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Abstract

We study the range of a classifiable class A of unital separable simple amenable C*-
algebras which satisfy the Universal Coefficient Theorem. The class A contains all unital
simple AH-algebras. We show that all unital simple inductive limits of dimension drop circle
C*-algebras are also in the class. This unifies some of the previous known classification
results for unital simple amenable C*-algebras. We also show that there are many other C*-
algebras in the class. We prove that, for any partially ordered, simple weakly unperforated
rationally Riesz group Gg with order unit u, any countable abelian group G4, any metrizable
Choquet simplex S, and any surjective affine continuous map r : S — S, (Go) (where S, (Go)
is the state space of Gy) which preserves extremal points, there exists one and only one (up
to isomorphism) unital separable simple amenable C*-algebra A in the classifiable class A
such that

((KO(A)7K0(A)+7 [1A])7K1(A)’T(A)’ )‘A) = ((G07 (GO)-H U), G1, S, T)'

1 Introduction

Recent years saw some rapid development in the theory of classification of amenable C*-algebras,
or otherwise know as the Elliott program of classification of amenable C*-algebras. One of the
high lights is the Kirchberg-Phillips’s classification of separable purely infinite simple amenable
C*-algebras which satisfy the Universal Coefficient Theorem (see [21] and [12]). There are also
exciting results in the simple C*-algebras of stable rank one. For example, the classification of
unital simple AH-algebra with no dimension growth by Elliott, Gong and Li ([7]). Limitation of
the classification have been also discovered (see [24] and [26], for example). In particular, it is now
known that the general class of unital simple AH-algebras can not be classified by the traditional
Elliott invariant. One crucial condition must be assumed for any general classification (using the
Elliott invariant) of separable simple amenable C*-algebras is the Z-stability. On the other hand,
classification theorems were established for unital separable simple amenable C*-algebras which
are not assumed to be AH-algebras, or other inductive limit structures (see [14], [17] and [20]).
Winter’s recent result provided a new approach to some more general classification theorem ([30]
and [16]). Let A be the class of unital separable simple amenable C*-algebras A which satisfy
the UCT for which A ® M, has tracial rank no more than one for some supernatural number
p of infinite type. A more recent work in [18] shows that C*-algebras in A can be classified by
the Elliott invariant up to Z-stable isomorphism. All unital simple AH-algebras are in A. One
consequence of this is now we know that classifiable class of unital simple AH-algebras is exact
the class of those of Z-stable ones. But class 4 contains more unital simple C*-algebras. Any
unital separable simple ASH-algebra A whose state space S(Ky(A)) of its Ky(A) is the same
as that tracial state space are in A. It also contains the Jiang-Su algebra Z and many other
projectionless simple C*-algebras. We show that the class contains all unital simple so-called
dimension drop circle algebras as well as many other C*-algebras whose Kg-groups are not Riesz.
It is the purpose of this paper to discuss the range of invariant of C*-algebras in A.
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2 Preliminaries

Definition 2.1 (Dimension drop interval algebras [11]). A dimension drop interval algebra is a
C*-algebra of the form:

I(mOam7m1) = {f € C([Oa 1]aMm) : f(O) € Mmo @ 1m/mo and f(l) € 1m/m1 ® Mm1}a

where mg, m; and m are positive integers with m is divisible by mg and my. If mg and m; are
relatively prime, and m = mgmy, then I(mg, m, m;) is called a prime dimension drop algebra.

Definition 2.2 (The Jiang-Su algebra [11]). Denote by Z the Jiang-Su algebra of unital infinite
dimensional simple C*-algebra which is an inductive limit of prime dimension drop algebras with
a unique tracial state, (Ko(2), Ko(Z)+,[1z]) = (Z,N,1) and K;(Z) = 0.

Definition 2.3 (Dimension drop circle algebras [19]). Let n be a natural number. Let zy, ..., zx
be points in the circle T, and let di, ..., dy be natural numbers dividing n. Then a dimension
drop circle algebra is a C*-algebra of the form

D(n, dy, ...,dN) = {f S C(T,MN) : f(.ﬁl) € Mdi & 1n/di7i =1,2, ,N}

Definition 2.4 (Simple ATD-algebras). By ATD-algebras we mean C*-algebras which are in-
ductive limits of dimension drop circle algebras.

Definition 2.5. Denote by Z the class of those C*-algebras with the form ;" ; M,,(C(X;)),
where each X; is a finite CW complex with (covering) dimension no more than one.

A unital simple C*-algebra A is said to have tracial rank one if for any finite subset F C A,
€ > 0, any nonzero positive element a € A, there is a C*-subalgebra C € T such that if denote
by p the unit of C, then for any x € F, one has

(1) |lzp — pz|| <€,
(2) there is b € C such that ||b — pxp|| < e and
(3) 1— pis Murray-von Neumann equivalent to a projection in aAa.

Denote by Z' the class of all unital C*-algebras with the form ;- ; M,,(C(X;)), where each
X is a compact metric space with dimension no more than one.
Note that, in the above definition, one may replace Z by Z.

Definition 2.6 (A classifiable class of unital separable simple amenable C*-algebras). Denote by
N the class of all unital separable amenable C*-algebras which satisfy the Universal Coefficient
Theorem.
For a supernatural number p, denote by M, the UHF algebra associated with p (see [2]).
Let A denote the class of all unital separable simple amenable C*-algebras A in N for which
TR(A® M,) <1 for all supernatural numbers p of infinite type.

Remark 2.7. By Theorem 2.11 below, in order to verify whether a C*-algebra A is in the class
A, it is enough to verify TR(A ® M) < 1 for one supernatural number p of infinite type.



Definition 2.8. Let G be a partially ordered group with an order unit u € G. Denote by S, (G)
the state space of G, i.e., S,(G) is the set of all positive homomorphisms h : G — R such
that h(u) = 1. The set S,(G) equipped with the weak-*-topology forms a compact convex set.
Denote by Aff(S,(G)) the space of all continuous real affine functions on S, (G). We use p for
the homomorphism p: G — Aff(S,(G)) defined by

p(g)(s) = s(g) for all s € S,(G) and for all g € G.
Put Inf(G) = kerp.

Definition 2.9. Let A be a unital stably finite separable simple amenable C*-algebra. Denote
by T'(A) the tracial state space of A. We also use 7 for 7 ® Tr on A ® M}, for any integer k > 1,
where T'r is the standard trace on Mj,.

By Ell(A) we mean the following:

(Ko(A), Ko(A)+,[1a], K1(A), T(A),ra),

wherer : T(A) — S)1,)(Ko(A)) is a surjective continuous affine map such that r4(7)([p]) = 7(p)
for all projections p € A® My, k=1,2,....

Suppose that B is another stably finite unital separable simple C*-algebra. A map A :
Ell(A) — Ell(B) is said to be a homomorphism if A gives an order homomorphism Ag : Ko(A4) —
Ky(B) such that Ao([14]) = [15], a homomorphism \; : K1(A) — K;(B), a continuous affine
map A}, : T(B) — T(A) such that

A(T)(p) = r(7) (Mo([p]))

for all projection in A ® My, k= 1,2, ..., and for all 7 € T'(B).

We say that such A is an isomorphism, if Ay and A; are isomorphisms and )\;) is a affine
homeomorphism. In this case, there is an affine homeomorphism A, : T(A) — T'(B) such that
ANl=).

p P

Theorem 2.10 (Corollary 11.9 of [18]). Let A, B € A. Then

ARZ=ZB®2Z

El(A® 2) = EI(B ® 2).
In the next section (Theorem 3.6), we will show the following;:

Theorem 2.11. Let A be a unital separable amenable simple C*-algebra. Then A € A if only
if TR(A® M,) <1 for one supernatural number p of infinite type

Definition 2.12. Recall that a C*-algebra A is said to be Z-stable if A ® Z = A. Denote by
Az the class of Z-stable C*-algebras in A. Denote by Ap, the subclass of those C*-algebras
A € A, for which TR(A ® M,) = 0 for some supernatural number p of infinite type.

