A CLASSIFICATION FOR TRACIALLY SPLITTING TREE ALGEBRAS

ZHUANG NIU

ABSTRACT. A class of unital C*-algebras (TAS-algebras for short) which can be tracially ap-
proximated by splitting interval algebras (a certain class of sub-C*-algebras of interval algebras)
is introduced. It is shown that the class of simple separable nuclear TAS-algebras which satisfy
the UCT is classified by the Elliott invariant.

1. INTRODUCTION

Elliott’s program on the classification of nuclear C*-algebras is expanding rapidly in recent
years, and covers abundance classes of C*-algebras. Among them, one important class is the class
of unital simple inductive limits of homogeneous C*-algebras without dimension growth. Let us
refer the C*-algebras in this class as AH-algebras in this paper. (In other words, all AH-algebras
in this paper are assumed to have no dimension growth, which is a crucial condition, as plenty
of exotic simple unital inductive limits of homogeneous C*-algebras have been constructed. See,
for example, [28], [29], [27], etc.) This class of C*-algebras was classified in the works of G. A.
Elliott, G. Gong, and L. Li (see [3], [7], and [4]).

The axiomization of AH-algebra is then given by H. Lin (see [13], [11], [12], [15], [18]). In
stead of looking at C*-algebras of inductive limit, Lin considered tracially approximately interval
algebras (TAlI-algebra for short), the C*-algebras which can be approximated by interval algebras
in the sense of Egolov. More precisely, a simple C*-algebra A is a TAl-algebra if for any € > 0,
any finite subset F C A and any 0 # a € AT, there is a nonzero projection p € A and a
C*-subalgebra I C A with 1; = p and I = C([0, 1]) ® F' for some finite dimensional C*-algebra
F such that for all x € F,

(1) Jlap — pz|| <,

(2) pxp €. I, and

(3) 1 — p is Murray-von Neumann equivalent to a projection in aAa.
Lin showed that the class of nuclear TAI algebras satisfying the Universal Coefficient Theorem
is classifiable. Since AH-algebras are TAlI-algebras ([7]) and they exhaust all the possible in-
variant, this class of C*-algebras coincides with the class of AH-algebras, and hence provides an
axiomization of AH-algebras.

The axiomization of AH-algebras plays an important role in recent progresses of the classifi-
cation program. First, the condition being tracially approximated by interval algebras is much
easier to verified than the condition being an inductive limit of certain building blocks. Hence,
it provides a powerful tool to verify whether some naturally arising C*-algebras fall inside the
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class of AH-algebras, see, for example, [21]. (Note that most of the earlier known results were
restricted to AH-algebras with building blocks of one dimensional spectrum, which have stable
relations. )

More important, Lin’s axiomization of AH-algebras is also one of the key ingredients of the
further development of the classification beyond AH-algebras. In recent works [16], [19], [30], [17],
and [20], the classification theorem was pushed to the class of Z-stable C*-algebras which are
TAl-algebras after tensoring with the UHF-algebra ). The Kg-groups of this class of C*-algebras
were shown to exhaust all the ordered groups which has the Riesz decomposition property after
tensoring with Q (see, [?]), the so-callled rationally Riesz groups.

In this paper, the method of Lin’s axiomatization of AH-algebras is generalized to the clas-
sification of simple inductive limits of certain subhomogeneous C*-algebras. One considers the
C*-algebras which can be tracially approximated by splitting tree algebras, which were intro-
duced by H. Su in [26] (a particular subclass, splitting interval algebras, was studied further by X.
Jiang and Su in [9]). It is shown that this class of C*-algebras contains all simple inductive limits
of splitting tree algebras together with homogeneous C*-algebras without dimension growth.

Using the same strategy of Lin in [15] and [18], one obtains a classification theorem for the
subclass consisting of those nuclear C*-algebras which can be tracially approximated by splitting
interval algebras and satisfies the UCT. Even the Ky-groups of this class of C*-algebras do not
exhaust all weakly unperforated ordered groups, it was known that the Ky-groups of C*-algebras
in this subclass may fail to satisfy the Riesz decomposition property, even after tensoring with
Q (see [?] and [9]). Hence this class of C*-algebras contains more C*-algebras than the class of
TAI-algebras.

2. SPLITTING TREE ALGEBRAS AND TRACIALLY APPROXIMATELY SPLITTING TREE
ALGEBRAS

In this section, after reviewing on the basic building blocks—splitting tree algebras, the tra-
cially approximately splitting tree algebras will be introduced, and certain basic properties will

be studied.

2.1. Splitting tree algebras and their K-theory. Let T be a finite path-connected tree.
Denote its vertices by {v;}i=1__n, and its edges by {e;}i=1.._m. We define a splitting tree algebra
to be the algebra of matrix-valued functions over T" which take the prescribed diagonal blocks
form on the vertices. That is, for an integer k > 0 and ki, ..., k,,, n partitions of {1,2,...,k}, we
define the splitting tree algebra S(ky, ..., kn; T) to be

{f € Mk(C<T))a f(vz) € @Mj(c)?i =1, ?n}
jEk;
They are unital C*-subalgebras of homogeneous C*-algebras with one-dimensional spectrum.
The spectrum of a splitting tree algebra is in fact a non-Hausdorff tree, which has the same
edges as T, but it splits into several points according to the diagonal form at each vertex. We
refer the vertices of T' the singular points of the splitting tree algebra S. And we label the
splitting points at v; by v},. pl¥il respectively. This class of type I C*-algebras was introduced
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by Su in [26]. In the case that the tree T is the interval [0, 1], the splitting tree algebras are
referred as splitting interval algebras. In [9], the authors studied the unital simple inductive
limits of splitting interval algebras, and showed that this class of C*-algebras is classified by the
Elliott invariant.

Consider a splitting tree algebra S, and consider the ideal T' consisting of matrix-valued func-
tions vanishing at the vertices. We have the following exact sequence:

0—-I1—-S5—F—0,

where F' = @, @,;, Mi(C). A calculation with the associated six-term exact sequence gives
us the K-groups of S.

Lemma 2.1 ([26]). The Ky-group of the splitting tree algebra S(ky,--- ,k,;T) is

=1 i [

The ordered structure on the Ko-group inherits from the standard order on @;_, Z‘Ei‘, and [1] =
(k1,-- ,kn). B B
The Ki-group of S(ky,--- ,kn;T) is trivial.

There are several distinguished homomorphisms from the Kq-group of a splitting tree algebra to
Z: The standard quotient maps from @@;_, 7%l to each component. These homomorphisms are
in fact induced by the point evaluation maps of the splitting tree algebras on the correspondence
splitting points:

ev; 18— Mg, ;,(C), fr f(v]).

Therefore, we also refer these distinguished K-theory maps the distinguished point evaluation
maps (of the Ko-group of a given splitting tree algebra).

It is shown in [26] that the normalized traces over a splitting tree algebra are the probability
measure on its spectrum. To be more precise, each normalized trace 7 comes from a convex
combination of a probability measure on the tree and normalized traces on the splitting points:

1
") = o [ (P M), vres.
irj
where tr is the normalized trace over a matrix algebra, u is a probability measure concentrating
on T, Ao, /\{ > 0 and A\ + zl ; )\g = 1. Moreover, i and \’s are uniquely determined if for each
1, there is 7 such that )\f = 0. Let us assume this condition in the sequel.

Extremal tracial states of S are induced by Dirac measures on the spectrum of S. They inherit
the topology from the spectrum of S. That is, the extremal tracial states coming from regular
points around a vertex v; of T converge to the average of extremal tracial states over the splitting
points on v; according to the size of the diagonal blocks. Any tracial state induces a positive
homomorphism (state) from the Ky-group to R. An extremal tracial state of a splitting tree
algebra may not induce an extremal state of its Kq-group (for example, the state induced by a
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Dirac measure on a regular point is not an extremal state if there are more than on splitting
points at some vertex).

On the other hand, any state of Kq(S) comes from a tracial state of S by the nuclearity of
splitting interval algebras. Therefore, the distinguished point evaluations on the Ky-group span
the convex of states on K¢(5). Moreover, if the image of a state of Ky(.S) is isomorphic to Z, we
have the following lemma.

Lemma 2.2. Let S be a splitting tree algebra. Then any positive homomorphism « : Ko(S) — Z
1s a sum of point evaluations.

Proof. Let S = S(ky, -+ ,kn; T). Then
Ko(8) = {(ms, -+ ;) € @) 3 Smi? = o = md}.
1=1 i J

Since a comes from a trace (may not be normalized), we have
o((ma, - yma)) = Ao Y ma(s) + Y Nma(j)
J 1,

where \’s are positive numbers, and for any 4, at least one of {); ;} is 0. Therefore, there exists
a minimal projection p of S such that [p]o(7)(j) = 0 whenever )\‘g # 0. Apply « to this element;
we get A\g = a([p]) € Z7.

In the same way, for any i, jo such that )\fg # 0, we can find a minimal projection p in S such
that [plo(io)(jo) = 1 and [plo(i)(j) = 0 whenever X # 0 and i # iy. Evaluating o on p, we get
XN =a([p]) € Z+.

Therefore, all coefficients are positive integers, and hence « is a sum of the distinguished point
evaluations on the Ky-group. 0

Now, let us lift a positive homomorphism between the scaled ordered Kgy-groups of two splitting
tree algebras to a x-homomorphism between these C*-algebras. If the codomain algebra is a
matrix algebra over the complex number, then the lemma above implies that the K-theory map
is a sum of the point evaluations at splitting points. Since the K-theory map preserves the order
unit [1]g, the sum of the sizes of the matrix algebra equal to the size of the codomain algebra.
Hence the direct sum of those point evaluation maps is the desired *-homomorphism.

In general setting, consider a homomorphism

ko (Ko(S1), Ko(S1) ™, [1s,]o) — (Ko(S2), Ko(S2) ™, [1s,]0)

for two splitting tree algebras S; and Ss. Denote the singular points of S; and Sy by {w;} and
{v;} respectively. Let us consider the composition of k with a distinguished point evaluation map
of Ko(Ss), say ev]. Since the codomain of ev? is Z, ev’ o k maps K¢(S1) to Z. By the argument
above in the case the codomain is the matrix algebra, there is a homomorphism from S; to the
matrix block at the splitting point coresponding to evg , and it is a sum of certain distinguished
point evaluations of 5;.

Repeat this procedure for all splitting points of S;. We shall show that for any two singular
points (vertices of the tree) of Sy, the sets of the point evaluations corresponding to them can
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be matched to each other. Pick a singular point v;, of Sz, and denote the point evaluations of
Sy according to the point v to be {w!} with multiplicities {m]}. Then we can group them in
the following way: At each singular point w; of Si, set m; = minj{mf }. Then divide the point
evaluations at this singular point into two groups: one group is the point evaluations at each
splitting point with multiplicity m;, the remaining point evaluations form the other group. In
other words, we divide them into the point evaluations which are the same as a regular point
with multiplicity m; and the point evaluations which is not full at this singular point. After
doing the same procedure at each singular point of 57, we have that all the point evaluations
according to v can be grouped into two parts: One part is the point evaluations which are the
same as a regular point, we call it the full point evaluations part; the other part is the sum of
point evaluations on some splitting points and it sends some minimal projection to 0, call it the
non-full point evaluation part . Moreover, by the same argument in the proof of Lemma 2.2, this
decomposition is unique on the Ky-group level.

After grouping the point evaluations for each singular point v; of Sy, we can match them
between v;’s in the following way. Note that for each singular point v; of Ss, the map ) _; (ev]),
is the same. So, by the uniqueness of this decomposition, the full point evaluations parts of
each singular point of Sy have the same multiplicity, and so do the non-full point evaluation
parts. Therefore, the non-full part of point evaluations can be glued together easily by constant
maps. For any two singular points v;,v; of Sy which there is only one edge between them, we
can connect the correspondence full (regular) point evaluations parts by any path between them
in the tree of S;. Hence we get the following proposition:

Proposition 2.3. Let Sy, Sy be two splitting tree algebras, and r : Ko(S1) — Ko(S2) be a scaled
ordered homomorphism. Then there exists a x-homomorphism o : S — Sy such that ¢, = k.

