresponding to P;, and T,,,+1 ¢ corresponding
to the complement of the sum of P; (if the complement is zero, then, T},,11¢ is empty). Then
mp(a’) can be considered as a continuous function on the partition; in other words,

mo(a’) = (@1, 41 9) € C([0,1]) & - & C([0,1])

where each copy of [0, 1] corresponds to a piece of the partition of T, and a; 4 = ¢;1 (€)u" +- - -+
cij, (O)u"i.

Since 6 is irrational, there exists § > 0 such that for any 6 with |§ — 6] < J, one has that
mg = myg,, and each piece Ty of the partition corresponding to 6 only changes slightly from
the piece T4, (these sets are subintervals of the circle). Therefore, since ug corresponds to the
canonical generator of C(T) which is a continuous function on the circle, and the functions ¢;;
are continuous, by choosing § sufficiently small, we may assume that for any |6 — 6y| < 6,

ko]l -

/ / .
@i p ;.06 <e/2 foranyi=1,--- my.

Hence, we have
Imo(a’) — o, (a)]] < €/2
for any 6 with |0 — 6y| < 6. Therefore,
Ima(a)ll < llmo(a)ll +&/4 < [Img,(a')]| +3e/4 < &
holds for any 6 with |6 — 6y| < d, as desired. O
In the same way, the sections {(vg), (ujgou, ")} generate a field of C*-algebras (€24). Similar
arguments show that the field (£2§) is continuous at irrational points. (Alternatively, the fields

corresponding to u and v are isomorphic.)
For any irrational number 6y, set

Iy, = {a € (%); mg,(a) = 0}
and
Jg = {b € (925); 74, (b) = 0}

Denote by B the universal C*-algebra generated by the sections of (2y) and (€2j) with respect
to the relations

(ug) (o) (up) = (a9(bs))
and
(ve)(as)(v5) = (05" (as)),
where (ag) and (by) are sections of (24) and (£2§) respectively. There exists a canonical surjective
homomorphism v : B — %, such that the composition map

7T9007,DZB—>BQO

! /
sends Iy, and Jy, to zero.
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However, the quotient C*-algebra B/Ideal(lj , Jy ) is generated by the canonical unitaries and
their spectral projections corresponding to the half-open intervals. Therefore, it is a simple
C*-algebra by Theorem 5.1, and is isomorphic to By; in particular, one has

Ideal(1y,, Jy,) = ker(mg, 0 1)).

Let ¢ be a section of (By). If m,(c) = 0, then any pre-image ¢’ of ¢ in B is in ker(my, 0 ¢), and
thus c lies inside the image of Ideal(1y , J; ). Without loss of generality, we may assume that

C/ = Z T;A;Y; + Zgjbjhj
i=1 j=1
where a; € Iy, b; € Jp,, and 2, ¥;, g5, h; € B. Hence we have
I 0 (| < D Nl el o @)l + D Nlgjll g1l lima(B1)]] -
i=1 j=1

Since 7y, (a;) = 0 and 7y, (b;) = 0, and the sections of (£2f) and (£2) are continuous at irrational
points by Lemma 8.6, we have that for any € > 0, there is o > 0 such that

|mgop(c)|| <& for any 6 with |6 — 6,] < 0.

In particular, one has
|mo(c)|| < e for any 6 with |6 — 6y| < 4.

By the continuous functional calculus, the field (By) is upper semicontinuous at 6.

Proposition 8.7. The field (By) is upper semicontinuous at irrational points.
Together with Proposition 8.5, we have the following theorem.

Theorem 8.8. The field of C*-algebras (By) is continuous at irrational points.

8.5. An upper semicontinuous field of C*-algebras. Since the field (By) constructed in the
last subsection is not upper semicontinuous at rational points, we cannot get any information
on the structure and the K-theory of the irrational extended rotation algebras from the fibres at
rational points. In this subsection, we shall construct new rational fibres, to obtain a new field
of C*-algebras, still denoted by (Bs)—we trust that, since the irrational fibres will be exactly the
same, there will be no confusion—, which is upper semicontinuous. In the remaining part of the
paper, we shall show that the rational fibres of this field are approximate dimension drop circle
algebras, and hence using the upper semicontinuous field structure and the classification theorem
for simple inductive limits of dimension drop circle algebras, we shall show that for generic 6,
the C*-algebra By is an AF-algebra with

(Ko(Bs),K§ (By), [15,]) 2 (Z + 0Z,(Z + 0Z) NR* ) 1).

Recall that the fields (©4) and (€2)) of commutative C*-algebras are continuous at irrational
points, and not continuous at rational points (even not upper semicontinuous). For each 6 € [0, 1],
let us define

Iy = A{a € (Q); lim (7o (a)) = 0}
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and
Jo={b e (9): lim (7 (b)) = 0},

Denote by 2 and Qv the C*-algebras of the fields (2) and (£2) respectively. Then, for any
6, consider the C*-algebras
Qv =Qv/I,
and
Qy = Q) J;.

Remark 8.9. By Lemma 8.6, one has that Qf = Q% and QY = Q for irrational §. However, for
rational 6, the C*-algebras Qf and Qf are only quotient C*-algebras of Qf and Q respectively.

Remark 8.10. The C*-algebra Qg is generated by the images of the sections

{(uo), (vo)"(po)(ve)™*; k € Z}.
In the sequel, let us denote by u and pj, the images of (ug) and (v9)*(pe)(ve)™* in QY and by

v and q; denote the images of (vg) and (ug)*(qg)(ug) ™" in Y, if there is no confusion with the
C*-algebras of sections generated by u and p, and by v and gy, respectively.

Consider the fields of C*-algebra with (Q%) and (Q3). We then have the following lemma.
Lemma 8.11. The fields of C*-algebras () and (QY) are upper semicontinuous.

Proof. For any ¢ € Q", if my(c) = 0, then ¢ € Iy. By the construction of Iy, for any € > 0, there
exists 6 > 0 such that |7y (c)|| < € for any ¢ with |¢ — 0| < §. By the continuous functional
calculus, it follows that the field (Qg) is upper semicontinuous. The argument same as above
applies to the field (Q3). O

Definition 8.12. For each 6, denote by By the universal C*-algebra generated by Qg and Qz
with the relations

(1) uv = e™pu,

(2) vprv* = pro1, and

(3) ugrpu” = qry1-
Remark 8.13. It is clear that for irrational #, the C*-algebra By defined above is exactly the
irrational extended rotation algebra. Therefore, we use the same notation. But for 6 rational,

the algebra is different from the rational extended rotation algebra defined in 8.1. (We use the
same notation because the present choose of fibre seems much more appropriate.)

Definition 8.14. For each 6, denote by &} the universal C*-algebra generated by Qg and v with
the relations

(1) vv* =v*v =1,

(2) uwv = >yu, and

(3) vpkv™ = prta,
and denote by & the universal C*-algebra generated by Q}j and v with the relations

(1) wu* = u*u =1,
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(2) uv = >y, and
(3) uqrpu* = qry1-
Remark 8.15. By definition, the C*-algebra By is canonically isomorphic to the amalgamated

free product &) x4, &. (See [Tho03]. We are indebted to Hanfeng Li for this observation; cf.
Remark 8.28 below.)

Consider the field of C*-algebras (By) with sections {(ug), (px), (ve), (qx); k € Z}, or, rather,
with the *-algebra of sections generated by these.

Theorem 8.16. The field of C*-algebras (By) is upper semicontinuous.