Corollary 2.13. Let A and B be two unital separable amenable simple C*-algebras in Az. Then
A= B if and only if
Ell(A) 2 Ell(B).



Definition 2.14. Let A be a unital simple C*-algebra and let a,b € A,. We define
asb,

if there exists # € A such that z*z = a and xz* € bAb. We write [a] = [b] if there exists x € A
such that z*zr = a and zz* = b. We write [a] < [b] if a < b.

If e € A is a projection and [e] < [a], then there is a projection p € aAa such that e is
equivalent to p.

If there n mutually orthogonal elements by, bo, ..., b, € bAb such that a < b;, i = 1,2, ...,n,
then we write

nla] < [b].

Let m be another positive integer. We write

nla] < mfb],
if, in M,,(A),
b 0 0--- 0
0 b 0--- 0
<[], )
0 00 b

where b repeats m times.

3 The classifiable C*-algebras A

The purpose of this section is to provide a proof of Theorem 2.11.

Lemma 3.1. Let A be a unital simple C*-algebra with an increasing sequence of unital simple
C*-algebras {Ayn} such that 14 =14, and U2 A, is dense in A.
Suppose that a € Ay \{0}. Then, there ezists b € (Ap)+ \ {0} for some large n so that b < a.

Proof. Without loss of generality, we may assume that |la]| = 1. Let 1 > 6 > 0. There exists
€ > 0 such that for any ¢ € A, \ {0} with

la —c|| <e

one has (see Proposition 2.2 of [23]) that

where f5 € Cy((0,00)) for which f5(¢) =1 for all ¢t > ¢ and fs(t) = 0 for all ¢ € (0,9/2). We may
assume, for a sufficiently small €, f5(c) # 0. Since U2 A,, is dense in A, it is possible to such
that ¢ € A,, for some large n. Put b = fs(c). Then b € A,, and b < a.

O

Lemma 3.2. Let A be a unital simple C*-algebra and e,a € Ay \ {0}. Then, for any integer
n > 0, there exists m(n) > 0 such that

nle] < m(n)[al.



Proof. Tt suffices to show that [14] < m[a] for some integer m. Since A is simple, there are
Y1, Y2, - Ym € A for some integer m such that

m
> yray =1
=1

(see, for example, Lemma 3.3.6 of [13]). Let b} = a1/2yiy;"a1/2, t=1,2,...,m Define

i—1
o .
b; = diag(0,0, ...,0,6;,0,...,0), i=1,2,....m

in M,(A). Define

yfal/Q y;al/Z y;*nal/Q
0 0 0
y = :
0 0 0
Then .
yy* =14 and y'y =Y b;
i=1
Thus ”
[La] < Dbl
i=1
Clearly
D> bi] < mla]
i=1

O]

Lemma 3.3. Let A be a unital infinite dimensional simple C*-algebra and let a € Ay \ {0}.
Suppose that n > 1 s an integer. Then there are mon-zero mutually orthogonal elements
ai,as, ...,a, € aAay such that

a1 <ar<---<a

~ N

Proof. In aAa, there exists a positive element 0 < b < 1 such that its spectrum has in-
finitely many points. From this one obtains n non-zero mutually orthogonal positive ele-
ments b1,bs,...,b,. Since A is simple, there is x,_1 € A such that b,_1x,_1b, # 0. Set
Yn—1 = bp—1Zp—1by. One then has that v _yn—1 € by Ab, and y,—1y;_; € bp—1Aby—1. Then
consider by, b, ..., by—2,yn—1y;_;. The lemma follows by applying the argument above n—1 more
times. 0

Lemma 3.4. Let A be a unital separable simple C*-algebra. Suppose that {A,} be an increasing
sequence of unital simple C*-algebras such that 14 = 14, and U2 | A, is dense in A.

Then TR(A) < 1 if and only if the following holds: For any ¢ > 0, any integer n > 1,
any a € (An)+ \ {0} and a finite subset F C A,, there exists an integer N > 1 satisfying the
following: There is, for each m > N, a C*-subalgebra C' C A,, with C € T' and with 1¢ = p
such that

(1) |[pxr — xp|| < € for all x € F;

(2) dist(pxp,C) < € for all x € F and

(3) 1 —p is equivalent to a projection q € aApa.



Proof. First we note that “if 7 part follows the definition easily.

To prove the “only if ” part, we assume that TR(A) < 1 and there is an increasing sequence
of C*-subalgebras A, C A which are unital and the closure of the union U2 ; A, is dense in A.
In particular, we may assume that 14, =14, n=1,2,....

Let e >0,n>1,a € (4,)+ \ {0} and a finite subset F C A,,. Since TR(A) < 1, there is a
C*-subalgebra C) € 7 with 1¢, = ¢ such that

(1) ||lxq — qz|| < €/2 for all z € F;

(2) dist(qzq,C1) < €/2 for all x € F and

(3) [1—q) < [a].

From (2) above, there is a finite subset F; C C; such that

(27) dist(qzq, F1) < €/2 for all z € F.

We may assume that ¢ € F7.

Put d = sup{||z|;z € F}.

There is § > 0 and a finite subset G C C satisfying the following: If B C A is a unital

C*-subalgebra and
dist(y, B) < ¢

for all y € G, there is a C*-subalgebra C’ € 7’ such that C' C B and
dist(z,C") < €/2(d+ 1)

for all z € F; UQG.
By the assumption, there is an integer N > n such that

dist(y, An) < 6/2
for all y € G. It follows that there is C' € 7’ with 1¢ = p such that C' € Ay and
dist(z,C) < €/2(d+ 1)
for all z € 1 UG. In particular,
lp = qll < €/2(d+1).

One then checks that
(1) |lgz — zq|| < € for all z € F;
(ii) dist(pzp, C) < € for all x € F and

(iii) [ —p] = [1 — ¢] < [a].
The lemma follows.

The following is well-known.

Lemma 3.5. For any two positive integers p and q with p > q. Then there exist integers
1<m<q, 0<r<pands>1 such that

p=mq° +r.

Proof. There exists a largest integer s > 1 such that p > ¢°. There are integers 0 < r < p and
1 < m such that
p=mq’ +r.

Then 1 <m < gq.



Theorem 2.11 follows immediately from the following:

Theorem 3.6. Let A be a unital separable simple C*-algebra. Then TR(A @ My) < 1 for all
supernatural numbers p of infinite type if and only if there exists one supernatural number q of
infinite type such that TR(A ® My) < 1.

Proof. Suppose that there is a supernatural number g of infinite type such that TR(A® M,) < 1.

Let A, = A® M, such that 14, = lagm, and UpZ, A, is dense in A ® My. Let B, =
A ® My ) such that 15, = 1agnm, and UpZ By, is dense in A @ M.

Write q = ¢7°¢5° - - qp° -+ - , where q1, g2, ..., g, ... are prime numbers. We may assume that
1<q1<q2<...qk<....

Fix e >0, n > 1, ap € (An)+ \ {0} and F C A,. Since A, is simple, there are mutually
orthogonal elements a1, az, ..., a3(q, +1y € (An)+ \ {0} such that a1, as, ..., a3, +1) € apAnao and
arSasS S a3(q1+1)-

By 3.1, there exists an integer m(1) > 1 such that

[1a,] <m(1)[ag +1].