2.2. Tracially approximately splitting tree algebras.

Definition 2.4. A unital C*-algebra A is called a tracially approximately splitting tree algebra
(TAS-algebra) if for any € > 0, any finite subset 7 C A and any 0 # a € A", there is a projection
p € A and a C*-subalgebra S C A which is a splitting tree algebra with 1g = p # 0 such that
for all z € F,

(1) flap — px| <e,

(2) pxp €. S, and

(3) 1 — p is Murray-von Neumann equivalent to a projection in aAa.

Any separable simple TAS-algebra are MF in sense of [1].

Lemma 2.5. Any separable simple C*-algebra A which satisfies conditions (1) and (2) of Def-
inition 2.4 can be embedded into the algebra [[, M,,(C)/ @, M,,(C) for some positive integers
n;.

Proof. Let F = {ay,aq,---} be a countable dense subset of the unit ball of A with a; = 1, and
set €, = 1/2". Apply the tracial approximation property with F,, = {ay,--- ,a,} and €,. Then
there is a C*-subalgebra S,, and a projection p, such that p,a;p, €. S, and ||pa; — a;p|| < e,
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for all a;,1 < i < n. Take a point evaluation map m, of S, to M,,,. Then , can be extended
to a positive linear contraction from p,Ap, to the matrix algebra. Denote it by m, as above.
Then @, (z) = m,(pxp) gives us a positive linear contraction from A to the matrix algebra with
P (aia;) — Dp(ai)Pr(a;)] < e, and ||Py(a;*) — Pp(a;)*|| <&, for any 1 <4,j < n.

Applying this procedure for each n, we get a sequence of positive linear contractions {®,,} with
the approximation properties above. Therefore the map ® from A to the asymptotic sequence
algebra [[, M,,(C)/ @, M,,(C) induced by (®1,Ps,---,P,, ) is a *-homomorphism. Since
®(1) = 1, ¢ is a non-zero map. By simplicity of A, the *-homomorphism ® maps A ono-to-one

into Hz Mni (C)/ @z an(c) O
In [6], separable simple TAS-algebra were shown to have the following properties.

Proposition 2.6 ([6]). Any separable simple TAS-algebra has the following properties:

(1) has at least one tracial state, and thus is stably finite;

(2) has stable rank one;

(3) has the (SP) property;

(4) the strict order on projections are determined by traces, and thus has weakly unperforated
Koy-group.

Let G be a order-unit group. There is a canonical map p : G — Aff(S(G)) defined by
g— (s s(g)) forany s € S(G).
For a simple TAS-algebra A, the following lemma shows that the image of Kq(A) is dense.

Lemma 2.7. Let A be a simple TAS-algebra. The image of the canonical map p : Ky(A) —
Aff(S(Ko(A), K§(A), [1]0)) is dense in Aff(S(Ko(A), K§ (A),[1]o)).

Proof. Denote by E the linear subspace of Aff(S(Kq(A), K (A),[1]o)) spanned by the image of
Ko(A). Since E contains p(la), the constant function 1, E contains all constant functions.
Moreover, since Ko(A) separates the states, £ separates the states. Thus the linear sunspace E
is dense in Aff(S(Ky(A), K¢ (A),[1])) by Corollary 7.4 of [8].

To prove the lemma, we must show that p(Ky(A)) is dense in E. It is enough to show that for
any projection p € A and any positive real number r < 1, the positive affine function r - p([p])
can be approximated by elements in p(Ko(A)).

For any € > 0, there exist n, k € N such that

k—1 k+1 E+1 k-1
<T<L and | L | <e.

n+1— T n n n—1 =
Since A is a TAS-algebra, one has that [p] = [p] + [p"] with p” € S for some splitting tree
algebra S, and 7([p']) is uniformly small (less than <) for all 7 € S(Ko(A)). Furthermore, by the
simplicity of A, we may assume that p” € S has sufficiently large multiplicities at each splitting
point of S such that p” is almost divisible by n. In other words, we have that

pl=pl+py+ o+ 4
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2

where pj ~ p} and ¢” < p{. Thus for any 7 € S(Ko(A)),

k k
) < )+ 4 D) < )
Since 7(p') < 1, it follows that
kE—1 k+1

() < TP+ () < (i)

n
holds for every 7 € S(K(A)), which implies

- p([p]) — p([PY] + -+ [R])] < e

Therefore, p(Ko(A)) is dense in E, and hence it is dense in Aff(S(Ko(A),K{ (A),[1]o)) as
desired. O

2.3. TAS-algebras from inductive limits. Let SG denote the class of finite direct sums of
the following basic building blocks:

(1) splitting tree algebras, which provide torsion free part of Ky-group,
(2) continuous functions over T, which provide torsion part of Ko-group,
(3) continuous functions over S*V ---V S'V Ty ., which provide K;-group,

where Ty, is a 2-dimensional CW-simplex obtained by attaching a two-dimensional disk D to S*
via a map S*(= 9D) — S* of degree k, and Tj, is a three-dimensional CW simplex obtained by
attaching a 3-dimensional ball B to S? via a map S?*(= 0B) — S? of degree k. The homogeneous
C*-algebras in (2) and (3) are referred as the Gong standard homogeneous C*-algebras (see [7]
and [4]). Note that C*-algebras in (1) has torsion free Ky-groups and trivial Kj-groups; the
Ko-groups of C*-algebras in (2) has form Z @& Z/kZ, and K;-groups are trivial; the Ky-groups of
C*-algebras in (3) are isomorphic to Z, and K; groups are isomorphic to (B Z) @ (Z/kZ).

By Theorem A of [6], for any TAS-algebra A, there is an simple unital inductive limit B of
SG such that the Elliott invariant of A is isomorphic to the Elliott invariant of B. In fact, the
following proposition shows that B is also a TAS-algebra.

Let X be a simplicial complex. Denote by SH the class of C*-algebra containing finite direct
sum of splitting tree algebras and homogeneous C*-algebras pM,,(C(X))p. Then, we have the
following proposition.

Proposition 2.8. Let A = li_n>1(An,wn) be a unital simple inductive limit of building blocks in
SH such that the dimension of base spaces of A, is uniformly bounded, then A is a TAS-algebra.

Proof. We shall show that the maps between building blocks can be decomposed into the sum of
two homomorphisms, such that the one of them factors through splitting tree algebras, and the
image of the identity has small traces.

Let F be a finite subset of A = h_rr>1 A,. Lete >0,a € AT, and J be a positive integer such that
1/J < inf{7(a);7 € T(A)}. By Proposition 2.6 of [6], the C*-algebra A has the (SP) property,
thus we may assume that a is a projection. Moreover, we may assume that 7 C A, = S, ® H,
where S, is a splitting tree algebra and H,, is a homogeneous C*-algebra.
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Then for any m > n, the map v, ,, : A, — A, can be decomposed into ¥, ,, + ), ,, such that
either domain or codomain of 1/, ,, is a splitting tree algebra (then v, . factors through splitting
tree algebras), and the map ¢, ,, is a map between homogeneous algebras.

Since A is simple, by Theorem 4.37 of [7], for sufficiently large m, the map ¢  can be
approximately (with respect to F) decomposed into

0P @Yy
such that the map v} factors through a finite dimensional C*-algebra and ) factors through

an interval algebras. Moreover, [ (1)] < J[5(1)]. Therefore, if we set w%m = ¢y and w;,m =
nm © U] @by, we have that

[¥nm(f) = nm(f) & Ynm(f)ll <e forany feF

"

and 1, ,, factors through splitting tree algebras. Moreover, since [1g(1)] < J[¢g(1)], we have
that 7(¢0(1)) < 1/J < e < 7(a) for any 7 € T(A). An argument same to Theorem 4.9 of
[6] shows that A has the property that the strict order on projections is determined by tracial
states, thus we have that 7{/(1) is Murray-von Neumann equivalent to a subprojection of a, and
therefore, A is a TAS-algebra. 0

3. EXISTENCE THEOREM

In this section, we shall lift homomorphisms between the Elliott invariant of TAS-algebras to
approximate homomorphisms between the TAS-algebras (so called Existence Theorems).

3.1. Existence theorem for maps from building block algebras to TAS-algebras. Let
be a homomorphism from the order-unit Ky-group of a splitting tree algebra S to the order-unit

Ko-group of a TAS-algebra A. We show in this subsection that there exists a *~homomorphism
¢ : S — A such that [¢]yp = k.

Lemma 3.1 (Lemma 3.2 of [6]). Let G = Ky(A) where A is a splitting tree algebra, and let
r . G — 7Z be the point evaluation map on a reqular point. Then there exist an u € G and a
natural number m such that if the map 0 : G — G is defined by g — r(g)u, then the positive
homomorphism id+mb : G — G factors through @, Z for some n.

Lemma 3.2. Let G = Ky(A) where A is a splitting tree algebra and H = Ky(B) for a simple
TAS-algebra B. Then for any positive homomorphism 6 : G — H, 6 can be decomposed as 0, + 0,
where 0, and 0y are positive homomorphisms from G to H such that the following diagrams

commute:

91 92
H G

NZARN:

G

where G1 = @@, Z for some natural number n and Gy is the Ky-group of a C*-subalgebra of B
which 1s a splitting tree algebra.

G

H
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Proof. Let m and u be as in Lemma 3.1. Since B has the (SP) property, there is an h € H"
such that h is less than the image of any generator of GT. Define a positive homomorphism
¢’ : G — H by g — r(g)h where r is the point evaluation map on the regular point. Since h is
sufficiently small, § — @’ is a positive homomorphism from G to H.

Since matrix algebras over TAS-algebras and any unital hereditary C*-subalgebra of a TAS-
algebra is again a TAS-algebras (Lemma 2.3 of [6]), one can assume 6 — ' is a positive homo-
morphism from G to Ko(B’) where B’ is a unital hereditary C*-subalgebra of B. Since B’ is a
TAS-algebra and the positive cone of G is finite generated, one has that # —6’ can be decomposed
as the sum of two positive homomorphisms ] and 6,, where 0 factors though the Ko-group of
a C*-subalgebra of B’. Moreover, we may assume m#;(u) < h.

Therefore, we have 6 = 0" + 0} + 0. Since m0(u) < h, we have a further decomposition of
0’ + 6;: for any g € G,

0'(9) +01(9) = r(9)h+0(9)
r(g)(h —mb(u)) + r(g)mb;(u) + 0'(g)
= 7(g9)(h —mb;(u)) + 01 (mr(g)u) + 0;(g)
= 7(g)(h —mb)(u)) + 0 (mr(g)u + g).

By Lemma 3.1, ¢ — mr(g)u + g factors though &, Z for some n. Therefore, 6" + ¢ factors
though €, ., Z. Set 0, to be ' + 01, and it satisfy the lemma. O

With these lemmas, we have the following existence theorem for splitting tree algebras.

Theorem 3.3. Let S be a splitting tree algebra, and let A be a simple TAS-algebra. Then, for
any positive homomorphism r : (Ko(S), K (9), [1s]0) — (Ko(A), Ki(A), [1a]o), there exists a
x-homomorphism ¢ : S — A such that ¢, = k.