Proof. Denote by % the C*-algebra of (By). Consider the universal C*-algebra B generated by
the fundamental sections of (£2§) and (€2j) with the relations

(1) (ug)(vg) = €™ (vg)(uy),
(2) (ve)(pr)(ve)* = (Prt1), and
(3) (uo)(qr)(ug)* = (qrs1)-

Then, there is a surjective map ¢ : B — % sending each generator of B to the corresponding
element of Z.
Fix 00. Set

I, = {a € (Qf); mg,(a) = 0}
and
o, = {0 € (); g, (b) = 0}.
Consider the map my, 0 ¢ : B — By,. It is clear that
Ideal(ly,, Jg,) C ker(mg, 0 1).

On the other hand, the C*-algebra B/Ideal(ly,, J;,) is generated by {ug,, Pk, Ve,, qr; k € Z} with
the relations of Definition 8.12. Therefore, by the universality of By,, we have

Ideal(Ip,, Jg,) = ker(mg, 0 9)).
Thus, if ¢ is a section in (By) with mg,(c) = 0, then ¢ = (/) for some ¢’ € Ideal(Iy ,Jy,).
Therefore, without loss of generality, we may assume that
C/ = Z T;a;Y; + Zgjbjhj
i=1 j=1

where a; € Iy, b; € Jp,, and 2,3, g5, h; € B. Hence we have
75 0 ()| < D aall Nwill o ai) | + 3 llg; ll 17511 |7 ()] -
i=1 j=1

Since g, (a;) = 0 and 7, (b;) = 0, and the sections of (QY) and (Qy) are upper semicontinuous
by Lemma 8.11, we have that for any € > 0, there is 6 > 0 such that

|mo o (|| <& for any 6 with [0 — 6| < 6.
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In particular, one has
|ma(c)|| < e for any 6 with |6 — 6y| < 9,
as desired. n

8.6. Structure of the rational fibres. By Remark 8.13, we have that (By) has the irrational
extended rotation algebra as irrational fibre. For a rational n/m with (n,m) = 1, the fibre
C*-algebra B,/ is not the rational extended rotation algebra defined by 8.1. Let us consider
the ideal of B, /., generated by {p), p(=1 ¢ ¢=V} where

(,Um—H (-1)

m—l) —m+1>

pM = py pov ™), pY = po(v™  pgu

)

and

(1) m+1 fmfl)

= qo(u™" " qou =1 — mgou ™),

q ¢ = qu" Tqu

Lemma 8.17. The projections p™) and p'=" have the properties
(1) for any k # 0, (v*pWo=*)pM) =0,
(2) for any k # 0, (v*p"Vo~F)p=H =0,
(3) for any k € Z, (v*pMv=F)p(=1) =0,
(4) for any continuous function f € C(T) with f(e*™™/™) =0 one has that pV) f(u) = 0, and
(5) for any continuous function f € C(T) with f(1) =0 one has that p=Y f(u) = 0.

Proof. We only prove Property 1, Property 3, and Property 4. Property 2 and Property 5 can
be proved in a similarly way.

Consider the section (pV) = (pg)(vy ™ pev, ™) € (Q%). Then p» is the image of (p()) in
oK m- Consider the section (v, MY (M) (vE) (pM) consisting of the spectral projection correspond-
ing to the interval

[(m+1)0,0)N[(m+1)0 + k6,0 + k6),

where [a,b) is empty if @ > b mod Z. Noting that this half-open interval on the circle is
eventually empty if 6 — n/m, one sees

(05 ") (™) (0§) (P™M) € Ly

for any k£ # 0, and therefore Property 1 holds.

Since the projection p™) comes from the section of spectral projections [(m + 1)0,6), one
has that gpt" = p() for any continuous function g € C(T) with g(e*™*) = 1 for any t €
[n/m — §,n/m + §] for some § > 0. Since f(e2™/™) = 0, for any ¢ > 0, there is § > 0 such
that | f(e*™)| < e for any t € [n/m — §,n/m + §]. Choosing g € C(T) with g(e*™*) =1 for any
t € [n/m—238/2,n/m+§/2] and g(e*™*) = 0 for any ¢ in the complement of (n/m — §,n/m+§),
we then have

7] = [ f@gtp ]| < I egl ] <.
Since ¢ is arbitrary, one has that f (u)p(l) = 0, and so Property 4 holds.

—m—1

To verify Property 3, it is enough to note that the fibre of the section (p™") = (pg) (vy" T pev, ™)

is eventually zero if @ — n/m counter-clockwise, and the fibre of the section (p{=1) = (py) (vy* *pev, ™)

is eventually zero if § — n/m clockwise. O
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Consider the exact sequences

(81) O e Ideal{p(1)7p(_1)7 q(l)7 q(_l)} e Bn/m E— B;L/m _— 0,
(8.2) 0 — Ideal{p®, p(-V} —= &3y — Fyyy — 0,

and

(8.3) 0 — Ideal{q®, ¢V} —= &y — Fp )y — 0;

let us study the ideals and quotients separately.

Lemma 8.18. With reference to the extension (8.1), one has

Ideal{p®, p=Y ¢V ¢} = P K C B,
4

where IC is the algebra of compact operators on a separable Hilbert space.
Similarly, with reference to the extensions (8.2) and (8.3). one has

Ideal{pV, p(-V} = P K C &
2

n/m>

and

Ideal{q", "} =2PK CE,,
2

Proof. Let us show that p() is a minimal projection in the sense that the hereditary sub-C*-
algebra generated by p(*) is one dimensional.
For each non-zero k, consider the element pMv*p(V). By Lemma 8.17, we have

PO = o (kWM — g,

Therefore pMoFp) = 0 in the C*-algebra B, /.. As in the proof of Lemma 5.7, we have
PO s = ([ fapp

in B,,/m, where 1 is Lebesgue measure on the circle.
On the other hand, by Lemma 8.17,

p(l) (627rin/m . U) —0.

Hence pDup) = e2m/mp() in B, ,,. As in the proof of Theorem 5.9, we have that the hereditary
sub-C*-algebra of B, generated by p is isomorphic to C. Therefore, the ideal generated by
pM is isomorphic to K.

A similar argument shows that the hereditary sub-C*-algebra of B,,,,, generated by p1) s
isomorphic to C.

Let us show that pMap
the proof of Theorem 5.9 (or of Lemma 3.3), this element can be approximated arbitrarily closely
by elements pMap~Yop™® with b in the sub-C*-algebra generated by Q

(=1 = 0 for any a € B,,. Consider the element pMap~Ya*pM. As in

u

n/m and v. However, since

pW is orthogonal to v*p(~Yv~* in B, ,, for any k by Lemma 8.17, the element p®ap=YbpM) is
zero. Hence pMap(=) = 0 for any a € B, /.
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Therefore, the hereditary sub-C*-algebra generated by p* and p=1 is CpM) + Cp-1).

The same argument applied to the projections ¢ and ¢~V shows that they are minimal,
¢Waqg=" =0 for any a € By, /m, and moreover pPag) =0 for any a € B/m where 1,7 =1, —1.
Therefore, the hereditary sub-C*-algebra generated by {p™",p(=" ¢ ¢~} is isomorphic to
@, C, and hence the ideal generated by these elements is isomorphic to @, C. U

Remark 8.19. By the lemma above, the exact sequences (8.1), (8.2), and (8.3) become

(8.5) 0— P,k Erm Fripm — 0,
and

Let us consider the quotient algebra 3/, Jm Since

o = Do (Um—H —m—1 +vmpov_m+(vm_1pov_m+1))
= pW + popp +pY

we have that py < p,, in B, ym- By symmetry, also p, < po in B! and therefore

in QU Jm> n/m
po Pm in B, /m- For the same reason, we have that py = prin in B!, Jm» and thus the image of
m i B;,, is isomorphic to
)

mm

with py the characteristic function of Ufjkrﬁl[(l —1)/m,i/m|, and u the function
(tla ce >tm) — (62mt1 . ,627Tltm)_

n/m 11 B, /m- Then, by the universal property

of B,,/m, the C*-algebra B’ , is the universal C*-algebra generated by the following generators
/ g n/m g g Y g8

and relations.