Write A, & Mr(n) (A).

Note that TR(M,(,)(A) ® My) < 1. Therefore, by 3.4, there exists N > 1 satisfying the
following: there is, for each m > N, a C*-subalgebra C), C M,(,)(A) ® My, with Cp, € T’
and 1¢ = e(m) such that

(i) lle(m)jo(z) — jo(z)e(m)|| < /2 for all z € F, where jn, : My(n)(A) — M) (A) @ My(m)
is defined by jim(a) = a ® 1ay,,,, for a € M) (A);

(ii) dist(e(m)jm(x)e(m),C) < €/2 for all x € F and

(iii) LA, oy (A) @M, () — e(m) is equivalent to a projection in jm(a1)(An @ My(m))im(a1).

We may assume that k(N) = ¢i'¢5? - - - ¢;F and k(N) > m(q1).

To simplify the notation, without loss of generality, we may assume that r(n + 1)/r(n) >
kE(N). We write

r(n+1)
r(n)
where N1 > land 0 < 7y < k(IV) are integers. Without loss of generality, we may further assume
that N7 > m(1)k(N). We write

= le(N) +T0a

N1 =niqj + 71,
where ¢ >n; > 1, s > 1, and 0 < r; < ¢ are integers. Thus
r(n+1)
r(n)

Without loss of generality, to simplify notation, we may assume that k(N + 1) = ¢ K(N).
Put C' = PJL, Cn11©@D;L, Cn. Pute = @)L, e(N+1)@D;L, e(N). Define j' : M,y (A) —
Mr(n) (A) ® Mr(n—i—l)/r(n)—m by

= nquK(N) + TlK(N) + 9.

ni T1

j'(a) = diag(jn11(a), jnvi(a), -+, iny1(a)) @ diag(jn(a), jn(a), - -, in(a))

for all a € M, ,)(A).
By what we have proved, we have that
lej’(x) — j'(x)e|| < €/2 for all x € F,
dist(ej’(z)e, C) < €/2 for all x € F and



LM, 0y (A) @My 1 1)y —r0 — € 18 €qUivalent to a projection in b1(M, () (A) @ My (ng1) /r(n)—ro ) 015

where
p1+r1

Zﬂaz+2

i=p1+1
The last assertion follows the fact that

ni
nl[er(n)(A)®Mk(N+1) N + 1 Z az and
=1

r1{La, o (Wenty, — €N <[ ail.

Define j : Mr(n) (A) — Mp(nt1) (A) = Mr(n) (A) ® Mr(nJrl)/r(n) by
jla)=a® LM, (1) ey TOT AL @ € My,

Thus, in M,(,11)(A),
lej(a ) jla)e|| < €/2 for all z € F,
dist(ej(a)e,C) < €/2 for all z € F.

Note that
ro[1n, ] < rom(1)[a1] < [j(azq+1)]-
Thus
3(q1+1)
[1An+l —e] = TD[er(n)] + [1Mr(n)(A)®Mr(n+l)/r(n)_T0 —e < Z ai].
i=1

It follows that 14,,, — e is equivalent to a projection in j(ag)An+17(ao).
This proves that TR(M, ) (A) ® My) < 1. Tt follows from Proposition 3.2 of [17] that
TR(A® M,) <1.

O]

Corollary 3.7. Let A be a unital separable simple C*-algebra. Suppose that there exists a
supernatural number q of infinite type for which TR(A ® M) = 0. Then, for all supernatural
number p of infinite type, TR(A @ M,) = 0.

Proof. The proof uses the exactly the same argument used in the proof of 3.6 (and 3.4). O

4 Unital Simple ATD-algebras

Theorem 4.1. Every unital simple AT D-algebra A for which Ky(A)/kerps % Z has tracial rank
one or zero.

Proof. Since K1(A) is a countable abelian group, we can write

KI(A> = hLQ (Gmbn)a

n—oo

with G,, & @5’;1 Z/pp,Z for some non-negative integers I, and py,;, where p,; # 1 (note that if
Pn, = 0, one has that Z/p,, ;Z = Z). Denote by p, = Z;;Pn,l-



Since Ky(A) is a simple Riesz group and Ky(A)/kerps 2 Z, and the pairing between T'(A)
and Ky(A) preserves extreme points, by [28], there is a simple inductive limit of interval algebras
B such that

((Ko(A), Ko(A)+,[14]), T(A), Aa) = ((Ko(B), Ko(B)+, [18]), T(B), Ap)- (e4.1)
Write
kn
B= h_I)n (@Bn,iawn%
n—0o =1

where B, ; = My, ;(C([0,1])), and write [¢n]o = (7'n,i,;) With 7,5 € ZF, where 1 < i < ky 41 and
1 < j < k. Since A is simple, without loss of generality, we may assume that r, 1 ; > (n+1)py
by passing to a subsequence.

For each n and each 1 < j < k,41, consider the restriction of the map ¢, to the direct
summand B, ; and B, 1, that is, consider the map ¢,(1,5) : By1 — Bpy1,j. It follows from
[4] that we may assume that there exist continuous functions s, s2, ..., 8y, , ; such that

Qpn(la])(f)(t) = W*(t)diag{f © Sl(t)> . fo Srnj (t)}W(t)
for some W (t) € My, ,r,,,(C([0,1])). Factor through the map ¢,(1,7) by

P P
B —= (@) My, ymnr (C([0,1]))) @ Byg — But1js
where
D1(f)(t) = diag{{f 0 51, s f © Sy b wees L © Spmmpnss 152 F 0 55}, [
and

Q;Z)Q(f & g) = W*dlag{f’g O Spp+15---,9© Srnyl}j}W

is the diagonal embedding. Since 7,1 ; > np,, one has that the restriction of any tracial state
of B to the unit of @f’;l My, ;.1 (C([0,1])) has value less than 1/n.
Therefore, by replacing By 1 by My, ;m,., (C([0,1])) @ (D By, 1), one may assume that

Tn,1,57 " Pn
there is an inductive limit decomposition

kn,
B = lim (EP Bni,#n),

where B, ; = Mp,, ,(C([0,1])), such that k, > l,, and m, ; = dy jp, ; for some natural number
dy,j for any 1 < j < l,. Moreover, one has that 7(e) < 1/n for any 7 € T'(A), where e is the
unit of @é’;l By, ;. In other words,

ple) <1/n (e4.2)

for any p € S, (Ko(A)). Fix this inductive limit decomposition.

Now, let us replace certain interval algebras at each level n by certain dimension drop interval
algebras so that the new inductive limit gives the desired Ki-group, and keep the Ky-group and
the paring unchanged.

At level n, for each 1 <[ < [,,, if p,; # 0, denote by D,,; the dimension drop C*-algebra
I, mp P, Mnl; if Py = 0, denote by D, the circle algebra M, ,(C(T)). Then, one has

(KO(DTL,l)a K+(Dn,l)7 1Dn,l) = (Zv Z+7 m’n,l) and Kl (Dn,l) = Z/pn,lZ
Replace each B,,; by D, ;, and denote by

Dn = Dn,l G- B Dn,ln S2) Bn,ln—i—l b---D Bn,k’n'



It is clear that

ln
Ko(Dn) = Ko(By) and  Ki(Dn) = @D Z/pniZ = G,
1=1
Let us construct maps x, : D, — Dyy1 as the following.
For the direct summand D, ; and any direct summand D,, 11 ;, if p,; and p,11 ; are non-zero,
by Corollary 3.9 of [11], there is a map Xy (,j) : Dpt1,; — Dy j such that
[Dxn (i, 9)]o = lon(i; )]o = rni
and
Dn (i, )11 = ta(d, ).
If p; = 0 and pp41,; # 0, then define the map

Xn(i,7) : Mo, ,(C) ® (C(T)) = Dpj — pDps1,jp = M, im, ,(C) @ I[1, ppr,, 1]
where p is a projection stands for r,, ; jmy,; € KO(DnH,j), by
e®z— diagle®@u,e®21,...,e ® 2, , .1},

where z is the standard unitary z — z, z; are certain points in the unit circle, and u is a unitary
in pDy41,;p which represents ¢, (7, 7)(1). Then, it is clear that

Din (2, 3)lo = [en (i, )]0 = Tni
and
[xn (2, 9)]1 = en (4, ).