Proof. By Lemma 3.2, one has K = k1 + ko where x; factors through €, Z for some natural
number n, and Ky factors through the Ky-group of a splitting tree algebra which is a sub-C*-
algebra of A. Then ky can be lifted to a point evaluation map ¢, from S to A by Proposition
2.3. Since ky factors through €D, Z, there exists a *-homomorphism ¢; from S to A ® K such
that the induced K map is k1. Therefore, the map ¢; @ ¢ : S — A ® K induces k = K1 + kg
on Ko(S). Let p = (¢1 @ ¢2)(lg) € A® K. Then p is Murray-von Neumann equivalent to 14.
Therefore, there is a partial isometry v € A ® K such that z — vzv* is an *-isomorphism from
p(A® K)p to A, and hence the map ¢ = v(¢; @ ¢o)v* sends S to A. It is clear that induced
Ko-map of ¢ is k. 0

The existence theorem for maps from a homogeneous C*-algebra to a TAS-algebra will be
similar to that for TAI algebras [18]. First, we define a local existence property for KL-elements.

Definition 3.4. A C*-algebra A is said to be KK-attainable (for TAS-algebras) if for any simple
TAS-algebra B, any a € Homy (K(A), K(B))", and any finite subset P C P(A) with [14] € P,
there is a sequence of completely positive linear contractions L, : A — B ® K such that for any
a,be A,

[ Ln(ab) = Ln(a) Ly (b)[| — O,
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and
[LnHP = O‘|7J

for sufficiently large n.

Remark 3.5. Note that for any splitting tree algebra A, it has finite generated torsion free Ko-
groups and trivial K;-groups, and satisfies the Universal Coefficient Theorem. Then one has that
KL(A,B) = Hom(Ky(A), Ko(B)) for any C*-algebra B. Hence, by Theorem 3.3, splitting tree
algebras are always KK-attainable.

Let us consider the KK-attainability for homogeneous C*-algebras. First, we have the following
Lemma.

Lemma 3.6 (Lemma 9.8 of [18]). Let A be a unital C*-algebra, and let B be a unital separable
simple TAS-algebra and S be a sub-C*-algebra of B which is a splitting interval algebra. Let G be
a subgroup generated by P(A). If there is an F — d-multiplicative contractive completely positive
linear map ¢ : A — S C B such that [|g is well defined. Then, for any € > 0, there exists
a splitting interval sub-C*-algebra C C B and an F — d-multiplicative contractive completely
positive linear map ¢ : A — C' C B such that

[L]lanroazkz) = [V)lankoaz/iz),
and 7(1¢) < € for any tracial state T on B and any k > 1 with G N Ky(A, Z/kZ) # {0}, where L

and 1) are viewed as maps to B. Furthermore, if [L]|cnk,(a,z/kz) 15 positive, 50 is [V]|anry(a,z/kz) -

Proof. The proof is a modification of the proof of Lemma 9.8 of [18]. Without loss of generality,
let us assume that

S ={feC(0,1],M,); f(0)e EBMW and f(1) € @Mnj}.

Let {gx} be a set of minimal projections of S which spans Ky(S5). Suppose that
GNKo(AZ/KZ)={0} k> K.

By Theorem 4.1 in Section 4, with n = K!+ 1 and ¢, we have that there are homomorphism
S—>C®So® - ®Sy, v — Lo(x) ® Li(x) & --- & Ly(z) with each unit of Sy is Murray-von
—_————

Neumann equivaTILent, and 7(1¢) < €, where C' and Sy are splitting interval sub-C*-algebra of B.
Denote by ¢ the map S — So®S; by  — Lo(x)® L1 (x). One then has that ¢(f)+K![L1](f) = [f]
for any f € Ky(S). Define the map L = ¢ o1, and denote by j; : S — B and j» : C — B
be the embedding. Then, one has that (j;). = (j2 0 ¢). on Ko(S,Z/kZ) for k < K. Since
Ki(S) = K{(C) = 0, both [L] and [¢)] map K¢(A,Z/kZ) to Ko(B)/kKy(B) and factor though
Ko(S,Z/kZ). Therefore

[Ll|arkoazizy = [Wllarkoazizy, k=1,..., K,
as desired. n
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Lemma 3.7 (Lemma 9.9 of [18]). Let C = M, (C(X)), where X is a path connected com-
pact metric space with Ko(C(X)) = Z @ tor(Ky(C(X))), and K,(C(X)) is finite generated, and
K{(C)Cc{(z,2): z€N,x € Z,or, (z,z) = (0,0)}. Then C is KK-attainable.

Proof. The proof is the same as that of Lemma 9.9. Instead of using Lemma 9.8 of [18], one use
Lemma 3.6, and instead considering finite C*-algebra F (in the proof of Lemma 9.9 of [18]), one
considers the splitting interval algebra S of Lemma 3.6, and the same argument works (only use
the fact Ky(S,Z/kZ) = 0). O

For the two-sphere S?, since Ko(C(S5?%)) = Z®Z, it does not satisfy the lemma above. However,
we can embed C(S?) to an AF-algebra which is a sub-C*-algebra of the TAS-algebra with a
suitable Ky-embedding.

Definition 3.8. An ordered group G is weakly divisible if for any g € G, there exist g1, 92 € GT
such that g = 2g1 + 3¢, or equivalently, G is weakly divisible if for any ¢ € G and any M > 0,
there exist g, -+, g, € GT and integers my,--- ,m, > M such that g = myg; + -+ + mp,gp.

Lemma 3.9. Let S? be the two dimensional sphere, and let A be a C*-algebras with weakly
divisible Ky-group. Suppose that A has the cancellation of projection and the strict order on
the projections is determined by the traces. Then for any order-unit group homomorphism k :
Ko(S?) — Ky(A), there is a *-homomorphism ~y : C(S%) — A such that vy = k.

Proof. The Ky-group of C(S?) is Z@®Z with the order determined by the first cordinator. Denote
the positive elements (1,0) and (1,1) in Ko(C(S?)) by p’ and ¢ respectively. Set the image of p/
under k to be p.

Let {M;} be an increasing sequence of natural number tending to +oo. Since Ko(A) is weakly
divisible, there exist pgl),p?), e ,p&dl) in Ko(A)" and mgl), m?), e ,mgdl) such that mgk) > M,
for each k, and

dy

k) (k
S il =
k=1

For each pgk), since Ko (A) is weakly divisible, there are positive elements pgk’l) ; pém), e ,Pék’dz’k)
in Ko(A) and natural numbers mgk’l),mék’m, e ,mgk’dQ’k) with mS™ > M, for all 1 < i < Mok
such that

da 1
S e — 0
i=1
One can repeat this procedure for each positive elements p%kl""’k”) and get its further decom-

position with the multiplicities larger that M,,. With these positive element, one can construct
a dimension group embedding inside Kq(A) as following:
Set D; = 1 and set D,, = ZD"* dp—1, for n > 2. In other words, D, is the number of the

i=1
(krkn) it step. One can set

G, =Dz
Dy,

positive elements p
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and set the map ¢, from G), to G, by
dn,k
k 7"'7]{:77.7. k 7"'7kn7'
R D DL R
j=1

where {enkl’"'k”)} is the standard basis of G/, and {egﬁ’l"'k”’j )} are standard basis for G7, ;. Denote
the inductive limit of (G.,, ¢,,) by G'.
Note that there are positive maps ¢, : G, — Ko(A) by

k1, kn)

Ly - efl (k1K)

—)pn

It is easy to verify that {v,} are compatible with the maps {¢,}. Thus, there is a positive
homomorphism ¢ : G' — Ky(A). Let u € G’ be ¢1 (1). It follows that

v(u) = p.
Define an ordered group
G=GaL
with the order determined by the first coordinator (in other words, (g,n) > 0 in G if and only if
g > 0in G’). One has a group homomorphism by 6 : G — Ky(A) by
0:(g.n) — u(g) +nlqg—p)

Since the order on the projections in A is determined by the traces and A is simple, one concludes
that 6 is a positive homomorphism. Note that 6(u,0) = p and 6(u, 1) = p.
On the other hand, one has an positive homomorphism 1 : Ko(C(S?)) — G by

p' = (u,0)

q — (u,1).
A simple calculation shows that

k=0o01.

Since the multiplicities of building blocks G’ is unbounded (M; — +00), there is no minimal
elements in G'*. Hence G satisfies the Riesz property, which implies G is a dimension group
without minimal elements. Thus, there is an unital AF algebra B with

(K0<B)7 K0<B)+> [13]0) = (G’ G+> (uv 0))
Since A has the cancellation of projections, there is a *-homomorphism h : B — A such that
ho = 6.

Consider the positive homomorphism v : Ko(C(S?)) — Ky(B). Since there is no minimal
positive elements in G, there is a homomorphism r : C(S?) — Ko(B) with ¢ = ¢ by [5].
Therefore, the *-homomorphism

v=hor

satisfies the theorem. O

Theorem 3.10. Let A be a simple TAS-algebra. Then the group G = Ky(A) is weakly divisible.
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Proof. By Corollary 3.4 of [6], K¢-group of a simple TAS-algebra A is a simple inductive limit
of Ko-groups of splitting tree algebras and ordered groups Z @ Z/nZ,n = 1,2, .... Therefore, we
may assume that G = liig(Gi, ¢i), where G; is a direct sum of Ky-groups of splitting interval
algebras and ordered groups Z & Z/nZ,n = 1,2, ....

Fix N > 10. For any a € G, since G is simple, we may assume that a € G; with the
multiplicity of a in each direct summand of G; is larger than N (when we say a positive element
in the Ky-group of a splitting tree algebra has multiplicity larger than N if it has multiplicity
larger than N at each splitting point).

It is clear that the restriction of a to each group Z @ Z/nZ,n = 1,2, ... can be decompose as
2a1 + 3as for some positive element a; and as.

Consider the restriction of a to a direct summand of ; which is in the Kgy-group of a splitting
tree algebra. Then, it can be identified with the group

{((m§1)7 "'7mgl1))7 e (mgzl)7 7m£Lln))) € @leazmy) == ng)}
i=1 7 7

(i

for some m; ), and identify the restriction of a by

@V, ...,a" ), . (@D, .. al)Y)

g
J . .
positive integers ng) and dﬁ” such that

with a;” > N. Denote by S = ). mgi). Consider the first singular point (j = 1). There are

agi) = 2c§i) + 3d§i).
Denoted by S; = > cgi) and Sy = > dgi). One can choose cgi)’s and dgi) such that [25; — 5/2| <6
and |35, — S/2| < 6.
Consider the second singular point (j = 2). Let us choose positive integers cg) and dg) such
that
o) =2c 434, 1<j<i,—1,

and
k

k
S 2 3 sdl)
=1

=1

§57 1§k§l2_17

as following: For k = 1, it is clear that there are cgl) and dél) such that aél) = 20%1) + 3d;1) with
’20&1) — 3dg) < 5. Assume that cg) and dg) are chosen for 1 <7 < k. Denote by

k k
e = Z 20&1) - Z Bdg).
i=1 i=1

Then |e| < 10. Write

agk:-i-l) _ 2Cgk:+1) + 3d;k+1)
with

6 < 3dSTY — 2t <11,
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We then have that
k+1 k+1

Z 2y — Z 3dy)

Thus, such {c{”} and {d{”} exist. In particular

la—1 la—1

> 2 > al) /2 <3,
=1 =1

and
lo—1 lo—1

> d =3 all/2) <.
=1 =1

Then one has that
lo—1 lo—1

S 2 <> e /2410 < §/2 - af¥ +10 < 28, — af¥ + 10,

and hence
lo—1

Sy — Zc >a21’“ —10>0.