The same description holds for the image of Q¥

Set
m 1—1 14
I = C —
a0
and
N —1 g
J = C(][=——, &]).
o)
Fix the unitary v € I with
U (tla ,tm)l—>(62mt1, ’62m'tm)

and the unitary v € J with
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The sub-C*-algebras of I and J generated by u and v respectively are isomorphic to C(T) in the
same way that the unit circle T is obtained by gluing the common endpoint of the spectra of I
or J.

There is a automorphism of order m on each of I and J induced by the map

(t17t27' o 7tm) = (tmatla e 7tm71);

let us denote both of these by o. Then, the C*-algebra B/, /m 18 the universal C*-algebra generated
by I and J with respect to the relations

v fv=0"(f) forany fel

and
ugu* = o"(g) for any g € J.

In particular, we have
wou* = o (v) = XMy,
Let us calculate the irreducible representations of B/, /m- Let 7 be an irreducible representation
of B, ,,- Since the automorphism o has order m, the unitaries ™ and v™ are in the center of

o/m» and therefore there exist z; and 23 in T such that
(zzw)™ =1 and (Zv)" = 1.

Denote by A the sub-C*-algebra of B, Jm generated by u and v. Since they satisfy the relation

2min/m

uvu* = e v, there is a canonical map from the rotation algebra A, to A. Therefore, the

image of A is a m X m matrix algebra, and 7 sends u to

01 -+ - 0
oo 1 --- 0
N N B
0 0 1
10 0 0
and sends v to
zdiag(l,w,w?, - - ,w™ )

where w = e2™n/m,

Hence the restriction of 7 to the C*-algebra generated by u and v satisfies
Tlosw (f) = D F(E@™*™2)p, for any f € C*(u)
k=1
and
Tlorw(9) = D g(€¥™ /M 2)q  for any g € C*(v),
k=1

where {p;} and {qi} are two families of mutually orthogonal projections. In matrix form,

Px = Wdlag(ou 7071707"' 7O>W*
————

k copies
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and
0k :diag(O,--- ,0,1,0,--- 70),
—_——
k copies

where W is the matrix with .

Let us call the homomorphisms in this form point evaluation maps.

Consider the restriction of 7 to I. Then the kernel ker(r|;) must be U[(i — 1)/m,i/m] except
for finite many points, where |J denotes the disjoint union. Otherwise, the image of u would be
infinite dimensional, in contradiction with the statement that the image of A is finite dimensional.
Thus, 7 sends I to a finite dimensional C*-algebra. A similar argument shows that 7 also sends
J to a finite dimensional C*-algebra.

Note that the restriction of 7 to the C*-algebra generated by w is the direct sum of the point
evaluation maps at {€2™*/™mz -1 < k < m}. Therefore, if z; ¢ {>™*/™;1 < k < m}, the map 7|;
has to be the direct sum of the point evaluation maps at {log(z;e?™*/™):1 < k < m}, and hence
is determined by z;. By the same reason, if z, ¢ {€?™*/™;1 < k < m}, then the map 7|, is the

2m‘k/m); 1 <k < m}, and hence is determined

direct sum of the point evaluation maps at {log(ze
by 2. Therefore, if 21, 20 ¢ {€2™*/™;1 < k < m}, the irreducible representation has dimension
m, and is determined by its restriction to A.

If z; € {e?*/™: 1 < k < m}, then the restriction of 7 to the C*-algebra generated by u is the
direct sum of the point evaluations at {62”’“/ "1 < k < m}. Therefore, the restriction of 7 to

the C*-algebra I has the form
i k k
() = S (FU()p + F())ps”)  for any f e 1,
= m m
where pgk) and pgk) are subprojections of p; with pgk) + pék) = pk, and (k/m); and (k/m), denote
the endpoint k/m of the left-hand interval or the right-hand interval respectively.
For any k, take a test function f; in I which is zero on all intervals [(i — 1)/m,i/m], 1 <
i < m except for [(k—1)/m,k/m], and furthermore, assume that fi(((k —1)/m),) = 0 and
fr((k/m);) = 1. Then, we have
m(fr) = ng)-
Note that o( fx) is then such a test function for the interval [k/m, (k + 1)/m]. Since v* fv = o"(f)
for any f € I, we have that
W(U*)p(lk)ﬂ'(v) = (V" frv) = 70" (fx)) = pgk+n).
A similar argument shows that
m(v*)psm(v) = pi ",
If 2, ¢ {e?™*/™: 1 < k < m}, consider the projection
Po=ptY .

It is clear that P, commutes with 7(v), and hence commutes with 7 (.J) (since the restriction of
7 to J is determined by its restriction to v). Therefore P; is a central projection, and hence is
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0 or 1. The restriction of 7 to I is then the point evaluation map at the left endpoint (which
corresponds to P; = 1) or the right endpoint (which corresponds P; = 0).

If 2, ¢ {e2™*/m: 1 < k < m} and 2z, € {€2™*/™;1 < k < m}, then the situation is the same to
the one above.

If both 2, and z, belong to {e2™*/™:1 < k < m}, then we have

b7) = S + 7)) forany s e,
and . By
wlo(9) = (00 )al +g((), ) for any g €
k=1

where pgk) + pgk) = pr and qgk) + q%k) = qi. Moreover,

m(v")pi m(v) = i and (o) m(v) = py ",
and
(g () = ¢ and w(u)gd" m(w') = i,
Thus the image of B/, /m 18 generated by the operators
Pt
0
0
and
0
¢’
0
0

together with the m x m matrix algebras (which is generated by the images of u and v). Hence
the C*-algebra generated by them is a simple quotient of M,,(C) ® Sy, where

(8.7) S5 = {f € Ma(C([0,1])); £(0) = ( N 0 ),f(l): ( Aol 0

0 1o ) for some Ao, po, A1, pi1}

21

is the universal unital C*-algebra generated by two projections. Therefore, the irreducible rep-
resentations of B/, Jm CAI be parameterized by a square together with a splitting interval, in the
following way.

Define
01 --- 0
0 0 1 0
Vo= : ;
00 O 1
10 0 0
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and

Up = diag(1,w,w?, --- ,w™ ).

Then, for any (x,y) € [0,1] x [0, 1], the map

n z—l—x—l
W(z,y)(f) Zf 6”', fel,

i=1

& J+y—1 .
Ty (9) = Z Jei )W, g€ J,

Jj=1

.

define an m-dimensional irreducible representation of 5’
be the points in the first interval.
For any ¢ € [0, 1], define the following map with range M,,(C) ® Mz (C):

w/m» where 0 and 1/m are considered to

m() = e )+ () e @ (=)
mle) = WD) e 50+ ol Derrin® (- s))W

i=1

where

_(10) d e 1—t t(1—1t)
"Tloo) T =y '

This gives a 2m-dimensional irreducible representation of 3/, m i1 #0,1. If £ = 0, the map is
unitarily equivalent to the direct sum of the two m-dimensional irreducible representations which
correspond to the vertices (0,0) and (1, 1) of the square referred to above. If t = 1, the map is
then unitarily equivalent to the direct sum of the two m-dimensional irreducible representations
corresponding to the vertices (1,0) and (0, 1) of the square.