A similar argument for p,; # 0 and pp41; = 0 also provides a homomorphism xy(%, j)
which induces the right K-theory map. Moreover, the argument above also applies to the maps
between D, ; and By41,;, and between By, ; and D,, 11 j, such that there is a map x,(7,j) with

[Xn(i,j)]o = [SOTL(ZL])]O = Tn,i,j
and
[Xn(%])]l - Ln(Z,j)
For direct summand B, ; and B,,11 ;, define
Xn(iyj) = @n(lv])

In this way, we have a homomorphism x,, : D,, — D41 satisfying

[Xnlo = [pn] and  [xu]1 = lnn+1
Let us consider the inductive limit

D = lim (Dny Xn)-
n—oo

It is clear that Ko(D) = Ko(B) and K1(D) = lim(Gp, tn) = Ko(A). With a suitable choice of
Xn(i,j) between D, ; and Dy11j, Dp; and By j, and By, ; and Dy j, we may assume that
D is a simple C*-algebra. Let us show TR(D) < 1.

From the construction, it is clear that D has the following property: For any finite subset
F C D and any € > 0, there exists n such that if denote by I, = @ﬁlm_l B, ; and p, = 1y,
then, for any =z € F

10



(1) |l[pn,2]|| <€, and
(2) there is a € I,, such that ||p,zp, — al| <e.

By Theorem 3.2 of [17], the C*-algebra has the property (SP), that is, any nonzero hereditary
sub-C*-algebra contains a nonzero projection. Thus, in order to show TR(D) < 1, one only
has to show that for any given projection ¢ € D, one can choose n sufficiently large such that
l-—pnSq

Note that the C*-algebra D is an inductive limit of dimension drop interval algebras to-
gether with circle algebras, which satisfy the strict comparison on projections, i.e., for any two
projections e and f, if 7(e) < 7(f) for any tracial state 7, then e < f. Then D also has the
strict comparison on projections. (See, for example, Theorem 4.12 of [8].)

Therefore, in order to show 1 — p,, < ¢, one only has to show that for any given ¢ > 0, there
is a sufficiently large n such that 7(1 — p,) < € for any ¢t € T(D). However, this condition can
be fulfilled by Equation e4.2, and thus, the C*-algebra D is tracial rank one.

Let us show that B and D has the same tracial simplex, and has the same pairing with the
Ky-group. Consider the non-unital C*-algebra

kn
C= hLRI( @ Bn,ia"l’ﬂ)?
n—=00 =], +1

k +1
iianrl n,i and ann+1+1 n+1,i- Then, by

Lemma 10.8 (and its proof) of [17], there are isomorphisms r# and r4, and s# and sy such that

where the map 1, is the restriction of ¢, to

T(B) —== Su(Ko(B)) T(D) === 8,(Ko(D))
N
T(C) = Suw(Ko(C)), T(C) — Su (Ko(C))

commutes. Therefore, there are isomorphisms t# and t4 such that

rB

T(B) —"> Su(Ko(B))

| &

T(D) —2> Sy (Ko(D))

commutes. Therefore, the C*-algebra B and D has the same simplex of traces and pairing map.
Hence,

((Ko(D), Ko(D)+, [1p]), T(D), Aa) = ((Ko(B), Ko(B)+, [18]), T(B), As),
and therefore by Equation e4.1,
((Ko(D), Ko(D)+, [1p]), Ki(D), T(D), Aa) = ((Ko(A), Ko(A)+, [14]), K1(A)T(A), Aa).

Since D is also an inductive limit of dimension drop interval algebras together with circle
algebras, by (the proof of) Theorem 9.9 of [19], one has that D is a simple inductive limit of
dimension drop circle algebra, and hence by Theorem 11.7 of [19], one has that A = D. Since
TR(D) <1, we have that TR(A) < 1, as desired. O

Theorem 4.2. Every unital simple AT D-algebra is in Az.
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Proof. 1f Ko(A)/Inf(Ky(A)) 2 Z, then, 4.1 shows that TR(A) < 1. By Theorem 10.4 of [17], A
is in fact a unital simple AH-algebra with no dimension growth. It follows from [6] that A is also
approximately divisible. It follows from Theorem 2.3 of [27] that A is Z-stable. So A € Az.
Let A be a general unital simple ATD-algebra. Let p be a supernatural number of infinite
type. Then Ko(A ® My)/kerpa % Z. It follows from 4.1 that TR(A ® M,) < 1. Thus A € A.
It follows from Theorem 4.5 of [27] that A is Z-stable. Therefore A € Az. O

4.3. From Theorem 4.2 we see that Theorem 2.13 also unifies the classification theorems of [17]
and that of [19]. In the next two sessions, we will show that A contains many more C*-algebras.

5 Rationally Riesz Groups

Theorem 5.1. For any countable abelian groups Gog and G1, any group extension:
0 — Goo — Go>Z — 0,

with
(Go)+ ={z € Gy :m(x) >0 and x = 0},

any order unit u € Gy and any metrizable Choquet simple S, there exists a unital simple ASH-
algebra A € A such that

((Ko(A), Ko(A)+, [14]), K1(A),T(A)) = ((Go, (Go)+,u),G1,95).

Proof. Let Sy be the point which corresponding to the unique state on Gy. It follows a theorem
of Elliott ([5]) that there exists a unital simple ASH-algebra B such that

((Ko(B), Ko(B)+, [18]), K1(B), T(B)) = ((Go, (Go)+,w), G1, S0)-

Then B ® M, is a unital separable simple C*-algebra which is approximately divisible and the
projections of B ® M, separate the tracial state space (in this case it contains a single point).
Thus B ® M, has real rank zero and stable rank one by [22]. Thus, by Proposition 5.4 of [15],
TR(B ® M,) = 0. Let By be the unital simple ATD-algebra (see Theorem 4.5 of [11]) such that

((KO(BU)> KO(B)+7 [130])> Ky (BO)> T(Bo), )‘Bo) = ((Zv N, 1)> {0}7 S, TS)'

It follows from 4.2 that By € A. By Theorem 11.10 (iv) of [18], By® B € A. Define A = By® B.
One then calculates that

((Ko(A), Ko(A)+, [14]), K1(A), T(A)) = ((Go, (Go)+,u), G1, ).
O

Theorem 5.2. For any countable weakly unperforated simple Riesz group Gy with order unit
u, any countable abelian group G1 and any metrizable Choquet simplex S and any surjective
homomorphism rg : S — Syu(Go) which maps 0.(S) onto 0.(Su(Go)). There exists a unital
simple ASH-algebra A € A, such that

((KO(A)7 KO(A)+7 [lA])7 K1<A),T(A), AA) - ((G07 (Go)+, u)v G1,8,rs).