Same argument shows that

Sp—=Y by >0
i=1
Define
-1
cg’“) Sy — Z cg)
i=1
and
ly—1
dglk) — S, — Z d;z)
i=1
One then has that >0 c1 =5 =" 02 and Y 52 S dg).
The same argument shows that for any k, there are {ck N k } and {d,gl), . dg’“)} such that

Sy =" ck and Sy = Sk, d,(j), and a,(f) = 2055) + 3d,(j). Denoted by

and
d=((d",...d"), ... (dD,....dM")).
Then one has that ¢ € GG; and d € G;, and a = 2¢ 4 3d, as desired. 0

As a corollary, one has

Corollary 3.11. The C*-algebra C(S?) is KK-attainable for simple TAS-algebras.
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Remark 3.12. By definition of KK-attainability, we see that it is a local property. In other
words, a locally KK-attainable C*-algebra is KK-attainable. In particular, inductive limits of
KK-attainable C*-algebras are KK-attainable. If we consider the homogeneous C*-algebras
which appear in Section 2.3, they satisfy Lemma 3.7, and thus inductive limits of them together
with splitting tree algebras are KK-attainable. Therefore, for any simple TAS-algebra A, by
Theorem A of [6], there is a KK-attainable C*-algebra B such that the Elliott invariant of B is
isomorphic to the Elliott invariant of A.

3.2. Local existence theorem for maps from TAS-algebras to inductive limit C*-
algebras. In this section, we will study the existence theorem from a TAS-algebra to an inductive
limit C*-algebras of splitting tree algebras together with the homogeneous C*-algebras described
as in Section 2.3. For any simple TAS-algebra A, a simple inductive limite C*-algebra B and
a positive KL-element o € Homy (K(A),K(B))", we are going to construct an approximate
homomorphism which almost induces a. The procedure is a modification of Huaxin Lin’s proof
of the local existence theorem of TAF-algebras [15].

First, let us sketch the proof. For such C*-algebras A, B, and positive KL-element o, it
follows that « can be realized as the “difference” of two approximate homomorphisms from A to
B®K, and one of them has finite-dimensional range. With these two maps, we may construct an
approximate homomorphism ¥ from A to B ® K which agrees with o on K;(A) and the K-group
with the coefficients of A. In order to get the desired map on Ky(A), we compress ¥ to a small
corner of B® IC, then construct a map from A to B which factors though a splitting tree algebra
(a C*-subalgebra of A). This map will induce a suitable map between the Ko-groups. To find
such a map, we need some divisibility conditions on Ky(B). Since this map factors through the
“large piece” of A, we also need to take care the elements of Ko(A) that vanish on the traces of
A.

Recall that a C*-algebra A is called RFD if there is a family of finite dimensional represen-
tations of A which separate points. Let A be a simple separable TAS-algebra. By 2.5, there
is an increasing family of RFD sub-C*-algebras {A,} such that their union is dense in A. Let
{z1,29,- -+ ,x,, -+ } be a dense sequence of elements in the unit ball of A. For any finite subset
Fi1 C Ay, 0g > 0, and a homomorphism A from A; to a finite dimensional C*-algebra F, which
is non-zero on Fj, we get a non-zero homomorphism b’ : Fy — A by Lemma 2.1 of [22] such that

(1) |lea — ae|| < § and
(2) ||W o ho(a) —eael| <&

for all a € Fy, with e = h/(1). Set H = h' o hg. Since any unital hereditary subalgebra of a
TAS-algebra is a TAS-algebra, and any splitting tree algebra is finitely presented and has stable
relations [2], one can apply the argument of 2.4 of [15], and obtains a sequence of finite subsets
Fo,Fi,--- in the unit ball of A with dense union, a sequence of decreasing positive numbers
{6, }, a sequence of projections {¢,} C A, a sequence of spitting tree C*-subalgebras S,, with
ls, = g, and a sequence of homomorphisms A1 : S,, — Sp,41 such that

(1) |lgnx — 2gn|| < 6,/4 for all x € Fy;
(2) dist(gn@ign, Sn) < 0,/16,i=1,--- ,m;



A CLASSIFICATION FOR TRACIALLY SPLITTING TREE ALGEBRAS 16

(3) 7(1 —¢q,) < 1/2"*! for all tracial states 7 on A;

(4) G,, C Foy1, where G,, generates Sy;

(5) [ Lns1(a) — hnti(a)]] < 0/16™ for all a € {L,(F,)} U {S,}, where L, : A — S, is a

contractive positive linear map with L,|g, = idg,.

As in [15], let Sy 1, Sn2, ", Snmm) be the summands of S, corresponding to each connected
spectrum, and 7, : S, — S,; be the quotient map. Let ¥,, : A — (1 —¢,)A(1 —¢,) be the map
send a to (1 — ¢g,)a(l — ¢,), and J,, : A — A be the map a — V¥, (a) & L,(a). Note that ¥,, and
J, are F,, — 6,/2 multiplicative. Set J,,,, = J,0---0J,, and Ay = hy 0 -+ 0 hy,. Note that
Jmn 18 Fpy — O, multiplicative. We also use L, Uy, Jp, Jpn, P, and Ay, , for their extensions
on a matrix algebra of A. We have following lemma.

Lemma 3.13. Let P C My(A) be a finite set of projections. Assume that F, is sufficiently large
and 6y is sufficiently small such that [Ly41 0 Ji,)|p are well defined. Then

lim 7([Ln11 0 Ji0)([p]) = 7([p])

n—oo

for any p € P, 7 € T(A), with respect to uniform convergence on T'(A). Furthermore, for any
projection q in Si, we have

|7—(h1+n 0O---0 hz(q)) — T(hn 0---0 h2(q>)| < 1/2n+1

for all T € T(A), and
lim 7(hyino0---0ha(q)) >0

n—od

for all 7 € T(A).
The proof is the same as that of Lemma 2.7 of [15].

Remark 3.14. By Theorem 4.11 of [6], any positive state of the Ky(A) comes from a trace of A.
The lemma above still holds if one replaces the trace 7 by any positive state 75 on Ko(A).

As in [15], for a fixed finite subset P of the projections of A, and a natural number N, let
Yni = TNi© Ly, Uny1i = TN, 0 Lnpr o Uy -+ s ¥Ngni = T4, © Lvgn © Wnipn—1. Then we
have that

[LNjn © INN4nt1]p = Z[¢N+k,¢]7>-

kyi
Therefore, if we rearrange {ty i} as {1}, we have

s(n)

T([Lngn © I ([p]) = Y 7([5]([p)-

j=1
The positive cone of the Ky-group of a splitting tree algebra is generated by the minimal pro-
jections. Therefore every projection can be written as the sum of the minimal projections
{pir.ir} (Pir.i, stands for the minimal projection which takes 1 at i;th splitting point of the
jth singular point). Moreover, we can make the expression to be unique if we only allow
the minimal projections {p;..;} which never cross between the splitting points, and the min-
imal projections {pi..1;..;} which cross only once and starts at the first splitting point. Let
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Pn = (P11s " s Dkoks D122, *  + » P11x) be the vector of these minimal projections. Then we
have 7([¢;]([p])) = My - 7([Pn])" where 7, is a vector of the multiplicities of p. Note that the
entries of p), satisfy the relations [py;] + [prx] > [p1x] at each singular point. Conversly, if there
is a set of positive elements satisfying such relations in an ordered group, then there will ba a
homomorphism from the Ky group of the splitting tree algebra to the ordered group generated
by them. Denote such vector of the minimal projections correspondence to v; to be p; ., then
from Lemma 3.13 and Remark 3.14, we get the following lemma.

Lemma 3.15. With notion same as above. For any p € P, we have that

s(n)
7(lp) = lim > - (7))’

uniformly on S(Ko(A)), and the affine maps induced by each entry of p;, converge to a positive
map in Af f(S(Ko(A))) as n — oc.

Remark 3.16. Moreover, we have a map p : G — IIZ by
[p] = (1 (1), -, (ka), ma(1), - -+ mia(ka), - ),

where G is the sub-group of Ky(A) generated by P. By the lemma above, it is clear that if
p(g) =0, then 7(g) = 0 for any trace over A.

By the definition of the map p and H, the following lemma is clear.

Lemma 3.17. Let P be a finite subset of projections in My(Ay) C My(A). Then there is a finite
subset F1 C Ay and dg > 0 such that if the above construction starts with them, then

ker p C ker[H| and ker p C ker[hg].

The Ky part of the existence theorem will almost factor through the map p, and this lemma
will help us to handle the elements of Ko(A) which vanish under p. Moreover, to get a such
Ky homomorphism, we also need to find a copy of the generating set of the positive cone of
Ko (S) inside the codomain ordered group for some splitting tree algebra S. So, we will need the
following lemma, which is a slight modification of a technical lemma in [15].

Lemma 3.18 ([15]). Let S be a compact convex set and Aff(S) be the affine continuous functions
on S. LetD be a dense ordered subgroup of Aff(S) and G be an ordered group with the strict order
determined by a surjective homomorphism p: G — D. Let {x;; to<i<ro<j<co be an r x 0o matriz
having rank r and with x;; € Z for each i,j and gj(-n) € G such that p(g<n)) = a(n), where {ag-n)}

J J
(n)

is a sequence of positive elements in D such that a;” — a;(> 0) uniformly on S asn — occo. For

each n, there is an s(n) such that
(xij)rxs(n)ﬁn = yNn
where U, = (gj(-n))s(n)xl and Y, = (l;gn)) e G, Set b = p(b™) and y, = (bgn)). Suppose that
Yn — 2z on S uniformly for some z = (zj),x1.
Then there is a 6 > 0 and a positive integer K > 0 satisfying the following:
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For some sufficiently large n, if 2 € G" and there is 2" € G such that K33" = %' and
|z — MZ2'|| <0, where zj = p(Z}) if 2 = (2}, , Z.), and M is a positive integer, then there is
an u = (C;)smyx1 € Gi(n) such that

(:Uij)rxsnu = 2/-

Moreover, we can choose {cgn)}j(:"f such that for each n, if {gj(-i)l};(") generate the Ky group of a

splitting tree algebra as the minimal projections, so does {cy;)l}j-(n).

Proof. The proof is repeating the argument of Lemma 3.4 of [15]. We can verify that the u
obtained in the [15] can be chosen to be sufficiently close to ¥ such that u also satisfies the
relations ugl,f) + ug“)

generates a copy of Kg-group of the splitting tree algebra. 0

> uglj) for each block correspondence to a singular point. Therefore, u

Now, we are ready for the existence theorem from a TAS-algebra to a concrete algebras. First,
we have the following theorem which holds in general setting. It lifts the given KL-element to
the formal difference of two algebra maps.

Theorem 3.19 ([15]). Let A be a separable C*-algebra satisfying UCT such that A is the closure
of an increasing sequence {A,} of RFD C*-subalgebra and let B be a unital nuclear separable C*-
algebra. Then for any o € Homy(K(A), K(B)), there exist two sequences of completely positive
contractions gbg) :A— B®K (i =1,2) satisfying the following:

(1) (|6 (ab) — 61 (@)’ (B)]| — 0 as n — oo,

(2) for anyn, the images of 4251(12) are contained in a finite dimensional C*-subalgebra of B® K
and for any finite subset P C P(A), [¢£f)]|p are well defined for sufficiently large n,

(3) for each finite subset P C P(A), there exists m > 0 such that

[B]|p = a + [6P]]p

for alln > m,
(4) for each n, we may assume that ¢£3) s a homomorphism on A,.

By 2.5, any simple separable TAS-algebra satisfying UCT will satisfy the condition for A in
the theorem. Therefore the theorem applies.

Recall that by an infinitesimal element of an ordered group (G,G™), we mean an element of
G which is vanished by all states of (G, G™).

For any TAS-algebra A, by [6], there exists a simple inductive limit of splitting tree algebra
and the Gong standard homogeneous C*-algebras such that it share with A the same Elliott
invariant. In particular they have the same K-theory. Using this message, we can go a little
further to show that there is a simple inductive limit of splitting tree algebra together with the
Gong standard homogeneous C*-algebras and homogeneous C*-algebras over the two-sphere,
such that it has the same K-theory with A, and there exists a map to a small corner of itself,
which keeps all the invariants fixed except the Kq-group, and the difference on the Ky-group have
any assigned multiplicity. More precise, we have:
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Lemma 3.20. Let A be a simple separable TAS-algebra. There exists a simple inductive limit
algebra B of splitting tree algebras, homogeneous C*-algebras with base spaces wedge product of
the Gong standard spaces and the two sphere S?, such that A and B has the same K-theory, and
the C*-algebra B satisfies the following.