Using the description of the irreducible representations above, let us set B, ,, with a concrete
C*-algebra. As defined in [BEEK92], let us set

(8.8) W, =Uy =
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where p = ¢?™m and nn’ = —1 mod m (and 0 < n/ < m), and define
10 --- 0
01 - 0
0 .
00 - 1
(8.9) Wo=V"=| 10 - 0
01 - 0
. 0
00 - 1
—_— ——

where nn” =1 mod m (and 0 < n” < m). Set oy = AdW; and as = AdW,. Then the rational
rotation algebra A, , can be described as the algebra of functions f from [0, 1] x [0, 1] to M,,(C)
such that

f@,1) = on(f(2,0), 0<z<1,
Note that the algebra S, has four one-dimensional irreducible representations, which corre-
spond to Ao, po, A1, and py of (8.7). For any b € Sy, let us denote by b(0,0), b(0, 1), b(1,0), and
b(1,1) the images of b under these irreducible representations, respectively.

Consider the following concrete C*-algebra: Set E := M,,(C([0,1] x [0,1])) & (M, ® S3), and
define .
0,1) = a3 b(1,0) a(1,1) =5(0,1)
/ — b E CL( ) 2 ) ) ) ) 3
n/m {(a’ )€ B a(0,0) = a;ta;'6(0,0), a(1,0) = a;'b(1,1).
and consider the elements
T (627rix/mU0’ eQﬂ'il/mUo ® 1)’
v o= (627riy/m‘/0’627ri1/m% ® 1)’
= (en1, €11 @1+ Cmm @ (1= 1)),
@V = (WeraW*, W(er1 ® s+ emm @ (1 — 5,))W*).
Then the elements @ and p(!) generate the interval algebra I, the elements © and ¢! generate
the interval algebra J, and I and J generate the C*-algebra B/, Jm Moreover, the irreducible
representations of the C*-algebra B/, Jm exhaust all the irreducible representations of the universal
C*-algebra B/, Jm Therefore, we get the following lemma.

!/

Lemma 8.20. The universal C*-algebra B;l/m is isomorphic to the concrete C*-algebra Bn/m.

In particular, the C*-algebra B;L/m is a subhomogeneous C*-algebra.
Remark 8.21. By the exact sequence
4 /
)—— @z’:llc B — B’n/m  — Bn/m e O7

the C*-algebra B,,/,, is of type L.
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/
n/m

Observe that by shrinking the square to a single point, the C*-algebra B
the C*-algebra M,,,(C) ® D, where D is the dimension drop circle algebra

is homotopic to

(8.10) D :={f e My(C(T)); f(1) = ( ())\ g)\ ) for some A € C}.
A direct calculation shows that Ko(B,, ,,) = Ko(D) = Z with [1] = m, and Ky(B;,,,,) = Ki(D) =

Z, and the six-term exact sequence associated with the extension (8.4) becomes

where Ind is the index map. Since Z is projective, there is a map j : Z — Ko(B,/m) such that
m o j = id. Therefore, we have the following lemma.

Lemma 8.22. For each rational number r, the map (id — j o 7, ) induces an isomorphism

Ko(B,) = (D Z/d(Z)) & Z.

Let us consider the C*-algebras 7/, and F, . The C*-algebra F, is the universal C*-
algebra generated by the following generators and relations.
Set
- i—1 1
I=4C —1).
o,
Fix the unitary u € I with
Wty e ty) e (€20 e,

There is a automorphism of order m of I induced by the map

(tlat27' o 7tm) = (tmatla e 7tm—1)7

and we denote both of them by o. Then, the C*-algebra F},
generated by I and and a unitary v with respect to the relations

v fv=0"(f) forany fe€l.

Then, it is clear that the C*-algebra F o s the sub-C*-algebra of B; ,, generated by the
corresponding elements. Therefore, by Lemma 8.20, the C*-algebra n/m 18 isomorphic to

is the universal C*-algebra

Y = CHa,0,pM} C B,

n/m
Since the restrictions of irreducible representations of B, /m t0 F),, are constant on the open
subinterval (0, 1) of the spectra of M,,(C) ® Sy, one has

vm = CH{ET MUy, 2TV, €11} € C([0,1]%, M),

n/m
and therefore,

wm = 1f € C([0, 1%, My,); f(x,1) = AdWi(f(x,0))},
where the unitary W; is defined by (8.8).



48 GEORGE A. ELLIOTT AND ZHUANG NIU

Since the unitary group of any matrix algebra is path connected, the C*-algebra is

isomorphic to the homogeneous C*-algebra with spectra the cylinder T x [0, 1], that is,
ym = C(T x [0,1], M,,(C)).
Hence, Ko(F}},,) = Z and K,(F},,) = Z. From the identification above, it is clear that v

u
n/m

n n

represents a generator of Ky (F},, ). In particular, it lifts to a unitary in £, in the extension
(8.5), and therefore, the index map associated with (8.5) is zero.
The C*-algebra F? n/m 18 defined in a similar way, and the argument above also valids. So we

have the following lemma.

Lemma 8.23. The universal C*-algebra n/m 1S isomorphic to the homogeneous C*-algebra
C(T x [0,1], M,,,). Moreover, the index map associated with (8.5) is zero. The same statement
holds for F, .,

Corollary 8.24. The K-theory of the C*-algebras Enym and 8;;/m s given by

and

Proof. By Lemma 8.23, the six-term exact sequence associated to the extension (8.5) becomes

0—Ki(&r,) — 72 %707 —~Ko€)),) —>7—0,

n n

and the index map is zero. Therefore, Ko(&},),,) = (Z ® Z) & Z and K,(E},),,) = Z. The same

argument applies to £ Im 0]
Corollary 8.25. The index map associated to the extension (8.4) is zero.

g’U

n/m

Proof. Since Byjm = &), %4, ), (see Remark 8.15), we have

(t9:29)

| |

tostt

where ¢y and ¢, are the embeddings of A, /,, into 5“/ and &Y n/m Tespectively, and 1} and ¢} denote
the maps induced on the K;-groups. Since (¢},¢]) = id, ¢§(1,0) = (0,0,0), and ¢§(0,1) = (0,0,1),
and ¢(1,0) = (0,0,0) and :§(0,1) = (0,0,1) (identify Ko(A,/m) with Z @ Z with the first copy
of Z representing the infinitesimal elements), we have

0—Ki(Buj) — 202 L (@,2) © (@,2) — Ko(Bujm) — 0.

and therefore K, (B,,/m) = Z and Ko(B,,/m) = @5 Z. Comparing to Lemma 8.22, one has that
the index map must be zero, as desired. O
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It is interesting to point out that only with the upper semicontinuity of the field and Lemma
8.22 (without knowing whether the index map is zero), one can obtain certain K-theory infor-
mations on irrational fibres.

Theorem 8.26. There is a dense Gs subset V' of irrational numbers in the interval [0,1) such
that for any 6 € V,

(Ko(Ba), K3 (By), [1s,) = (Z + 0Z, (Z + 6Z) N R* 1),
The isomorphism is induced by the canonical tracial state of By.

Proof. Fix an increasing sequence of finite subsets (F,,) of B with dense union, and let us consider
the restriction of the field (By) to a closed interval [e, 1 — ¢].