Proof. First, we assume that Go/Inf(Go) % Z. It follows from a theorem of Villadsen ([29]) that,
in this case, there is a unital simple AH-algebra C' with no dimension growth (and with tracial
rank no more than one—see Theorem 2.5 of [17]) such that

((Ko(C), Ko(C)+, [1c]), Ka(C), T(C), Ac) = ((Go, (Go)+,u), G1, 8, 1s).
The case that Go/Inf(Gp) = Z follows from 5.1. O
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Remark 5.3. Theorem 5.2 includes all unital simple ATD-algebras. Let A be a unital simple
C*-algebra in A with weakly unperforated Riesz group Ko(A). If Ko(A)/Inf(Ko(A)) 2 Z, then
TR(A) < 1. By the classification result in [17], A is in fact a unital simple AH-algebra. If
Ky(A) = Z, then, by 4.2, A is a unital simple ATD-algebra. However, Theorem 5.2 contains
unital simple C*-algebra A for which K;(A) is an arbitrary countable abelian group. These
C*-algebras can not be isomorphic to a unital simple ATD-algebras (see Theorem 1.4 of [19]).

Definition 5.4. Let G be a partially ordered group. We say G has rationally Riesz property
if the following holds: For two pairs of elements x1,z2, and y1,y2 € G with z; < y;, 4,7 = 1,2,
there exists z € G such that

nz < my; and mx; <nz, i=1,2,.
where m,n € N\ {0}.

Let G and H be two weakly unperforated simple ordered groups with order-unit u and v
respectively. Consider the group G ® H. Set the semigroup

(G H)y ={a e G® H; (51 ®s2)(a) >0,Vs; € S,(G),Vsy € S,(H)} U{0}.
Since G4 @ Hy C(G® H)y and G H=G+ ® Hy — G4 ® Hy, one has

Foranya € (G® H)+)N(—(G® H)4), if a # 0, then (s1 ® s2)(a) > 0 for any s; € S,(G) and
sg € Sy(H), and (s1 ®s2)(—a) > 0, for any s; € S, (G) and sy € S, (H), which is a contradiction.
Therefore,

(GeH)y)N(-(Ge H)y) ={0}.
Moreover, since (s1 ® s2)(u®@ v) = 1 for any s; € Sy (G) and sy € S,(H), and S, (G) and S,(H)
are compact, for any element a € (G ® H), there is a natural number m such that

mu®v)—ae€ (G H);.
Hence (G ® H,(G® H)4,u®v) is a scaled ordered group.

Lemma 5.5. Let G and H be simple ordered groups with order units u and v respectively. If H
has a unique state T, then for any state s on the ordered group G ® H, one has

s(g@h) = s(g@v)r(h)
foranyge G, he H.

Proof. Tt is enough to show the statement for strictly positive g and h. For each g € G4 \ {0},
since G is simple, one has that u < mg for some natural number m. Hence

1 1
> = —
s(g@v) = —s(usv) = —.

and in particular, s(g ® v) # 0. Consider the map s, : H — R defined by

s(g®h
o) = sii ® vg'

Then s, is a state of H. Since 7 is the unique state of H. One has that s, = 7, and hence

slg@h) =7(h) for any h € H.

s(g ®@v)
Therefore,

s(g®@h) = s(g@v)r(h),

as desired. O
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Lemma 5.6. Let G be a countable weakly unperforated simple partially ordered group with an
order unit u. Then, for any dense subgroup D of R containing 1, the map X\ : Syg1(G ® D) —
Su(G) defined by

A(s)(z) = s(j(x)) for all x € G,

where j: G — G ® D defined by j(x) = x® 1 for all x, is an affine homeomorphism.

Proof. Since any dense subgroup of R with the induced order has unique state, the statement
follows from Lemma 5.5 directly. O

Proposition 5.7. Let G be a countable weakly unperforated simple partially ordered group with
an order unit u. Then the following are equivalent:

(1) G has the rationally Riesz property;

(2) G ® D has the Riesz property for some dense subgroup D of R containing 1;

(3) G ® D has the Riesz property for all dense subgroups D of R containing 1;

(4) For any two pairs of elements x; and y; € G with x; < y;, i,j = 1,2, there is an element
z € G and a real number r > 0 such that

s(x;) <rs(z) < s(y;), for all s € Su(G), i,j =1,2.

Proof. Tt is clear, by the assumption that G is weakly unperforated, that (1) = (2) for D = Q.

It is also clear that (3) = (2).

That (2) = (4) follows from 5.6.

Suppose that (4) holds. Let z; < y; be in G, i,j = 1,2. If one of z; is the same as one of
yj, say 1 = yi, then (2) holds for z = xp and m = n = 1. Thus, let us assume that z; < y;,
i,7 = 1,2. Since G is simple, S,(G) is compact. It follows from (4) there is a rational number
r € Q such that

s(x;) <rs(z) < s(y;), for all s e S,(G), 1,57 =1,2.

Write 7 = n/m for some m,n € N. Then
s(mx;) < s(nz) < s(my;) for all s € S,(G),i,j=1,2.
It follows from Theorem 6.8.5 of [1] that
mz; <nz <my; 1,5 =1,2.

Thus (4) = (1).
By applying 5.6, it is even easier to shows that (4) = (3). O

Proposition 5.8. Let G be a countable weakly unperforated simple partially ordered group with
an order unit u. Then G has the rationally Riesz property if and only if Sy (G) is a metrizable
Choquet simplez.

Proof. Suppose that G has the rationally Riesz property. Then, by 5.7, G ® Q is a weakly
unperforated simple Riesz group and (G ® Q)/Inf(G ® Q) ¥ Z. Put F = (G ® Q)/Inf(G ® Q).
Then, it follows that F' is a simple dimension group. It then follows from the Effros-Handelman-

Shen Theorem ([3]) that there exists a unital simple AF-algebra A with
(Ko(A), Ko(A), [14]) = (F, Fy, u),

where @ is the image of u in F. It follows that T'(A) = S, (F'). By Theorem 3.1.18 of [25], T'(A) is
a metrizable Choquet simplex. It follows from 5.6 that S, (G) is a metrizable Choquet simplex.
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For the converse, let G be a countable weakly unperforated simple partially ordered group
with an order unit u so that S,(G) is a metrizable Choquet simplex. Let F' = G ® Q. By 5.7,
it suffices to show that F' has the Riesz property. By 5.6, Sug1(F') is a metrizable Choquet
simplex. It follows from Theorem 11.4 of [10] that Aff(S,g1(F')) has the Riesz property. Let
p: F — Aff(Sug1(F')) be the homomorphism defined by

p(g)(s) = s(g) for all s € Syz1(G) and for all g € F.

Define F} = F + R(u ® 1) and extend p from F; into Aff(Syz1(F)) in an obvious way. Then
p(F1) contains the constant functions. It also separates the points. By Corollary 7.4 of [10], the
linear space generated by p(F1) is dense in Aff(S,g1(G)).

Moreover, for any real number » < 1 and any positive element p € F', the positive affine
function rp(p) can be approximated by elements in p(F'). It follows that p(F) is dense in
Aff(Sug1(G)). It follows that p(F') has the Riesz property. Moreover, since the order of F is
given by p(F') (see Theorem 6.8.5 of [1]), this implies that F' has the Riesz property. O

Example 5.9. Let H be any nontrivial group. Then ordered group Z & H with the order
induced by Z is a simple ordered group, which satisfies the rationally Riesz property. However,
it is not a Riesz group.

Let I' be a cardinality at most countable and bigger than 1. Then, the ordered group
G = @y Z with the positive cone {0} U@ Z* is simple, since any positive element is an order
unit. Consider a; = (1,0,0,0,...), a2 = (0,1,0,0,...), a3 = (2,2,0,0,...), and a4 = (2,3,0,0,...).
Then ai,as < asz,ay. However, one can not find an element b such that a,as < b < ag,aq.
Hence, the group G is not Riesz. But this group has rationally Riesz property.