Let Gy be a finite generated subgroup of Ko(B) with decomposition Gy = Goo @ Go1, where
Goo is vanished by all states of Ky(A). Suppose P C K(B) is a finite subset which generates a
subgroup G such that Go C G N Ky(B).

Then for any € > 0, any finite subset F C B, any 1 > r > 0, and any positive integer K,
there is an F — ¢ multiplicative map L : B — B such that:

(1) [L]]|p is well defined.

(2) [L] induces the identity maps on the infinitesimal part of each of GNKy(B), G N Ki(B),
GNKy(B,Z/kZ) and G N K(B,Z/kZ) (for k with G N K;(B,Z/kZ) # {0}, i =0,1).

(3) pro[L](g) < rpr(g) for all g € GN Ko(B).

(4) For any positive element g € Go1, we have g — [L|(g) = K f for some f € Kyo(B)*.

Proof. Let us construct a C*-algebra B using the given building blocks such that the infinitesimal
part of Ko-group only appears in finite stage building blocks.

Recall that p is the positive homomorphism from Kg(A) to Aff(Ko(A), Ko(A)T, [14]o). Denote
by G the image p(Ko(A)). Since a quotient group of the Ko-groups of a splitting tree algebra is
still a Kqo-groups of a splitting tree algebra, and the convex of states of G is canonically isomorphic
to the convex of states of Ko(A), the ordered group G has the following property

For any finite subset F C G, any € > 0, there is a subgroup S of G which is isomorphic
to the Kg-group of a splitting tree algebra such that for any p € F, we have a decomposition
p = p1 + p2 such that p, € S and r(p;) < € for any state r of G.

Since G is torsion free, by Corollary 3.4 of [6] or Theorem 8.2.1 of [23], we have an inductive
limit decomposition G = li_n}(Gi, a;) where G; is a finite direct sum of Kg-group of a splitting
tree algebra and (Z,Z"). By the proof of Corollary 3.4 of [6] or Theorem 8.2.1 of [23], we may
assume that the G; contains arbitrarily many copies of (Z,Z") and the maps «; restricted to
(Z,77) has arbitrarily large multiplicity if ¢ is sufficiently large.

Since ker p and K;(A) are countable groups, we have that ker p = lim(H;, 8;) and K;(A4) =
li_n>1(Fz-, t;) in the category of abelian groups where H; and F; are finite generated abelian groups.
An argument same as that of Theorem 1.5 of [14] shows that the ordered group (Kqo(A), Ko(A)™)
has a decomposition

(Ko(A4),Ko(A)") = lim(G; ® H;, (Gi & H)*,6,)

where the order on G; @ H; is determined by the first coordinator, and the map d; has the form

(55
i Bi )

Set X; = Y, V--- VY, whereY; are S? or the Gong standard CW-complexes described in
Section 2.3 such that Ko(C(X;)) = Z & H; with the order determined by the first coordinator,
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Consider the ordered group G;. Since it contains at least one copy of (Z,Z"), we can replace
(Z,7") by the C*-algebra B; and replace the remaining direct summand by the corresponding
splitting tree algebras. Therefore, we have a C*-algebra B; = C(X;)®S; where S, is a finite direct
sum of splitting tree algebras such that Ko(B;) = G; and K;(B;) = F;. We may pass to matrix
algebras of B; such that [1p,]o = u; where 0; (u;) = [La]o. Thus, we may write B; = B;1 & B, o
where B; ; is a matrix algebra over C(X;) and B, » is a finite direct sum of splitting tree algebras.

We show there is a *-homomorphism from B; to B;,; which lift the map §;. For the restrictions
of the map 9, to B, 2 and B4 2, these map can be lifted by Proposition 2.3. For the restrictions of
0; to B; 2 and B,y 1, since the Ko-group of B; > does not contain infinitesimal elements, the map
must factor through Z, and therefore, by Proposition 2.3, it also can be lifted to a homomorphism.
A same argument also apply to the restriction of d; to B;; and B;y12. The existence of a map
lifting the restriction of d; to B;; and B;1; follows an argument same as that of Theorem 1.5
of [14]. Denote by h; the map from B; to B;,; which lifts ¢;.

By suitable choices of the point evaluation, the inductive limit B is simple. From the con-
struction, one has

(Ko(B),Ko(B)", [1p]) = (Ko(A), Ko(A)™, [1a])

and K;(B) = K;(A), and moreover,

ker picy(4) = ker pk,(p) = lim(ker py(B,), [An]o)-

Then, it is not difficult to see that the C*-algebra B satisfies the lemma (see the proof of Lemma
1.8 of [14]). 0

Theorem 3.21. Let A be a unital separable simple nuclear TAS-algebra which satisfies UCT.
Suppose B is a simple inductive limit of splitting tree algebras and homogeneous algebras described
i Lemma 3.20 with

(Ko(A), Ko(A)T, [La], K1 (A)) = (Ko(B), Ko(B)™, [15], Ki(B)).

Let o € Homp(K(A), K(B))" implements this isomorphism between the K-invariants. Then for
any finite subset P C P(A), there is a sequence of completely positive contractions L, : A — B
such that

(1) || Ln(ab) — Ly(a) L, (b)|| — 0 for all a,b € A as n — oo, and
(2) [Lyn]|p = a|p for sufficiently large n.

Proof. By Lemma 2.5, A is the closure of an increasing union of RFD C*-subalgebras {A,,}. We
may assume P C P(A;). Let Py C P such that Py generate G(P) N Ky(A) where G(P) is the
group generated by P. Write Py = {p1,--- ,p} where p;’s are projections in a matrix algebra
over A. Let F; be a finite subset of A; and let d; > 0 be such that any F; — dp multiplicative
linear map L well-define [L]|p. Moreover, we requre F; and dy satisfy Lemma 3.17. Let ko be an
integer such that G(P) NK;(A,Z/kZ) = {0} for any k > ko, i = 0, 1.

By Theorem 3.19, there are two F; —do/2 multiplicative completely positive linear maps ®¢, ®;
from A to B ® K such that

[o]lp = alp + [P4]|p.
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®, is a homomorphism when it is restricted on A;, and the image is a finite dimensional C*-
algebra. With ®; in the role of hy, we can proceed with the construction as described at the
beginning of this section. We will keep the same notation.

Consider the map g : G(P) N Ky(A) — [*°(Q) defined in Remark 3.16. The linear span of
{p(p1),---,p(p)} over Q will have finite rank, say r. So, we may assume that {p(p1),---,p(pr)}
are independent and the Q-linear span of them give us the whole subspace. Therefore, there
is an integer M such that for any g € p(Gy), Mg will be inside the subgroup generated
by {p(p1),---,p(pr)}. Let iy = (p(pi));, and 2 = pa([pi]) € D, where D = pa(Ko(A))
in Aff(S(Ky(A),1)). By Lemma 2.7, D is a dense subgroup of Aff(S(Ky(A),1)). Note that
a§n) € DT\{0}, lim, ag-n) = a; > 0 uniformly, and > 7, mijagn) — z; uniformly. So, Lemma
3.18 applies. Fix K and ¢ obtained from Lemma 3.18. Also note that if g € ker p, then 7(g) =0
for all traces 7, g € ker[H] and g € ker[®,]. Hence g will be in the kernel of any direct sum of
[©4].

Let U := Py B ( 1P ---® Py ). Since ®; factors through a finite dimensional C*-algebra,

MM%
it will be zero when restricted to Ky(A) N G, Ki(A1,Z/kZ) N G. Moreover, (® @ --- S Py )
MK3(ko+1)! copies
induces the zero map on Ky(A,Z/kZ). Therefore we have

V|6 = A kiane: Y] kiazmzne = ok azmnne

and (V]| ko(a,z/k2)0¢ = | ko(a,z/kz)nc. We may assume W(1,) is a projection in M, (B) for some
r. As we can see, the map ¥ induces the desired maps on all the invariants except the K, group.
In the following part of the proof, we are going to compress the map ¥ to a small corner of
B ® K, and then find a suitable map h to fix ¥ on the Kq part.

We may assume there exist projections {p},- -, p;} inside B® K, which are sufficiently closed
to {W(p1), -,V (p)} respectively. So, we get [pi] = [U(p;)]. Note that B itself is a simple TAS-
algebra, and therefore the strict order on the projections of B is determined by traces. Thus we
can find a subprojection ¢/ inside each p}, such that [¢}] = M K?(ko+ 1)![®o(p;)]. Set €} = pl — ¢,
and let P, = U(P)U O (P) U {p,,¢,el;i = 1,---,1}. Set Gy to be the group generated by
P;. Remember that Gy = G(P) N Ko(A). It can be written as Gy @ Go1, where Gy is the
infinitesimal part of Gy. Let {dy,--- ,d;} be positive elements which generate Go;.

Now applying Theorem 3.20 to M,.(B) with any finite subset G, any ¢ > 0 and any 0 < g <
d < 1, we get a G — e-multiplicative map L : M,.(B) — M,.(B) with the following properties:

(1) [L]|p, and [L]|c, are well defined,;

(2) [L] induces the identity maps on the infinitesimal part of G1NKy(B), G; N K;(B), G1 N
Ko(B,Z/kZ) and Gy N K(B,Z/kZ) for the k with G; NK;(B,Z/kZ) # {0}, i = 0, 1;

(3) To[L|(g) <ro7(g) for all g € Gy NKo(B) and 7 € T(B);

(4) There exist positive elements {f;} C Ko(B)" such that for i =1,--- ¢,

aldy) — [L)(a(d;)) = MK3 (ko + D) f;.
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We can choose rq is sufficient small such that 7 o [L] o [¥]([p;]) < ¢/2 for all 7 € T(B), and
a([ps]) = [L o ¥]([p;]) > 0. This can be done since T'(B) is compact and B has the fundamental
comparison property of Blackadar.

Let [pi] = > m(»i)d + s; where my) € Z and s € Gpo. Then we have

o([pi]) — [L o W)([pi)
o2 m; dy) = (Lo al(Xmy dy) + ME* (ko + DILL o &i]([pd)

(a(XSmd;) = [L o a(Xmy d;)) — MK (ko + DI[L o @1]([pi])

ME3 (ko + D mi” f; = [L] o [21)([p]))

M3 (ko + DIf],  if we write  f =S m{" f; — [L] o [@,]([pi]).

Since a([pi]) — [L o ¥])([p:]) > 0 and Ko(B) is weakly unperforated, f; > 0. Let us set 3 :
G(P)NKy(A) — Ko(B) by 8([p:i]) = K3(ko + 1)! /.

Now we are ready to find a map A’ from A to B which will carry the map 3. It will be
constructed by factoring through some splitting interval algebras in the construction given at
the beginning of this section. Let z/ = 3([pi]), and z, = pp(z!) € Aff(Ky(B),1). Recall that we
identify the K¢(A) and Ko(B) and « is the identity. Then we have:

Mz =zl = maxi{[|p(a(lp]) = [L o ¥]([p]) — p([p])I}
max; {sup,crp) {7 o [L] o [¥]([p]) }

IA

§/2.
By Lemma 3.18, we get @ = {{ul", -+, u!DY, oo {{ul™) ... “mn }} where u!’)’s are positive
elements of Ko(B) such that ) z;u; = Z. Moreover, {u,C e ,ur,c } will satisfy the same

relations as the positive generators of Ko(Sy). Therefore, if we let D = Sy @ --- @ Sy, there
will be an ordered homomorphism from Ky (D) to Ko(B) such that send the positive generator of

(k)
Ko(Sk) to the correspondence ;.
with homogeneous C*-algebras, by the proposition 2.3, this K-theory map can be lifted to a

s-homomorphism A’ : D — My(B). So, we have

[W(p(pi])) = B(p), i=1,---,m,
if we look at p([p;]) being truncated into D. Now, we can consider A’ as a map from A to M (B)
by composing it with the map 11 @ - - ® Y5n) : A — D. It is F — 0 multiplicative.
For any = € ker p, by Lemma 3.17, z € ker 7 o a N ker[H] and x € ker[ho] = ker[®;]. There-

fore, we have [®;](z) = 0 and [V](z) = «a(x). Note that a(x) also vanishes under any state of
(Ko(B),K{(B)), we have [L] o a(x) = a(z). So, we get

afz) — [LoW](x) = 0.