For each F,, and each natural number k, since the field is upper semicontinuous, there is a
dnk > 0 such that for any ¢ € My (F,) and any r,s € [, 1 —¢] with |r — s| < d,, if m.(c) is close
to a projection, within distance 1/32, then 7,(c) is close to a projection within distance 1/16.

Fix a finite subset F,, and a natural number k. For each rational r, set

Lok =1 € Mi(F); |l (f) — pl| < 1/16 for some projection p}.

.k

Since Ko (B,) is finitely generated (as an abelian group), we can fix a finite set of projections P,
in My (B,) which generates Ko(B,). We may assume that &' > k, and that for each f € P, ;,
there is a p € P, such that ||p—7.(f)|| < 1/16, and P, contains the minimal projections
{pM, p=1 ¢ ¢=Y1} (as indicated in the proof of Lemma 8.18) which generate the ideal @), K.

Since (By) is upper semicontinuous at r, each projection in P, can be extended approximately
to a neighbourhood, and thus there is a neighbourhood V' (F,, k,r) such that for each s €
V(Fn, k,7), there is a homomorphism 1, ; from Ko (B,) to Ko(Bs) (as abelian groups).

Note that if f € P}, and if p is a projection in P, with ||p — m.(f)|| < 1/16, we may assume
that V(F,, k,r) is small enough such that there is a projection g € By with 1, ([p]) = [¢] and
lg — ms(f)|| < 1/8 for each s. Furthermore, let us assume that the length of V(F,, k,r) is less
than 0, .

Set

V(Fo, k) = JV(Fu, k).

This is a dense open subset of [, 1 — €]. Therefore the set
V. =(V(Fn k)
n,k

is non-empty.

Let ¢ — 0, and set V =, V.. Then V is a dense Gj subset of [0,1). For each # € V| let us
show that Kq(By) is an inductive limit of quotients of {Ko(B,); r € Q} as abelian groups, and
using this to show that

(2(Ko(By)), 2(Kg (By)), ©([15,])) = (Z +0Z,(Z + 0Z) "R, 1)

with ® inducing an isomorphism of ordered groups.
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For any finite set of projections {q, - -+ , ¢} in Mg (By), we have to show that there is a rational
number r and a homomorphism v,y from Ko(B,) to Ko(By) such that {[q1], - ,[gs]} is in the
image of 1, g.

Pick F,, such that each ¢; is close to my(f;) for some f; € My(F,), with distance 1/32. Since
0 € V., we have that 0 € V(F,, k), and therefore

0eV(Fuk,r)

for some rational number 7. Since the length of V(F,, k,r) is less than 6, , there is a projection
p; in B, such that p; is close to 7,(f;), within distance 1/16. In other words, f; € P;.,, . Therefore,
there is a projection ¢} in By with [¢/] is in the image of ¢, g and ||¢} — ma(f;)|| < 1/8. In particular,
le: — ¢}]| < 1/4. Hence, we have that [¢;] = [¢/] and [¢;] is in the image of ¥, .

Therefore, Ko(Bp) is an inductive limit of quotients of {Ky(B,); r € Q}. Let us study the map
19 more closely. By Lemma 8.22,

Ko(B,) = (@ Z/Ind(2)) & Z

where the direct summand @, Z/Ind(Z) comes from the ideal @, K, which is generated by the
minimal projections {p(l), pD ¢, q(*l)}.

Let us assume that r = n/m with m and n relatively prime, and consider the minimal pro-
jection p* € B,. The minimal projection comes from the section (pgvy*'pyv, ™ ') which lies
inside (Q%). In particular, for any irrational 6y, the image 74, (povy ' pov, ™ ') is a projection
in the commutative sub-C*-algebra 2 of By, with trace (6y — {(m + 1)fy}) where {z} denotes
7' € [0,1] with # — 2/ € Z. Similar calculations show that the minimal projection ¢(*) can be
extended to a projection in the commutative sub-C*-algebra Qf of By, with the same trace.
Since any projection in Qf (or €2} ) is unitarily equivalent to the projection in Ag, with the same
trace, we have that 7,4([p™M]) = 7,.0([¢M]).

Same argument shows that m,4([p"Y]) = m,4([¢"Y]). Moreover, from the construction of
these minimal projections, we have that the images of p(!) and ¢(!) are non-zero if and only if the
images of p{~Y and ¢(=Y are zero. Therefore, the image of the direct summand @, Z/Ind(Z) is
Z, and hence the image of 1,4 is a quotient of Z & Z.

Let us show that the image is just Z @ Z. Suppose this were not true, then Ky(By) is an
inductive limit of proper quotients of Z @ Z. Consider the state

® : Ko(By) — R

induced by the canonical tracial state. Then the subgroup ®(Kq(By)) must be an inductive limit
of copies Z, which contradicts the fact that Z + 6Z is a subgroup of ®(Ko(Bp)).

Therefore, Ko(By) is an inductive limit of Z @ Z in the category of countable abelian groups
with the connection map being injective.

Fix a subgroup Z@Z of Ky(By) which is the image of v, and consider the restriction of
the canonical tracial state ® to it. Let us assume that 1), ¢ contains [p] and [15,] where p is the
spectral projection of u corresponding [0,60) (in other words, we assume that JF, contains the
sections (pg) and (1)). Let us show that ®(Z & Z) C Z + 0Z.
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Note that the Ko-class of each minimal projection of {p™, p(~1 ¢ ¢~} in B, is sent to the
element (1,0) € Z®Z C Ko(By), which has trace § —{(m+1)60} (recall that = denotes the largest
integer less than or equal to x), or sent to zero (depending on whether r sits on the left-hand
side or right-hand side of §). We then have

D((1,0)) = ky + k0

for integers ky; and kg with ko # 0.
Note that when we identify v, 9(Ko(B,)) with Z & Z, we use the exact sequence

0—%Z—— wr,G(KO<Br>> — 7 — Oa

with 7(¢r9([15.])) = m and 7(¢,4([p])) = n, where 7 denotes the quotient map. Then the
element 1, 4([15,]) (which is the same as [1p,]) has the form (m’, m) for some integer m/, and the
element [p| has the form (n’,n) for some integer n’. (Recall that p comes from the section (py),
and the Ko-class of the restriction of (py) to r has the form (k,n) for some k € (P, Z)/Ind(Z).
Therefore, [p| has the form 1, ¢((k,n)) = (n,n) for some integer n'.)

Set s = ®((0,1)) € R. If p™M is non-zero, then p() has trace § — {(m + 1)} = —m# + n. Since
D (ro([15,]) = ©(m’,m) = 1, we have

L =m0 — {(m + 1)0}) + ms.
That is
1 =m/(—=mb +n) + ms = ms — m'mbh + m'n.

We then have
1—m'n

s = m'6.
m
In other words, s = s; + m’# for a rational number s;.
Let us carry out a similar calculation for [p]. Note that ®(¢,4([p])) = 6. We have that

®((n',n)) =0, and then
0 =n'(—mb+n)+ns=n'(—mb+n)+n(s; +m'0).

Therefore,
sy = —n/,
and we have
s=-n'"+m0eZ+0L

(Note that from the calculation above, we have that n/m < 6 < n'/m’ with m'n —mn’ = 1.)

If p™) is zero, then p{~!) must be non-zero, and then an argument similar to the one above
also shows that s € Z + 0Z.

Since the image ®(Z @ Z) is the subgroup of R generated by ®((0,1)) = s and ®((1,0)) =
k1 + k20, we have

OZeZ)CZ+0Z.