Proposition 5.10. Let A € A be a Z-stable C*-algebra. Then (Ko(A), Ko(A)4,[14]) is a
countable weakly unperforated simple partially ordered group with order unit [14] which has the
rationally Riesz property. Moreover Sy ,)(Ko(A)) is a metrizable Choquet simplex.

Proof. 1t follows from [9] that (Ko(A), Ko(A)+,[la]) is a countable weakly unperforated sim-
ple partially ordered group with order unit [14]. Since TR(A® Q) < 1, (Ko(A® Q), Ko(A ®
Q)+, [1agq)) is a Riesz group. It follows that (Ko(A), Ko(A)+,[1a]) has the rationally Riesz
property. By 5.6 and 5.8, S;,1(Ko(A)) is a metrizable Choquet simplex.

O

Lemma 5.11. Let Gy be a countable weakly unperforated simple partially ordered group with
order unit u which also has the rationally Riesz property and any countable abelian group Gj.
There exists a unital simple ASH-algebra A € Ay, C A, such that

((Ko(A), Ko(A)+, [14]), K1(A), T(A)) = ((Go, (Go)+,u), G1, Su(Go))-

Proof. Tt follows from 5.8 that S,(Go) is a Choquet simplex. It follows [5] that there exists a
unital simple ASH-algebra A such that

((Ko(A), Ko(A)+, [14]), K1(4), T(A)) = ((Go, (Go)+, u), G1, Su(Go))-

We may assume that A = A® Z. Note that the set of projections of A® M), separate the tracial
state space in this case for any supernatural number p. It follows from the argument of 8.2 of
[30] that TR(A ® M) = 0. In particular, A € A. O

Definition 5.12. Let 77 and T3 be two finite simplexes with vertices {e1, ..., e, } and { f1, ..., fn}.
Let us denote by T} xT5 the finite simplex spanned by vertices (e, [i)1<i<m,1<j5<n.
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Lemma 5.13. Let A be unital C*-algebra and T a tracial state of A. Then T is extremal if and
only if 7 (A)" in the THS-representation (7., #;) is a 111 factor.

Proof. Note that m(A)” is always of type II;. Assume that 7 is extremal. If 7, (A)” were not a
factor, then, there is a nontrivial central projection p € m(A)".

We claim that 7(p) # 0. Suppose that a, € Ay such that {||7-(a,)||} is bounded and 7 (ay,)
converges to p in the weak operator topology in B(7#;). If 7(p) = 0, then 7(a,) — 0. It follows
that 7(a2) — 0. For any a € A\ {0},

r(aana") = r{ana’a) < (r(a2)r((a"a)?)"/2 - 0.

It follows that
nILI&<WT(an)§a) Sa)ty =0

for any a € A, where ¢, is the vector given by a in the I'HS construction, which implies that
7r(an) — 0 in the weak operator topology. Therefore p = 0. This proves the claim.

By the claim neither 7(p) nor 7(1 —p) is zero. Thus 0 < 7(p) < 1. Define 71 : a — %T(p@p)
and 79 : a — ﬁT((l —p)a(l — p)). Note that 7 (p) = 1. Thus 7, # 7.

Then 7 and 75 are traces on m-(A)”, and 7(a) = 7(p)71(a)+7(1—p)72(a) for any a € 7 (A)".
Therefore, the trace 7 on 7,(A)” is not extremal. Since both 7 and 7o are also normal, we
conclude that 7 is also not extremal on A, which contradicts to the assumption.

Conversely, assume that 7.(A)” is a factor. If 7 = Ary + (1 — \)7p with X € (0, 1), then it is
easy to check that 71 and 75 can be extended to normal states on 7, (A)”, and hence to traces
on 7, (A)". Therefore 71 = 79, and 7 is extremal. d

Lemma 5.14. Let A and B be two unital C*-algebras. Let T be an extremal tracial state on a
C*-algebra tensor product A ® B. Then, the restriction of T to A or B is an extremal trace.

Proof. Denote by the restriction of 7 to A and B by 74 and 75. Consider the ['HS-representation
(7, 75) of A® B. Since 7 is extremal, by Lemma 5.13, the von Neumann algebra 7.(A @ B)”
is a II; factor. Since (A ® 1) commutes with (1 ® B), n-(A® 1)” and 7,(1 ® B)” are also II;
factors.

Set p the orthogonal projection to the closure of the subspace spanned by {(a ® 1)(§);¢ €
H;,a € A}. Then the I'HS-representation (7,,,.7#;,) of A is unitarily equivalent to the cut-
down of 7, to A and ps%. Hence m,,(A)” is a II; factor in B(,). By Lemma 5.13, 74 is an
extremal trace of A. The same argument works for B. O

Lemma 5.15. Let A and B be two unital C*-algebras and let T be a tracial state of a C*-
algebra tensor product A ® B. Then, if the restriction of T to B is an extremal trace, one has
that T(a®b) =7(a®1)T7(1 ®b) for alla € A and b € B.

Proof. We may assume that a is a positive element with norm one. If 7(a ® 1) = 0, then
7(a ® b) = 0 by Cauchy-Schwartz inequality, and equation holds. If 7(a ® 1) = 1, then the
equation also hold by considering the element (1 —a) ® 1.

Therefore, we may assume that 7(a ® 1) # 0, 1. Fix a. Then, we have

T(a®b) 7((1 - a) @)

T(1®b)ZT(G®1)W+(1_T(G®1)) 1—7(a®1)

for any b € B.

Note that both b — :((Zgl{)) and b — % are tracial states of B. Since b — 7(1®b) is an

extremal trace, one has that :((Zg% =7(1®b) for any b € B. Therefore, the equation
T(a®b) =7(a®1)7(1 ®b)
holds for any a € A and b € B. O
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Corollary 5.16. Let A and B be two unital C*-algebras and T an extremal tracial state of a
C*-algebra tensor product A @ B. Then T is the product of its restrictions to A and B

Proof. 1t follows from Lemma 5.14 and Lemma 5.15. 0

Corollary 5.17. Let A and B be two C*-algebras with simplezes of traces T(A) and T(B). If
T(A) and T(B) have finitely many extreme points, then T(A @ B) = T(A)xT(B).

Proof. 1t follows from Corollary 5.16 directly. 0

Theorem 5.18. Let G be a countable weakly unperforated simple partially ordered group with
an order unit u which has the rationally Riesz property, let G1 be a countable abelian group, and
let T be any finite simplex. Assume that Sy, (Go) has only finitely many extreme points. Then
there exists a unital simple ASH-algebra A € A such that

((KO(A)a KO(A)+> [1A])7 Kl(A)vT(A)7 )‘A) = ((GOv (G0)+7u)a leT*Su(GO)ﬂ“)a

where v : TxSy,(Go) — Su(Go) is defined by (7,5)(x) = s(z) for all x € Gy and for all extremal
tracial state T € T' and extremal state s € S, (Go).

Proof. From 5.11, there exists a unital simple ASH-algebra B € A such that
((Ko(B), Ko(B)+, [18]), K1(B), T(B)) = ((Go, (Go)+,u), G1, Su(Go))-
Then let By be a unital simple ATD-algebra with
((Ko(Bo), Ko(Bo)+,[18,]): K1(Bo), T(Bo)) = ((Z,N,1),{0}, T).
Define A = By ® B. Then A € A. One checks that

((Eo(A), Ko(A)+, [14]), K1(A), T(A), Aa) = ((Go, (Go)+, u, G1), TxSu(Go), 7).