Since B is a inductive limit of splitting tree algebras together

Therefore o — [L o ¥] gives us a homomorphism on p(G)).
Set h to be M copies of h'. h will also be F — ¢ multiplicative, and

[2]([pi]) = allpi]) = [L] o []([ps]) i =1,--- 1.
Note that [h] also has the multiplicity M K?3(ko+1)!, and D is a splitting interval algebra (which
has trivial K; groups). One can conclude that h induces zero map on GNK;(A), GNK, (A, Z/kZ)



A CLASSIFICATION FOR TRACIALLY SPLITTING TREE ALGEBRAS 23
and G N Ko(A,Z/kZ) for k < kg. Therefore, we have
[h[p = alp — [L] o [¥]|p.
Set Ly = LoV & h. It is F — § multiplicative and
[La]lp = [A]lp + [L] o [¥]]p = alp.

We may assume Li(14) = 15 by taking a conjugation with a partial isometry. Then L; is a map
from A to B, and gives us the desired K-theory map. 0

3.3. Local existence theorem for maps between two TASI-algebras. In this subsection,
we are going to study the C*-algebras which can be tracially approximated by splitting interval
algebras (TASI-algebras for short). We are going to lift a given invariant map approximately,
not only for the given positive KL-element, but also for the map on the simplex of traces. First,
we show that for any KK-attainable TAS-algebra, one can always modify the maps to give us
the compatible trace map simultaneously. More precisely, we have:

Proposition 3.22. Let A be a KK-attainable TAS-algebra, and let B be a simple TASI-algebra.
Then for any o € Homy(K(A), K(B))", and any I : T(B) — T(A) which is compatible with «,
there exist a sequence of completely positive linear contractions {L,} which satisfy the conditions
in Definition 3.4, and they also almost induce the trace map T, i.e.,
sup {|I'(t)(a) = 7o L,(a)|]} =0 VaecA.
T€T(B)

Proof. Let F be any finite subset of A, P be any finite subset of P(A) contains [14] and any
e > 0. We may assume «([14]) = [14] and F is large enough so that contains all the entries of
the projections in P. Since A is a TAS-algebra, for any finite subset 7/ C A and § > 0, we can
find a subalgebra S which is a splitting interval algebra with p = 15 such that ¢ : a — pap and
¥ :aw— (1 —p)a(l —p)are F' — 6 multiplicative and 7(14 — p) < §. Therefore, with sufficiently
large ' and sufficiently small §, we may assume that [¢]|p + [¢]p = id|p and ¢(a) € S for any
acF.

Let S be a set of the generators of S and set G = FUS. Since A is KK-attainable, there is a
sequence of completely positive linear contractions L, : A — B such that for any a,b € A,

||Ln(ab) — Ly (a) L (b)|| — 0,
and for sufficiently large n,
[Ln]lp = alp.
Therefore, for any g > 0, there is a G — ¢y multiplicative linear contraction L, such that
Lo dllp + Lo tlp = [Lllp = alp.
Denote by L!, the restriction of L, o ¢ to S. Since the generators of S satisfy stable relations,
we may assume L’ is a *~homomorphism. Set G’ to be L, (G). Since B is also a TAS-algebra, by

the same argument as for A, we can find a C*-subalgebra S’ of B which is a splitting interval
algebra with identity ¢, such that 7(1 — ¢) < € for any trace 7 € B and

[qL'q)lp + [(1 — ) L' (1 = @)l = [L']]».
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Moreover, we may assume ¢L’q is a *-homomorphism from S to S’. Set x to be the Ky map
induced by ¢L/q. Furthermore, there also exist a trace map 0" from 7'(S’) to T(B) such that
0'(7)(a) — 7(a)| < for any a € L/(F). Then § = =T 0 #’ will give us an affine map from T(S")
to T'(S). So, we have

0'(7)(a(p)) = 0'(T)([Ly](p) + [(1 = @) Lu(p)(1 = )]),
for any 7 € T'(S") and any projection p € S. On the other hand, since I' and « are compatible,

[ob'(r)(p) = 0'(7)(a(p))
= 0(m)([L)(p) + [(1 = @) La(p)(1 = 9)]),
for any 7 € T'(S") and any projection p € S. Hence we have
7(k(p)) = 0(T)(p)| < 10'(7)(Ly,(p) — 7L 00 (7(p))| + ¢
< [Pod'(r)(p) — $L o 8'(7(p))] + 22
< 3e.

we have

for any Ky class of the projections in S and any trace 7 over S’. Then by the existence theorem
in [9], there is a x-homomorphism A : S — S’ such that h, = k and |7 o h(a) — 0(7)(a)| < € for
any a € pFp and 7 € T(A). For the convenience, we still denote the tolerant to be . Now, let
L=L,oY+(1—q)L'(1—¢q)+ ho¢. It satisfies

[L]l» = alp,
and
|70 L(a) —T'(1)(a)| < 6,
for any a € F and any trace 7 on B. Thus, the proposition is proved. U

The following proposition gives us a class of KK-attainable TAS-algebras.
Proposition 3.23. Any simple separable nuclear TAS-algebra satisfying the UCT is KK-attainable.

Proof. Let A be a simple nuclear TAS-algebra satisfying UCT. By Lemma 3.20, there is a simple
inductive limit of splitting tree algebra, together with the Gong’s standard homogeneous C*-
algebras and homogeneous C*-algebras with base space S? such that

((Ko(A), Ko(A)", [1a]), K1 (A)) = (Ko (C), Ko(C) 7, [1e]), K (C)).

Since A satisfies the UCT, there is § € Homy (K(A), K(C))* which induces the isomorphism
between the invariants of A and C. Moreover, we can choose [ to be invertible. Note that the
C*-algebra C' is KK-attainable by Remark 3.12.

For any simple TAS-algebra B, any o € Homy(K(A),K(B))*, and any finite subset P C
P(A), we consider the KL-element a3~! € Homy (K(C),K(B))", and the subset P’ C P(C)
which presents «(P). Since C is KK-attainable, there exist a sequence of completely positive
linear contractions (L,) from C' to B such that (L,) are approximately multiplicative, and
[L,]lpr = afB7p: for sufficiently large n.

By Theorem 3.21, there is a sequence of approximately multiplicative completely positive
linear contractions (L!) from A to C' such that L! induces § on P for sufficiently large n.
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Then the compositions L, o L] : A — B with suitable choice of m,n will give us a sequence of
completely positive linear contractions which are approximately multiplicative, and [L,o L’ ||p =
(o B) o7 p = alp for sufficiently large m, n. Therefore, A is KK-attainable. O

Corollary 3.24. Let A and B be two simple TASI-algebras satisfying UCT. Then for any a €
Homp(K(A), K(B))" with o([14]) = [1g], any finite subset P € P(A), and any trace map 6 :
T(B) — T(A) which is compatible with «, there is a sequence of completely positive linear
contractions L, : A — B such that

(1) ||Ln(ab) — Ly(a)Ly(b)|| — O for any a,b € A;

(2) [Lu]lp = a|p for sufficient large n;

(3) |16(7)(a) — 7(Lyp(a))] — O for any a € A and 7 € T(B).

Proof. This corollary follows directly from the proposition above and Proposition 3.22. U

4. UNIQUENESS THEOREM

In this chapter, we are going to establish the uniqueness theorem for TASI-algebras. The strat-
egy is to get a stable uniqueness theorem for TASI-algebras first. Then, using an approximately
divisibility property of TASI-algebras, one can decompose a map between two TASI-algebras into
a map with large multiplicity. Thus one can use the stable uniqueness to show the uniqueness
of the original map.

First, we show that any element in a TASI-algebra can be approximated by the sum of an
element with prescribed multiplicity and an element with small trace. More precisely, we show
the following theorem.

Theorem 4.1. Let A be a TASI-algebra, and let F be a finite subset of A. Then for any natural
number n, any € > 0, there exist mutually orthogonal projections q,py,- -+ ,pn with q+p1+---+
pn =1, g 2 py and p; ~ p1 , a splitting interval sub-C*-algebra S with 1g = p; and two F — ¢
multiplicative linear unital maps Lo : A — qAq, Ly : A — S, such that

|z = Lo(2) & (Li(2) ® - & Li(2))]] < e,

4

Vv
n copies

and 7(q) < € for all trace of A.

Proof. Since A is a TASI-algebra, for any ¢y > 0, we can find a splitting interval algebra S inside
A with p’ = 14 such that

(1) ||[z,P]]| < &p for any = € F,

(2) pxp’ €., S for any z € F,

(3) 7(1 —p') < g for any trace 7 of A.
Set F’ to be the union of F and a generating set for S. By applying the tracial approximation,
we get another splitting interval algebra S’ inside A such that 7(1 — 1g/) < g for all traces of
A, and a homomorphism ¢ from S to S’ which is approximately the cut down by 1gs on F’. Set
po = ¢(p'). One can see that 7(1 — pg) < 2¢¢ and Sy = ppS'po is a splitting interval algebra.
What is more, since A is simple, by an asymptotic argument, we may assume that the size of



A CLASSIFICATION FOR TRACIALLY SPLITTING TREE ALGEBRAS 26

each canonical quotien of 5 is large enough and the eigenvalue maps of ¢ are relatively dense,
i.e., for any point z in the spectrum of Sy, the evaluation points of ¢ o e,, are -dense in the
spectrum of S. Let M be the size of the matrix at the regular points of S, and k be the number
of the splitting points of S.

Denote the eigenvalue maps by {Ay, -+, A\n}. Each of these is a continuous map from the
solid interval (the canonical quotient of the spectrum of Sy) to the spectrum of S. If some \;
maps into a single splitting point of S, it must be a constant map (the point evaluation of that
splitting point). For all the other eigenvalue maps, we view them as maps to the solid interval.
Then as in interval algebras case, these eigenvalue maps can be perturbed and rearranged so
that they do not cross with each other. Since F is a finite subset, we may assume the eigenvalue
maps of ¢ have a such form.

For the regular eigenvalue maps, we will perturb them more if they are around the singular
point of S: if it is close to a singular point up to dy, we will replace them by the point evaluation
on that singular point (we are allowed to do this because the only singular points of S are 0
and 1, and the eigenvalue maps are almost constant around this two points). We assume that
dp is small enough. By applying the asymptotic argument on e, o ¢ for each splitting point of
So, we see that the multiplicity of each singular point of S in z is sufficiently large (since the
number of the eigenvalues in any intervals with length dy is sufficiently large), say bigger than
M. For the rest of m’ regular eigenvalue maps, we will group each consecutive [m/d| eigenvalue
maps together, and replace all of them by one eigenvalue map in that group. Since m' could
be sufficiently large and they are relatively dense, this procedure does not change the eigenvalue
maps too much. And by the same argument as above, we also assume the multiplicity of each
group on any singular points of Sy is larger than M,. Therefore, each eigenvalue map has at
least multiplicity My, and the map ¢ can be written as

k+[1/60]
¢:fr Y (fop, VfEF,
i=1

where p; = p{/,+- - -+p},,, for a collection of mutually orthogonal projections {p; ;} with pi’; ~ p{;

for each 7 and m; > M,.