Moreover, the restriction of ® to Z & Z is injective.

Since Ko(Byp) is the inductive limit of the subgroups above, we have

D(Ko(By)) € Z + 02,
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and the map @ is injective. On the other hand, it is clear that
O(Ko(Bg)) 2 Z + 0Z
with
®(K{(By)) 2 (Z+6Z) NRY.
Then we have
(Ko(Bs),K§ (By), [15,]) 2 (Z + 0Z,(Z + 0Z) NR*, 1),
with the isomorphism induced by ®, as desired. O

Remark 8.27. The method used in the proof was also used by A. Dean in [Dea01l] to show that
certain C*-algebras are inductive limits of semiprojective type I C*-algebras. In the following
part of the paper, we shall use this method again to obtain the AF structure of irrational extended
rotation algebras.

Remark 8.28. It was pointed out to us by Hanfeng Li that if one regards the irrational extended
rotation algebra as the amalgamated free product of two Cuntz—Putnam algebras over the usual
rotation algebra, it follows from the Cuntz—Germain—Thomsen exact sequence [Tho03] that

(Ko(By), K¢ (Bs), [18,])) = (Z + 0Z,(Z + 6Z) NR™, 1)

and K;(By) = {0} for any irrational 6. (We include our original proof of Theorem 8.26 above as
an illustration in a simpler context of the method used in the proof of Theorem 8.39 below.)
Note that this method also works for general (irrational) extended rotation algebras.

8.7. AF structure of (certain) extended rotation algebras. Recall that the standard quo-
tient of the C*-algebra B, is given by

;o ~a(0,1) = a3'b(1,0), a(1,1) = b(0,1),
n/m {(a’ b) € E; a(0,0) = a;tay'b(0,0), a(1,0) = a;*b(1,1). }

where F := C([0,1)*,M,,) & (M,, ® S3). Consider the elements
i = (MU, ™M ® 1),
5 o= (MY, 2T @ 1),
De (611,611 @1t + €mm @ (1 — 1)),

qe — (Wel,IW*7 W(el,l ® St + em,m ® (]' - St))W*>
Then, the images of the standard generators {u,p,v,q} of B, in B;z/m are

n—1 n—1
i, 0, Y "*po* and Y a*ga ",
i=0 i=0
respectively, where kn =1 mod m.
Let us consider the sub-C*-algebra

Dyyym = {(a,b) € E;a is constant} C B,

n/m»
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and consider
1
C,n/m =T (Dn/m> - Bn/m

We then have the following lemma.

Lemma 8.29. The distance from each of the standard generators u, p, v, and q to the sub-C*-
algebra Cy,p, is strictly less than 2m/m.

Proof. Since C,,/y, is the pre-image of D,,/,, it is enough to show that the distance between the
image of each of the generators to D, y, is strictly less than 27/m. It is clear that
dist (@, Dyym) < [e*™5 — 1| < 27/m,
and
1
dist(0, Dy /) < ’ 2 1’ < 2m/m.
Note that >~ 0*p.o~* € D, and Y7 a*Ga~"* € D,jpn. One has therefore that the

distance from the image of each generator to D,/ is strictly less than 27/m, as desired. 0

Remark 8.30. It is clear that the C*-algebra D,,/,, is isomorphic to D ® M,,(C), where D is
the dimension drop circle C*-algebra as described in (8.10). It follows from (8.4) that there is
an extension

(8.11) 0— PK— Cum — Dyjm — 0,
4

and by Corollary 8.25, the index map associated with it is zero.

We shall show that the C*-algebra C,,,, can be locally approximated by dimension drop circle
algebras.

Lemma 8.31. Let D be a dimension drop circle C*-algebra as described in (8.10). Assume that

the index map associated with an extension

0—@PK-—C— DM,(C) —0
4

is zero. Then, for any finite subset F C C, there is an approzimate unit (p;) for @4 K such that
each p; is a finite rank projection, and for any a € F,

lim ||p;a — ap;|| = 0.
71— 00
Proof. Without loss of generality, we may assume that C is infinite dimensional.

Let us consider the case that the extension is essential. Since the C*-algebra D satisfies the
Universal Coefficient Theorem (UCT), one has

0 — Exty,(Ko(D @Z — Ext(D @K%HomKl @ZHO

where the map ~ sends each extension to the associated index map. Since the abelian group
Ko(D) is free and the associated index map is zero, the given extension is trivial. Thus, there is
a map

n:D®M,(C) — P B(H) = MEPK)
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such that the C*-algebra C is generated by the image of D and @, /. Then, we may assume
that F = n(F’) for some F' C D ® M,,(C).

We assert that for any e > 0, there is an approximate unit (p;) for @, K with each p; a finite
rank projection, such that for sufficiently large 1,

|lpisall] <e, aeF.

Indeed, since D ® M,,(C) is quasi-diagonal, there exist a faithful representation ¢ : D ®
M,,(C) — @, B(#) and finite rank projections {p;} converging to the identity strongly such
that

lim [[pi, 7(@)] = 0, d € DM, (C).

By Voiculescu’s Theorem, the representation ¢ is approximately unitarily equivalent to n. Thus
the assertion holds.
Applying the assertion for £, = 1/2%, we have approximate units (p(k); i € N) such that

[

lim sup pgk)a — apgk)H <1/2% acF.

1—00

Let (G,) be an increasing family of finite subsets of @, KC with dense union. Since (pz(l)) is an

(k) such that

approximate unit of @, K, there is a finite rank projection p;,

Hb —pgf)bH <1/2% for any b € G,

and

(k) (k)

pya—ap;’ || <1/2% for any a € F.

Then, denote by pr = pgf), and the sequence of finite rank projections (py; k& € N) is an

approximate unit of @, K with
klim |lpra — api|| < klim 1/2" = 0.

This proves the statement for essential extensions.

If the extension is not essential, set I = @, K, and denote by I+ the closed two-sided ideal of
annihilators of I. Then, we have I NI+ = {0}. Consider the extension C/I*+ of I by D/I*. Note
that this extension is essential. Since (D ® M,,(C))/I+ is a proper quotient of D ® M,,(C), the
abelian group Ko((D ® M,,(C))/I%) is free and K;((D ® M,,(C))/I+) = 0. It follows from the
UCT that the extension C/I% is trivial.

Applying the conclusion for essential extensions, we have that there is an approximate unit
(p;) of I such that

lim ||p;m(a) — 7(a)pi]| =0 for any a € F,

where 7 is the quotient map from C to C/I+. Since the restriction of 7 to I is an isometry, we
have

Ipia — apil| = [|7(pia — ap)|| = [|pim(a) — 7 (a)pill,
and hence for any a € F,

lim [|p;a — aps|| = lim ||p;m(a) — w(a)pil| = 0,
i—00 i—00
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as desired. O

Lemma 8.32. The dimension drop circle C*-algebra described in (8.10) is the universal C*-
algebra generated by z and w with the following relations:

(1) 2z =2z"2=1;

(2) 2w =wz, and zw* = w*z;

(3) ww* L w*w; and

(4)

ww* +ww =2 — 2z — z*.

Proof. Denote by W the universal C*-algebra generated by the generators and relations above.
Consider the elements

z’:{)\n—><8 g)} and w’:{)\|—>(8 2(10_3“))}

in the concrete dimension drop circle algebra D. Then, 2’ and w’ satisfy the relations of the
lemma, and they generate D. Hence there is a surjective map from W to D.

Let us calculate the irreducible representations of W.