6 The range

Suppose that A and B are two stably finite unital Z-stable C*-algebras and suppose that there
is a homomorphism

A : Ell(A) — El(B).
There is Ay : Ell(A ® M,) — Ell(B ® M,) and A4 : Ell(A ® M,) — Ell(B ® M) induced by A
so that the following diagram commutes

El(A® M,) 42V En(a) Ell(A ® M,)

La, , b Ha
(idp®1). WsSD m(B © My)

—

EN(B® M, V" EI(B)

Lemma 6.1. Let A and B be two Z-stable C*-algebras in A and let p and q be two supernatural
numbers of infinite type which are relatively prime. Suppose that

A : Eli(A) — El(B)
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is a homomorphism. Then there is a unitarily suspended C([0,1])-unital homomorphisms ¢ :
A® Zpq — B® 24 such that Ell(mg o ¢) = Ay and Ell(m o ) = Aq so that the following
diagram commutes:

El(A®M,) 42V Ena)y (99 mEnae )
J/(Troocp)* . Ia . J/(Trlogp)*
EN(B o M,) "2V mnm) “25Y BB e M)

Proof. Since A, B € A, TR(A®M,) <1, TR(A®M,) <1, TR(B&M,) < 1 and TR(B®M,) <
1, there is a unital homomorphism ¢, : A® M, — B ® M, and ¢q : A ® My — B ® M, such
that

Ell(pp) = Ap and Ell(vq) = A,.

PUt(‘O:SOp@idMq :A®Q—>B®Qand¢:¢q®id1\/]q tA®RQ — B®AQ.
Note that
(©)i = (¥)w (i =0,1) and o7 = Pr.

(they are induced by I'). Note that ¢ and ¢7 are affine homeomorphisms. Since K,;(B ® Q)
is divisible, we in fact have [¢] = [¢] (in KK(A® Q,B ® Q)). It follows from Lemma 11.4 of
[18] that there is an automorphism 3 : B ® Q — B ® @ such that

[6] = lidpeq] KK(B®Q,B®Q)

such that ¢ and [ o ¢ are asymptotically unitarily equivalent. Since Ki(B ® Q) is divisible,
H{(Ky(A®Q),K1(B®Q)) = K1(B®Q). It follows that ¢ and Fo1 are strongly asymptotically
unitarily equivalent. Note also in this case

Br = (idpgq)r-

Let v : B® Mg — B ® Q defined by +(b) = b® 1 for b € B. We consider the pair § o010 ¢4 and
10 @q. By applying 11.5 of [18], there exists an automorphism o : pq(A ® M) — @q(A @ My)
such that 10 o1)q and o101, are asymptotically unitarily equivalent (in M (B ® Q)). So they
are strongly asymptotically unitarily equivalent. Moreover,

[a] = [idpemg) in KK (B® Mg, B® M,).

We will show that 301 and oo g ®idyy, are strongly asymptotically unitarily equivalent.
Define 81 = fo10v¢g®@idy, : BRQ® My, — B®Q ® My. Let j : Q — Q ® M, defined by
j(b) = b® 1. There is an isomorphism s : M, — My, ® M, with (idas, ® 5)«0 = jx0. In this case
[idn, ® s] = [j]. Since K1(My) = 0. By 7.2 of [18], idpy, ® s is strongly asymptotically unitarily
equivalent to j. It follows that o o tq ®idp, and B o101y ®idyy, are strongly asymptotically
unitarily equivalent. Consider the C*-subalgebra C = o (1 ® M,) ® M, C B® Q ® M,. In
C, B o yligm, and jo are strongly asymptotically unitarily equivalent, where jo : M, — C by
Jo(a) =1®a for all a € M. There exists a continuous path of unitaries {v(t) : t € [0,00)} C C
such that

tlim adv(t)ofop(l®a) =1®a for all a € M,. (€6.3)
— 00

It follows that (5 o1 and B; are strongly asymptotically unitarily equivalent. Therefore 3 o ¢
and « o g ® idyy, are strongly asymptotically unitarily equivalent. Finally, we conclude that
a o g ®idy and ¢ are strongly asymptotically unitarily equivalent. Note that a o 1q is an
isomorphism which induces I'y.
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Let {u(t) : t € [0,1)} be a continuous path of unitaries in B ® @ with u(0) = 1pg¢g such that
tlirglo adu(t) o p(a) = aotpg®idyy, (a) for all a € A® Q.

One then obtains a unitary suspended C([0, 1])-unital homomorphism which lifts I" along Z,,
(see [30]). O

Theorem 6.2 (cf. Proposition 4.6 of [30]). Let A and B be two Z-stable C*-algebra in A.
Suppose that there exists a strictly positive unital homomorphism

A : Ell(A) — EN(B).
Then there exists a unital homomorphism ¢ : A — B such that ¢ induces A.

Proof. The proof is a simple modification of that of Proposition 4.6 of [30] by applying 6.1.

First, it is clear that the proof of Lemma 4.3 of [30] holds if isomorphism is changed to
homomorphism without any changes when both A and B are assumed to be simple. Moreover,
the one-sided version of Proposition 4.4 also holds. In particular the part (ii) of that proposition
holds. It follows that the homomorphism version of Proposition 4.5 of [30] holds since proof
requires no changes except that we change the word ”isomorphism” to “homomorphism” twice
in the proof.

To prove this theorem, we apply 6.1 to obtain a unitarily suspended C([0, 1])-homomorphism
¢ : AR B® Z which has the properties described in 6.1. The rest of the proof is just a copy of the
proof of Proposition 4.6 with only four changes: (1) ¢: A® Z — B® Z® Z is a homomorphism
(instead of isomorphism); (2) in the diagram (65), A, A ® id are homomorphisms (instead of
isomorphism); (3) ¢4 is a homomorphism (instead of isomorphism); (4) since A and @, agree as
homomorphisms (instead of isomorphisms) and both are order homomorphisms preserving the
order units, they also have to agree as such. O

Definition 6.3. A C*-algebra A is said to be locally approximated by subhomogeneous C*-
algebras if for any finite subset 7 C A and any € > 0, there is a C*-subalgebra H C A isomorphic
to a subhomogeneous algebra such that F C. H.

Remark 6.4. It is clear from the definition that any inductive limit of locally approximately
subhomogeneous C*-algebras is again a locally approximately subhomogeneous C*-algebra.

Lemma 6.5. Let that (Go, (Go)+,u) be a countable partially ordered weakly unperforated and
rationally Riesz group, let G1 be a countable abelian group, let T be a metrizable Choquet simplex
and let A\p : T — Su(Go) be a surjective affine continuous map sending extremal points to
extremal points. Suppose that S, (Go) and T have finitely many extremal points.

Then there exists one unital Z-stable C*-algebra A € A such that

Ell(A) = ((Go, (Go)+, [14]), G1, T, Ar).
Moreover, the C*-algebra A can be locally approzimated by subhomogeneous C*-algebras.

Proof. Denote by e1, eg, ..., e, the extreme points of S, (Gp), and denote by Si, ..., Sy, the preim-
age of eq,...,en, under A\. Then, each S; is a face of T, and hence a simplex with finitely many
extreme points. In each 5;, choose an extreme point f;.

Set an affine map a : S,(Go)xT — Su(Go) by

OZ((GZ', g])) = €4,
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where e; is an extreme point of S,(Gp) and g; is an extreme point of 7. Define an affine map
7 Su(Go)XT — T by n((e;,95)) = gj if gj € Sk, and 7w(e;, gj) = fi if g; is not in any of Sk.
Since there are only finitely many extreme points in both S,(Gp) and T, 7 is a continuous affine
surjective map.

Then

AT OoT = q.