Set N = k+1/dp to be number of the distinguished eigenvalue maps, and take M; to be larger
than (n- N)/eo. Then m; = ns; + r; for some 0 < r; < n. We can divide p} into n + 1 groups
with each of the ﬁrsﬁ n groups consists s; small projections, i‘.e.7 p;z) = p;/,jsi et pfi’,jsi 4, fOr
j=1,---,nand ¢V =p! 4+ 4+, . Notice that 7(¢V) < n7(p},) < e9/N. Moreover, we
set

k
pj=p§~1)+---+p§).

One can see that p;’s are mutually orthogonal, and Murray-von Neumann equivalent to each
other. Let ¢ =1 — ) p;. Then for any trace 7 of A, we have

(1 —po+ 37 ¢)

T(q) =
< 2€0+80.
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So, we can set
Ly :x— qxq
and
Ly:x— ¢/(qzq)
where ¢’ : f+— Zf;[l/éo](f o /\i)pgi) is a fraction of ¢. These two maps are F — ¢ multiplicative,
and

|z = Lo(z) ® (Li(z) ® -~ & Li(2))]| <e.

—
n  copies

Moreover, we can let gy to be sufficient small such that 7(q) < 1/(2n) < 7(p;) for all trace 7.
Then g < p; as desired. 0

As a corollary, we can show the for any finite subset of a TAS-algebra, we can find a finite
dimensional C*-subalgebra with arbitrarily large size simple summand, and it almost commutes
the large cut-down of the given finite subset.

Corollary 4.2. Let A be a TAS-algebra, and F C A be a finite subset. Then for any e > 0, any
natural number N, there exists a finite dimensional sub-C*-algebra B witth p = 1 such that

(1) the size of each simple component of B is bigger than N;
(2) lllp, zll| <€ for any x € F;

(3) ||[pzp, b]|| < € for any x € F and b € B with ||b]] < 1;

(4) 7(1 — p) < e for any trace T on A.

Proof. By the theorem above, there exist projections ¢, p;,7 = 1,--- , N, and F — ¢ multiplicative
maps Lg, L, such that:

|z = Lo(z) ® (Li(z) & - - & Li(x))]| <.

Vo
N copies

and 7(q) < e for all 7 € T(A).

Then the projections p;’s and the partial isometries between them will generate an N x N
matrix sub-algebra of A. Denote it by B. It commutes with L;(x) @ --- & Li(x). Let p to be
its identity p = p1 + -+ + pn, we see that 7(1 — p) = 7(q) < e. Thus B is the desired finite
dimensional C*-subalgebra in the corollary. 0

Proposition 4.3. Let S be a splitting tree algebra, A be a simple TAS-algebra. Then, for any
finite subset F C S, any € > 0, there is a finite subset G C S and 6 > 0 such that for any two
homomorphisms ¢ and 1 from S to A, if

(1) ¢ = 1. on Ko(S) and
(2) [ITedlg) —Tov(g)ll <6 for any g € G and T € T(B),

then there exists a unitary uw € A such that

lo(f) — u(flu*|| < e forall f € F.



A CLASSIFICATION FOR TRACIALLY SPLITTING TREE ALGEBRAS 28

Proof. Assume S is the full k£ x k matrix at the regular points, and F is a generating set of S
which contains the central elements {¢(1 —t)e;;}.

First, we show that ¢ and ¢ can be decomposed approximately (on F) as a direct sum of a
homomorphism together with many point evaluation maps. To find one point evaluation map of
S, it is enough to find a system of k& x k matrix units in A on which ¢(S) (or ¥(95)) acts as a
point evaluation. For any n € Z*, let & = 7%, and take {s; ;}7_, to be the elements of S which are
0 outside (%=1, 2H), ¢;; on [#=1, #H] and linear between. Set s; = Y. s; ;. Then {¢(s;;)} are

mutually orthogonal since {s;;} are mutually orthogonal. Take p; ; to be a non-zero projection
inside the hereditary C*-subalgebra of A which is generated by ¢(s; ;). This can be done since A

has the (SP) property. Moreover, since A is simple, we can assume p; ;’s are equivalent to each
others. Set p; = >, pi;. Note that fs; — f(&)si < (1/n)s; for any f € F; therefore, we have

Nlo(fpi — f(&)pill < 1/n. Set e = > p;, we also have ||¢(f)e — f(&)el| < 1/n. Hence we may
write ¢ (on F) as

S(f) = (L—e)e(/)(1—e)+ Y f(&)pi.

By the same argument, we also get

()= 1=V —e)+ ) (&),

where ¢/ = ) ¢;. Since A is simple and has the (SP) property, we may assume that p; = ¢; and
the p;’s are Murray-von Neumann equivalent to each other (by passing to the subprojections and
composing inner automorphisms). Moreover, since the positive cone of Ky(5) is finite generated,
we may assume (1 —e)o(1 —e) and (1 — e)y(1 — e) induce same map on Kg(5).

For any two projections p, ¢ € S which are not Murray-von Neumann equivalent to each other,
if [(1—e)o(p)(1—e)] = [(1—e)1b(q)(1—e)], then there exists a partial isometry v € (1—e)A(1—e)
which induces the equavilence relation. Pick one such partial isometry v for each pair of minimal
projections which have equivalent images. Denote all such partial isometries v by V. Since
there are only finite minimal projections in S, we get that V' is a finite subset of A. Let F' =
O(F)U(F)UV. Since (1 —e)A(1 —e) is a TAS-algebra, there is a projection p and a splitting
tree algebra S C (1 —e)A(1 — e) with 15 = p such that

(1) llpz = 27| < <o,

(2) pxp €., S for all x € F', and

(3) 1—p=pu.
Since £¢ can be arbitrarily small, we may assume ¢ and 1 are the direct sum of two homomor-
phisms:

O(f) = ¢'(f) + (&"(f) + D> _ f(&)p:)

) =)+ @)+ D FE)p)
for any f € F, where ¢, ¢", ', 4" are the cut-down of ¢ and 1 by p and 1 — p respectively.
The maps ¢’ and 9" are homomorphisms from S to S’. Since K¢ (.9) is finite generated by the
minimal projections, we conclude that ¢, = ¢, on Ky(S). What is more, we may assume that
|70 ¢ (g) —To(g)| < forall g€ g, and S” has large multiplicity by the simplicity of A. By
9], there is an unitary u; € S’ C pAp such that ||¢'(f) — u1¢'(f)ui]| < e for any f € F.
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Now we consider the map f — ¢"(f) + >, f(&)pi, and show that it can be approximated
by point evaluation maps. Let S” be the image of S under ¢”. Since splitting interval algebras
have stable generators and relations, we may assume S” is a splitting interval algebra. Since
¢"(1g) = p11, we have that S” is isomorphic to a C*-subalgebra of p;; Ap;; via a partial isometry
of A. But all p;;’s are Murray-von Neumann equivalent, so by passing to the subprojections of
pi’s, we may assume that the map f — ¢”(f) + Y1, f(&)p; is a map from S to the (nk + 1) x
(nk + 1) matrix algebra of S”, where k is the generic dimension of S”. Thus we can consider
the corresponding eigenvalue maps between S and its image. By the constructions, almost all
the eigenvalue maps of f — ¢"(f) + Y., f(&)p; are constant maps (with sufficiently large n).
Hence by [26], we can perturb all the eigenvalue maps to constant maps. Therefore, there is a
homomorphism ¢” : S — Myy41(S”) with constant eigenvalue maps (in other words, it comes
from point evaluations) such that

I =)+ €| <~ Ve F
=1

with some unitary v’ € (1 —p)A(1—p). So, we may assume f — ¢"(f)+> ., f(&)p; is a points
evaluation map. Denote it by ¢”. Note that the evaluated points are relative dense up to 1 /m in
(0,1).

By the same argument, we also may assume that f — " (f)+ >, f(&)p; is a sum of points
evaluation maps, denote it by . Now, we are going to pair their evaluated points (constant
eigenvalue maps) by the Ky maps they induced.

By adjoining the unitary, we may assume that the images of qg” and 1/;” share same finite
dimensional C*-subalgebra of A. Furthermore, we also can assume that the point evaluations on
the singular point is not full by moving the full points evaluation maps on the singular points to
the regular point nearby slightly. First we conclude that 95” and wN” has the same multiplicity on
the regular points. To see this, set p to be a minimal projection of S such that p is 0 on the spitting
points which ¢” take point evaluation. Then we have [¢"(p)] = m[d] and [¢"(p)] = (n + k)[d] for
some k > 0, where d is a minimal projection of the matrix algebra, m and n are the multiplicities
of Q;” and w~” respectively. But since ¢~”* = wN”*, we get m > n after applying a trace on both
sides (A is simple, so 7(d) # 0). The same argument also shows that m < n. This gives us the
desired conclusion. Since we can choose n is large enough such that the evaluated points has the
“0-density” as in interval algebras case [10], we can find a pairing between the regular evaluation
points of ¢" and ¥".

Now we consider the splitting points. Let us denote the splitting points of S to be {z;;},j =
0,---,n, where n is the number of the singular points. For z;,;, which is an evaluation point of
@, set p € S to be the minimal projection takes 1 at Tiyjo, and 0 at all the other evaluated point.
By the same argument as above for p, get that qg” and 15” has the same multiplicity on ;.
Therefore we can pair all the eigenvalue maps up to a small toleration. So, there is a unitary us
in (1 —p)A(1 — p) such that

& (f) —ust)"(fluz|| < e, VfeF.
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Set u = uy + ug. Then we get

lo(f) —w(flu|| <e VfeF.

This proves the proposition. O

Thanks the stably uniqueness theorem of Lin in [18] which works in a very general context,
we have a stably uniqueness theorem for TAS-algebras. First, let us introduce the following
definition.

Definition 4.4. Let A be a unital C*-algebra and u € Uy(A), the connected component of the
unitary group of A containing the identity. Then the ezponential length of u, denoted by cel(u),
1s

inf{z ||he|] :m € Nyhyy -+ by € A%, uw = exp(ihy) - - - exp(ihy,)}.
k=1

Duplicate the argument of Lin in [18], we have the following stably uniqueness theorem for
TAS-algebras.

Theorem 4.5. Let A be a unital simple C*-algebra which satisfies UCT, and let L : U(My(A)) —
R* be a map. Then for any finite subset F of A and e > 0, there exist a finite subset P C P(A),
a finite subset G C A, § > 0 and an integer n such that for any TAS-algebra B and any G — 6
multiplicative completely positive linear contractions ¢,v,0 : A — B with

(1) [l = [,
(2) cel(p(u)*(u)) < L(u) for any u € U(A) NP

and o is unital, there is an unitary u € M, 1(B) such that:
u*diag(6(a), o(a), - ,o(a))u — diag((a), o(a), - o(@)| <& Va&F.

In the case A is a simple separable TASI-algebra, we get a natural number n by applying the
theorem above for a finite subset F and § > 0. By Theorem 4.1, there is a set of mutually
orthogonal projections ¢,pi1, - ,p, With ¢+ p1 +---+p, =1, ¢ 2 p; and p; ~ p; , a splitting
interval sub-algebra S with 15 = p; and two F —e multiplicative linear unital maps ¢y : A — ¢Aq,
¢1: A — S, such that:

|7 — ¢o(z) © (P1(z) D D P1())|| < e

7
-~
n copies

for any x in F. With this n and the splitting interval algebra S, we may use Theorem 4.3 and
Theorem 4.5 to get an unitary in B instead of the matrix algebra over B.

Theorem 4.6. Let A be a simple separable TASI-algebra satisfying UCT, and let L : U(My(A)) —
R* be a map. Then for any finite subset F of A, and e > 0, there exist a finite subset P C P(A),
a finite subset S C A, 61 > 0 and a natural number n such that there exist mutually orthogonal
projections q,pi, -+ ,Pp with ¢ < p1 and py, - -+, p, mutually unitary equivalent, a C*-subalgebra
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S which is a splitting interval algebra with 1 = p1 and unital S — 61/2-multiplicative completely
positive contractions ¢g : A — qAq and ¢1 : A — S such that
||z — do(@) @ (¢1(z) ® -+ & 1 ()| < 61/2

-~
n  coples

forallz € S.