Let m be an irreducible representation of W, and let us still use the same notation for the
images of the generators. Since z is a central unitary, we have that z = A1 for some A € T.

If A =1, then,

ww*t+ww=2—z—2"=0,

and hence w = 0. Therefore, the representation 7 is one dimensional, and 7(z) = 1 and 7(w) = 0.

If A # 1, the consider the element v := w/{/2(1 — RA). We then have
v +ov'v=1 and wvv* L vw.

Therefore, the element v is an partial isometry generating a 2 x 2 matrix algebra. Thus, the
representation is two dimensional, and

m(w) =4/2(1 = RA\)v and 7(z) = A(vv* + v™v).

Therefore, the irreducible representations of D exhaust the irreducible representations of W,
and hence W = D, as desired. O

Remark 8.33. Since dimension drop circle algebras are semiprojective (Theorem 6.22 of [ELP9S]),
the relations of Lemma 8.32 are stable.

Lemma 8.34. Consider the dimension drop circle C*-algebra D described in (8.10). Assume
that the index map associated with an extension

0;>@4]C4>C—W>D®Mm((C) 0
is zero. Then, there is a homomorphism 1 : D ® M,,(C) — C such that mon = id.

Proof. Since the index map is zero and D has stable rank one, the C*-algebra C has stable rank
one (see, for example, Proposition 4 of [LR95]).
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Denote by ( fi;) a system of matrix units of M,,,(C). Then there is a system of matrix units (e;;)
in C which lifts (f;;). Consider the C*-algebra e;1Cey;. It is an extension of e11 (@4 K)ei;—which
is isomorphic to @, K—by D. Note that since e;;Ce;; has stable rank one, any unitary in D lifts
to a unitary in e;;Ce;; (again, see, for example, Proposition 4 of [LR95]).

Denote by C' = e11Cey1, and denote by z and w the generators of D specified by Lemma 8.32.
Let us show that z and w can be lifted approximately, as then, by the semiprojectivity of D,
there is a lifting of D to C'.

Pick a unitary Z € C' which lifts z, and pick any W € C" which lifts w. By Lemma 8.31, there
is an approximate unit (p;) of @, K such that each p; is a projection and

lim ||p:Z = Zpi|l = lim [[psW = Wil = 0.

Consider the elements
Zi=(1=p)Z(1 —p;) + pi
and
Wi =W —pWhp;,

and let us verify that the relations of Lemma 8.32 are satisfied approximately if p; is sufficiently
large.
For Condition (1),

lim Z;Z" = lim(1 —p;)Z(1 —p;))Z*(1 —p;) +p; =1

and

lim Z7Z; = lim (1 —p)Z*(1 —p)) Z(1 — p;) + pi = 1.

For Condition (2),
lim ZiW; = W;Z; = lm((ZW =WZ) —pi(ZW — W Z)p;)

1—00 1—00

= 0 (since (ZW -WZ) e PK),

and

lim ZWr —W;:Z, = lim((ZW* = W*Z) — p(ZW* = W*Z)p;)

1—00 i—00

= 0 (since (ZW*-W*Z) € PK).
4

For Condition (3),

lm (W, W) (W W,) = lim (WW'W*W — p(WW*W*W)p;)

1— 00 11— 00

= 0 (since (WW*W*'W) e @K).
4
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And for Condition (4),
lim (W; W+ W/W,; — (2 — Z; — Z))
=l (WW* + WW = (2= Z = Z°)) — p(WW* + W*'W — (2= Z — Z°)p)

= 0 (since (WW*'+W'W - (2-2-2%) e PK).

Therefore, the C*-algebra D can be lifted to C’, and hence there is a lifting n : D®M,,,(C) — C,
as desired. ]

Lemma 8.35. Consider the dimension drop circle C*-algebra D described in (8.10). If the index
map of an extension

0—PLK—C—+DM,(C) —0

is zero, then for any finite subset F C C and any € > 0, there is a unital sub-C*-algebra F C C
such that

F 2 (D@ Mn(C)) & (P M, (C)
and F C. F. |

Proof. Since D®M,,,(C) is semiprojective, there is a finite set G of generators of D ® M,,(C) such
that for any € > 0, there exists §(¢) > 0 such that if a linear map ¢’ : D ® M,,,(C) — C is G-i(¢)
multiplicative and wov/(g) = g for any g € G, then there is a homomophism ¢ : D®M,,(C) — C
such that

() — ¥ (9)ll <«
for any g € G and 7oy = id. We may assume that G is in the unit ball of D ® M,,(C). Fix this
set of generators.

By Lemma 8.34, there is an approximate lifting n : D®@M,,,(C) — C. Without loss of generality,
we may assume that F = F; 4+ n(F;), where Fj is a finite subset of @, and F, is the set of
the generators for D ® M,,(C).

By Lemma 8.31, there is an approximate unit (p;) of @, K such that

lim [|p;d — dpy|| =0, Vd € n(F).
Then, there exists a natural number N such that for any a € F and for any ¢ > N,
la = (piarp; + piasp; + (1 — pi)as(l — pi))|| < /2
for some a; € F; and ay € n(F;), and the map
D@Mp(C) > f= (1=pi)n(f)(1 —pi) € (1 —p)C(1 —pi)
is Fo—delta(e/2) multiplicative. Therefore, there is a homomorphism
such that for any d € F,
[¢i(d) — (1 —pa)n(f)(L —pi)ll <e/2,



58 GEORGE A. ELLIOTT AND ZHUANG NIU

and
o ¢; = id.
Thus, for any a € F,
a €. piCpi © ¢i(D @ M,,(C)).
Since 7 o ¢; = id, the map ¢; is injective. Note that p,Cp; = 69?:1 My, (C) for some k;. Then

F = piCp; ® ¢i(D @ M,,,(C))
is the desired sub-C*-algebra. O

Remark 8.36. If the ideal of the extension is essential, then we can obtain the approximation
structure more directly, and even in more general settings. For instance, we have the following
lemma, which might be well known to experts.

Lemma 8.37. Let D be a weakly semiprojective quasi-diagonal C*-algebra with the abelian group
Ko(D) free. Suppose that D satisfies the UCT. If the index map of an extension

O—>@IC—>C—>D—>O
4

is zero and the extension is essential, then for any finite subset F C C and any €, there is a

unital sub-C*-algebra
4

F2 D& (@M,(0))
i=1
such that F C. F, where D' is a quotient of D.

Proof. Since D is weakly semiprojective, there is a finite set G of generators of D such that for
any £ > 0, there exists d(¢) > 0 such that if a linear map ¢’ : D — A is G-d(¢) multiplicative
for some C*-algebra A, then there is a homomophism ) : D — A such that

1(g) =¥ (g9)ll <e

for any g € G. We may assume that G is in the unit ball of D. Fix this set of generators.

Since the index map is zero, and Ky(D) is free, the extension is trivial by the UCT. Denote by
n the map from D to @, B(#) = M(P,K). Without loss of generality, we may assume that
F = Fi +n(F,), where Fj is a finite subset of @, and F; is the set of generators for D.

We assert that for any ¢’ > 0, there is an approximate unit {p;} of @, K with each p; finite
rank projection, and for sufficiently large ¢,

i alll <&, a €n(F).

Indeed, since D is quasi-diagonal, there is a faithful representation o : D — @, B() and
finite rank projections {p;} converging to the identity strongly such that

hm [pla’f((d)] = 07 deD.

By taking infinite multiplicity, we may assume that 7(D) does not contain any compact operators.
By Voiculescu’s Theorem, the representation o is approximately unitarily equivalent to 7. Thus
the assertion holds.