Choose a lifting ¢ : T — S, (Go)xT of 7 by 1(g;) = (Ar(g;),9;) for g; € S;, j =1,2,...,n. In
particular, 7 o ¢ = idy. Define an affine map 3 : S, (Go)xT — Sy (Go)xT by 3 = 1o .
By Theorem 5.18, there is a Z-stable ASH-algebra A’ € A with

EN(A) = (Go, Gr, Su(Go)XT, ).
By Theorem 6.2, there is a unital homomorphism ¢ : A’ — A’ such that

[plo=1id, [l =id, and (p)* =B

(The compatibility between the map [ and [p]y follows from the commutative diagram be-
low.) Let A, = A" and let ¢, : A, — A,11 be defined by ¢, = ¢. n = 1,2,.... Put
A = limy,, o0 (An, ©p). Since each A, is simple so is A. By Theorem 11.10 of [18], A € A. Since
each A, is an ASH-algebra, the C*-algebra A can be locally approximated by subhomogeneous
C*-algebras.

Since the diagram

xT

commutes (the left triangle commutes because « ot = Apomor = Apoidr = Ap), one has that
the inductive limit A = lim(A’, ¢) satisfies

w(Go)

Ell(A) = (Go, G1, T, A1),
as desired. O

Lemma 6.6. Let G be a countable rationally Riesz group and let T be a metrizable Choquet
simplex. Let X\ : T'— S, (G) be a surjective affine map preserving extreme points. Then, there are

decompositions G = h_n}l(Gn, ), AT = lii)n(Rk”, Nn), and maps A, : Gp — R¥* such that each
Su(Gy) is a simplex with finitely many extreme points, and the following diagram commutes:

NI

GnTGn—H G

Proof. Consider the ordered group H = G ® Q. It is clear that the ordered group Gr =
G /Tor(G) (with positive cone the image of the positive cone of G) is a sub-ordered-group of
H. Since G is a rationally Riesz group, the group H is a Riesz group. It follows from Effros-
Handelman-Shen Theorem that there is a decomposition H = hm( H;,p;), where H; = 72
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with the usual order for some natural number m;. We may assume that the images of (¢; ) is
increasing in H. Set
G} = ¢; 2 (Gr N ioo(H;)) C Hi.

Then the inductive limit decomposition of H induces an inductive limit decomposition
Gr = lim(G}, vilar)-

We assert that S,(G}) = Su(H;). To show the assertion, it is enough to show that any state
on H; is determined by its restriction to G}, and it is enough to show that two states of H; are
same if their restrictions to G are same. Indeed, let 71 and 7 be two states of H; with same
restrictions to G;. For any element h € H;, consider ¢; o (h) € H. We then can write

p
Soz,oo(h) = -9,
q
for some g € Gy and relatively prime numbers p and ¢. In particular,

Pg = qpico(h) € ¥icc(Hi) NG,
and hence
qh € G,
Therefore, one has

ni(h) = ;mqh) - ;mqh) = m(h).

This proves the assertion.

Since S, (H;) is a finite dimensional simplex, the convex set S, (G?) is also a simplex with
finitely many extreme points. Hence we have the inductive decomposition Ggp = @(G;,wg),
where ¢; = ¢ila.

Consider the extension

0 —= Tor(G) —> G —> Gr 0,

and write Tor(G) = lim(7}, ¢;), where T; are finite abelian groups. Since the torsion free abelian
group G is finitely generated, there is a lifting v1 : G} — G with 7o 1(g9) = j . (g) for any
g € G. Since an element in G is positive if and only if it is positive in the quotient Gy, it is
clear that 7; is positive. Consider the ordered group 771 @ G} with the order determined by G/,
and set the map ) » : 71 ® G} — G by (a,b) — t(a) + 71(b). It is clear that 1)1 o is positive.
Using the same argument, one has a positive lifting 72 : G5 — G. Since ¥ (G]) C
V5 +(G3), one has that y2(g) — 71(g9) € Tor(G) for each g € G. By truncating the sequence
(T;), one may assume that (y2 — 71)(G}) € T». Define the map ¢ : To & G4 — G by
(a,b) — t(a) + y2(b). Then it is clear that ¢ o (T1 & G}) C Y2.00(T2 & G5). Define the map

t12:T1 &G, — T ® Gl by

(a,0) = ((a) +71(b) = 72(b), 91 2(b))-

A direct calculation shows that 11 o = 92,00 0 Y1 2.
Repeating this argument and setting G; = T; ® G;, one has the inductive limit decomposition

G= Ln(Gi,¢i,i+1)-

)

Noting that the order on G; is determined by the order on G}, one has that S,(G;) = Su(G}),
and hence the convex set S,(G;) is a simplex with finitely many extreme points.
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Let {a,} be a dense sequence in the positive cone AffTT. Consider the map A\* 0 t; o : G —
AffT. Since S, (G;) = Su(H;) and H; = Z™, the image of positive elements of G; is contained in
a finite dimensional cone. Since images of G; are increasing, we may choose {b, ..., b;, ...} C AffiT
and natural numbers n; < --- < n; < --- such that {b1,...,b,,} is a set of generators for the
image of G; in AffT.

For each i, set k; = i + n;. We identify the affine space

RF = (Ra; @ --- @ Ra;) ® (Rby @ - - - ® Rby,,)
as the subspace of AffT spanned by a1, ...,a;, b1, ..., by,. Define the map \; : G; — RF: by
g 0&- ®0)& (A 0vinl(g)),
the map n; : R¥ — RFi+1 by

(fs9) = u(f) ®e2(9),

where ¢1 and ¢o are the inclusions of Ra; @ - - - © Ra; and Rby @ - -- @ Rb,,, to Ra; & - - & Rajyq
and Rb; @ - - - ®Rby,,, in AffT, respectively. Then, it is a straightforward calculation that AffT’
has the decomposition @(Rki, 7;), and the diagram in the lemma commutes. O

Finally, we reach the main result of this paper.

Theorem 6.7. Let (Go, (Go)+,u) be a countable partially ordered weakly unperforated and ratio-
nally Riesz group, let G1 be a countable abelian group, let T' be a metrizable Choquet simplex and
let A\p : T — Sy (Gp) be a surjective affine continuous map sending extremal points to extremal
points. Then there exists one (and exactly one, up to isomorphic) unital Z-stable C*-algebra
A € A such that

EH(A) = ((Go, (G0>+, u), Gl, T, )\T)-

Moreover, A can be constructed to be locally approximated by subhomogeneous C*-algebras.

Proof. Note that the part of the statement about “exactly one, up to isomorphism” follows from
[18].
By Lemma 6.6, there exists a decomposition

Rkn &Rkn-&-l HHAH‘T s

TAn T)\WA—I TA;

Ky Kyt >+ Gy

where each K, is a rationally Riesz group with S,(K,) having finitely many extreme points.
By Lemma 6.5, there is a unital Z-stable algebra A,, € A such that

((KO(ATL)7 KU(A’VZ>+7 [lAn])7 Ki1(An), AH(T<AR)>7 )\An) = ((Kﬂv (Kn)+, u)a G, Rkn7 )‘n)7

and each A, can be locally approximated by subhomogeneous C*-algebras.

By Theorem 6.2, there are *-homomorphisms ¢, : A, — A,y1 such that (op)«0 = ¥n,
(pn)«1 = idg, and (1)« = M, where (1, )« is the induced map from Aff(T(A,)) — Aff(T(Ap+1))-
Then the inductive limit A = lii>nn(An, ¥y,) is in the class A and satisfies

Ell(A) = ((Go, (Go)+,u), G1, T, Ar).

Since each A, can be locally approximated by subhomogeneous C*-algebras, so does the C*-
algebra A. n
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