EXTENDED ROTATION ALGEBRAS 59

Applying the assertion to ¢’ = ¢/4, we have an approximate unit (p;) of @, with each p; a
finite rank projection, and for sufficiently large 1,

[pi, alll <e/4, a€n(F).
Therefore, there exists N such that for any a € F and for any ¢ > N,

la — (pia1pi + piagpi + (1 — pi)as(l — p;))|| < e/2
for some a; € F; and ay € n(F3), and the map

D> f= 1 =pi)n(f)(1—pi) € (1 —p)C(1—pi)
is F»—9(¢/2) multiplicative. Therefore, there is a homomorphism ¢; : D — (1 — p;)C(1 — p;) such
that for any d € F3,
[¢i(d) — (1 = pa)n(f)(L —pi)ll <e/2,
and hence for any a € F,
a € piCp; & ¢i(D).

Note that p,Cp; = @}, My, (C) for some k;. Then F := p,Cp; ® ¢;(D) is the desired C*-

subalgebra. 0

Corollary 8.38. For any C*-algebra B, p,, there is a sub-C*-algebra H, ), such that H,, is a
direct sum of a dimension drop circle algebra and a finite dimensional C*-algebra, and
27
dist(a, H,/m) < —,
ist(a, Hy/m) -
where a € {u,p,v,q}, the standard generators of By, /p,.

Proof. By Lemma 8.35, the C*-algebra C,,, can be locally approximated by direct sums of
dimension drop circle algebras and finite dimensional C*-algebras. The corollary follows by
Lemma 8.29. U

Theorem 8.39. The extended rotation algebra By is AF for generic 6.

Proof. Let us first show that By is an inductive limit of dimension drop circle algebras, for 6
belonging to a dense Gy set. Consider the sections G = {(ug), (pg), (vg), (g9)}. Note that each
fibre C*-algebra is generated by the restriction of G. Therefore, in order to prove the theorem, it
is enough to show that the restriction of G to the generic fibre can be approximated by dimension
drop circle C*-algebras.

For each rational fibre B, ,,, by Corollary 8.38, there is a dimension drop circle C*-algebra
H,, ) € Bym such that the distance of each element of the restriction of G from H,, ,, is strictly
less than 27 /m. Since H,,, is semiprojective and the field (By) is upper semicontinuous, there
is an open neighborhood U,,,, of n/m such that for any 6 € Un/m, there is a dimension drop
circle C*-algebra H,, /m,o © Bg such that the distance of each element of the restriction of G to ¢
from H,,/p g is still strictly less than 27 /m.

For each natural number k, set

U, = U Un/m.

n/m
m>k
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Since the rational numbers with denominator greater than k are dense, the open set U, is dense.
By the Baire Category Theorem, the G set

U=\Us
k

is a dense. As we shall now show, By is a limit of dimension drop circle algebras for any 6 € U.

For any 6 € U, let us show that By can be locally approximated by dimension drop circle
algebras. For any ¢ > 0, we have that § € Uy for any natural number k, and in particular,
0 € Uy for k > [2m/¢], where [27/¢] denotes the integer part of 27 /c. Therefore, we have that
§ € U,m for some rational number n/m with m > k > [27/¢]. By the construction of U, pn,,
there is a dimension drop circle C*-algebra H, e C By with the distance between H,, ), ¢ and
the restrictions of G to € less that 27 /m, and hence less that e.

By Theorem 6.22 of [ELP98]|, the C*-algebra By belongs to the class of simple unital inductive
limit of dimension drop circle C*-algebras, a class which contains the simple AF-algebras and
the objects of which are classified by their order-unit Ky-group paired with the simplex of tracial
states, together with the Kj-group (see [Tho97]). By Remark 8.28, the C*-algebra By has trivial
K;-group, and has the ordered Ky-group and paired trace simplex of an AF-algebra; hence it is
isomorphic to that AF-algebra, as desired. 0

REFERENCES

[BEEK92] O. Bratteli, G. A. Elliott, D. E. Evans, and A. Kishimoto, Noncommutative spheres.
II. Rational rotations, J. Operator Theory 27 (1992), no. 1, 53-85.

[Boc01]  F. P. Boca, Rotation C*-Algebras and Almost Mathieu Operators, Theta Series in Advanced Mathe-
matics, no. 1, The Theta Foundation, Bucharest, 2001.

[Bro77] L. G. Brown, Stable isomorphism of hereditary subalgebras of C*-algebras, Pacific J. Math. 71 (1977),
no. 2, 1977.

[Dav96] K. R. Davidson, C*-Algebras by Example, Fields Institute Monographs, no. 6, American Mathematical
Society, Providence, RI, 1996.

[Dea0l]  A. Dean, A continuous field of projectionless C*-algebras, Canad. J. Math. 53 (2001), no. 1, 51-72.

[EE93] G. A. Elliott and D. E. Evans, The structure of the irrational rotation C*-algebra, Ann. of Math. (2)
138 (1993), no. 3, 477 501.

[ElI82] G. A. Elliott, Gaps in the spectrum of an almost periodic schridinger operator, C. R. Math. Rep.
Acad. Sci. Canada 4 (1982), no. 5, 255-259.

, On the classification of C*-algebras of real rank zero, J. Reine Angew. Math. 443 (1993),

179-219.

, A classification of certain simple C*-algebras. II, J. Ramanujan Math. Soc. 12 (1997), no. 1,

[E1193]

[EN197]
97-134.

[ELP98] S. Eilers, T. Loring, and G. K. Pedersen, Stability of anticommutation relations: an application of
noncommutative CW complezxes, J. Reine Angew. Math 499 (1998), 101-143.

[LR95] H. Lin and M. Rgrdam, FEzxtensions of inductive limits of circle algebras, J. London Math. Soc. 51
(1995), 603-613.

[MPX92] P.S. Muhly, I. F. Putnam, and J. Xia, On the K-theory of some C*-algebras of Toeplitz and singular
integral operators, J. Funct. Anal. 110 (1992), no. 2, 161-225.

[Par81] W. Parry, Topics in Ergodic Theory, Cambridge Tracts in Mathematics, no. 75, Cambridge University
Press, Cambridge-New York, 1981.

[Ped79]  G. K. Pedersen, C*-Algebras and their Automorphism Groups, Academic Press, 1979.



EXTENDED ROTATION ALGEBRAS 61

[PV380] M. Pimsner and D. Voiculescu, Imbedding the irrational rotation C*-algebra into an AF-algebra, J.
Operator Theory 4 (1980), no. 2, 201-210.

[Tak79] M. Takesaki, Theory of Operator Algebras. I, Springer-Verlag, 1979.

[Tho97] K. Thomsen, Limits of certain subhomogeneous C*-algebras, Mém. Soc. Math. Fr. (N.S.) (1997), no. 71,
vi+125 pp.

, On the KK-theory and the E-theory of amalgamated free products of C*-algebras, J. Funct.

Anal. 201 (2003), no. 1, 30-56.

[Tho03]

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, ONTARIO, CANADA M5S 2E4
E-mail address: elliott@math.toronto.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OREGON, EUGENE, OREGON, USA 97403
E-mail address: zniu@uoregon.edu



	1. Introduction
	2. Preliminaries
	3. The unique tracial state
	4. Remarks on the nuclearity of general extended rotation algebras
	5. The ideal structure of extended rotation algebras
	6. A remark on the universality of extended rotation algebras
	7. Nuclearity of extended rotation algebras
	8. Continuous field structure and AF structure
	References