Moreover, there exist a finite subset G C A, a finite subset Py of projections in My (S), a finite
subset H C Ay, 0 > 0 and o > 0 such that for any simple TAS-algebra B and two S UG — §
multiplicative completely positive contractions Ly, Ly : A — B for which (6 = min dy,d;)

(1) [La]lpury = [Lallpup,,

(2) ||[To Li(g) —To La(g)|| < 0, for all g € H and T € T(A),

(3) e=Liopg(la) = Lyo po(la) is a projection,

(4) cel((Ly o ¢po(u)*)(Lg o ¢o(u))) < L(u) (in U(eBe)) for any u € U(A) NP,
there is an unitary uw € B such that:

|lu*Li(a)u — La(a)]| < e Va e F.
Proof. This theorem follows from Theorem 4.3, Theorem 4.1 and Theorem 4.5. 0

5. A CLASSIFICATION THEOREM

In this section, we are going to use the existence theorem and uniqueness theorem in the pre-
vious sections to prove a classification theorem for TASI-algebras by approximately intertwining
arguments.

However, in order to apply the uniqueness theorem, the two approximate homomorphisms are
required not only to induce the same map on the level of the invariant, but also to satisfy the
condition of the boundedness of the exponential length. Note that for the C*-algebras in the
class CS, we use circle algebras to realize the torsion free part of the K;-group. Moreover, the
unitary groups of TAS-algebras share many of the properties of TAl-algebras. So one can use
the same method as in [18] to control the exponential length. As in [18], we use the following
notation.

For a unital C*-algebra A, let CU(A) denote the closure of the commutator subgroup of U(A).
It is a normal subgroup of U(A), and U(A)/CU(A) is commutative. If K;(A) = U(A)/Uy(A)
where Uy(A) is the component of the unitary group containing the identity, CU(A) will be inside
Up(A). For u € U(A), we use u to denote the image of uw in U(A)/CU(A).

Lemma 5.1. Let u be a unitary in a splitting interval algebra S with generic dimension n. For
any € > 0, there are continuous functions s; : [0,1] — T, i=1,...,n, and unitaries W € S such
that
lu — W*diag{si, ..., sp }W|| < e.
Proof. Denote by n the generic size of S, and denote by the partition of n at the points 0 and 1
by (m(()l), ...,m(()ZO)) and (mgl), ...,mglO)) respectively.
Let
W() = diag{Wm, cees WO,ZO}
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and
Wy = diag{Wo1, ..., Wou, }

be two unitary matrices with the the same diagonal block size as that of S at the endpoint 0
and 1 respectively, such that Wiu(0)W, and Wiu(1)W; are diagonal matrices.

Let W’ be a unitary in S with W/(0) = Wy and W’(1) = W;.

Consider the unitary v := (W’)*uW’. It is clear that v(0) and v(1) are diagonal. Without loss
of generality, we may assume that there exists 0 < 6 < 1/4 such that the restrictions of v to [0, ¢]
and [1 — 0, 1] are constant.

Consider the restrictions of v to [0, 1 — ], it is well-known that there is a unitary V" € C([0, 1 —
8], M,(C)) such that

V¥ ()v(t)V (t) — diag{si(t),...,sn(t)}]| <& forany t € [0,1 — 0]
for some continuous functions s; : [§,1 — §] — T. Moreover, the unitary V' can be chosen such
that
V*(6)v(0)V(§) =v(d) and V*(1—-0)v(l—0)V(1—0)=v(l-59).

Let wy and wy be one branch of natural logarithm of V() and V(1 —0) respectively such that
they are well-defined. Extend the unitary V' to [0, 1] by V(t) = exp(twp) for any t € [0,6] and
V(t) = exp(=wy) for any ¢ € [1 —6,1]. Since V(§) and V(1 — §) commute with v(8) and
v(1 — §) respectively, one has that wg and w; commute with v(d) and v(1 — §) respectively, and
hence V(t),t € [0,0] and V(t),t € [1 — 0, 1] commute with v(d) and v(1 — §) respectively.

Extend each function s;(t) to the interval [0, 1] such that the restrictions of s; to [0,d] and

[, 1] are constant. Since that V' (0) and V(1) are diagonal, one has that V' € S. Then, a direct
calculation shows that

1V*(t)v(t)V (t) — diag{s1(t), ..., sn(t)}|| <& for any ¢ € [0, 1].
Therefore, set W := W'V, one has that
|W*uW — diag{si, ..., sp }|| < e,
as desired. O

Corollary 5.2. Let u be a unitary in a splitting interval algebra S. For any € > 0, there is an
sel-adjoint element h € S such that

Ju — exp(ih)]| < .

Proof. Since for any continuous function s : [0,1] — T, there is a function h : [0,1] — R such
that s = exp(ih), the corollary follows from Lemma 5.1. O

Lemma 5.3. Let u be a unitary in a splitting interval algebra S. If det,(u) = 1 for anyt € Sp(S),
then u € CU(S).

Proof. Denote by n the generic size of S, and denote by the partition of n at the points 0 and 1

by (m(()l), ...,m(()l())) and (mgl), ...,mgl())) respectively.
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By Lemma 5.1, we may assume that u = diag{s;(¢), ..., s,(t)} € S. Since det;(u) = 1 for any
t € Sp(S), one has that

(5.1) I s =1 and ] s:(1) =1
1€my
for each k.

Since CU(S) is closed, without loss of generality, let us assume that each function s;(t) is
constant if £ € [0,6] and ¢ € [1 — 4, 1] for some § > 0. Denote by

uy = diag(1, 1, 8281, -, Sp_18p_2° - 81) € S,

and consider
uuy = diag(sy, $281, S38251, -+, SpSn_1 - S1)-
Using 5.1, one can find a unitaries W, = diag(Wy, ..., Wj,0) and W, = diag(Wy 1, ..., W), 1)
such that each W; ; is an |m§-i)| X |m§z)| matrix, and

wuy (0) = Wiur (0)Wy  and  wuy (1) = Wiug (1)Wh.
Moreover, there is a n X n matrix V such that
uuy(t) = Vi (t)V  for any t € [0,1 — 4].
Consider the path of unitaries
Wo(t) = Woexp(tln(WyV)) and Wi(t) = Vexp(tIn(V*I)).
Then, Wy(0) = Wy and Wy(1) = V. Note that
V* Wouuy (0)WgV = V*uy (0)V = V*uy(0)V = uuy (0).
We have that for any ¢ € [0, 1],
exp(t In(V* W) )uuy (0) exp(t In(W5V)) = uuy (0),

and hence

Wi (H)ur (0)Wo(t) = exp(tIn(V*Wy))Wiuy (0)Woexp(tIn(WyV))
= exp(tIn(V*Wy))uu (0) exp(t In(W5V))
= wuuy(0).
With the same argument, we have a path of unitaries W () such that Wy(0) =V, Wy (1) = Wh,

and
Wi (6)uy (1) Wi (t) = wuy(1).

Denote by
Wo(%) if t € [0, 9]
W(it)=< V if t € 6,1 -]
Wi(2=2=t) ifte [1—6,1]

It is clear that W (t) € S and uu; = W*u,W. Hence one has that u = ujW*ulW € CU(S). O
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Lemma 5.4. For any € > 0, there is a constant K such that for any splitting interval algebra S
and a unitary w € S, if for any irreducible representation m; of S, dim(m) > K and det(m(u)) =
1, then

|lu — exp(ihy) exp(ihe) exp(ihs)|| < e
for some self-adjoint element h; with ||h;|| <27, 1=1,...,3.

Proof. Without loss of generality, one may assume that there exists 0 < 0 < 1/4 such that the
restrictions of u to [0,0] and 1 — §,1 are constant. Denote by the constant matrices by ug and
uy, and assume that v and v can be diagonalized by unitary matrices W and W{. Noting that
W and W; have the same block diagonal form as u in 0 and 1, there are unitaries W, € S and
Wy € S such that Wy(t) = W and Wi(t) = I for t € [0,0], and Wy(t) = I and Wi(t) = W]
for ¢t € [1 — ¢,1]. Thus, by consider (WoW;)*u(WoW;), we may assume that u(t) is diagonal for
te[0,0]U[l—o,1].

Denote by K the constant of Theorem 3.3 of [24] corresponding to X = [§,1 — J] and ¢, and
consider the restriction of u to the interval [0, 1 — d]. It follows from Theorem 3.3 of [24] that
there exist self-adjoint functions hy, ho, hg : [0, 1 — §] — M,,(C) such that

|u(t) — exp(ihy(t)) exp(iha(t)) exp(ihs(t))|| <e, Vtel[s1-—19],

and ||h;|| < 27, i=1, 2, 3. In order to proof the lemma, one has to show that for each h;, the
matrices h;(d) and h;(1 — J) has the right diagonal form to fit into the splitting points of S.

By checking the proof of Theorem 3.3 of [24], one has that the matrices hq(d) and hy(1 — )
are diagonal (since the unitary u is diagonal at the points ¢ and 1 — 4, the unitary u4 in the step
3 of the proof can be chose to be diagonal at these two points, and hence in the step 4 of the
proof, hy(z) = ¢ (uy(w)) is diagonal if z = § or z = 1 — §).

By checking the step 5 and the step 6 of proof of Theorem 3.3 of [24], one has that the unitary
vs and vg can be chose in such a way that their restrictions to 0 and 1 — § are inside one of the
diagonal blocks (which has size at least K). Hence there is a projection p in M(C([s,1 — §]))
such that p has rank at least K, p(d) and p(1 — §) are inside the corresponding diagonal blocks,
and vs and vg are in the hereditary sub-C*-algebra generated by p.

Consider the unital hereditary sub-C*-algebra generated by p and the element vg & 1k inside
this sub-C*-algebra, and applying step 7 of the proof of Theorem 3.3 of [24]. There are elements
hy and hs such that

lve & (p — vgve) — exp(ihy) exp(ihs)|| < 2¢/5.
Since h}, and b} are in the hereditary sub-C*-algebra generated by p, the elements hy = hi®(1—p)
and hy = h} @& (1 — p) has the right form of diagonal blocks at § and 1 — ¢, and

|lueg — exp(ihz) exp(ihs)|| < 2¢/5.
Therefore,
[u(t) — exp(iha(t)) exp(iha(t)) exp(ihs(t))]| < &, Vi€ [6,1 - 4],

and the matrices h;(§) and h;(1 — §) has the right diagonal form to fit into the splitting points
of S respectively. Extend h; to the whole interval [0, 1] constantly on [0, d] and [1 — 4, 1]. Then,
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each h; induces an element of S. Using the assumption that u is constant on [0, 4] and [d, 1], one
has that

[u(t) — exp(ihn () exp(iha(t)) exp(ihs (1)) < e, Yt € [0,1],
as desired. n

If ¢ : A — B is a unital *-homomorphism, it will induce a homomorphism ¢* : U(A)/CU(A) —
U(B)/CU(B). Moreover, for any finite subset i C U(A) and any € > 0, denote by F' the subgroup
of U(A)/CU(A) generated by U. We can choose a finite subset G C A and § > 0, such that for
any L : A — B which is a G — -multiplicative completely positive linear contraction, there is a
homomorphism L} : FF — U(B)/CU(B) with ||L(u) — L*(w)|| < & for any u € U. We say L is
induced by L.

Theorem 5.5 (See Theorem 6.5 of [18]). Let A be a simple TAS-algebra, and let u € Uy(A).
Then, for any € > 0, there are unitaries uy and uy such that u; has exponential length no more
than 27, uy is an exponential, and

|lu — wusl| < e.

Moreover, cer(A) < 3 +¢.

Proof. Using the fact that the exponential rank of splitting interval algebra is 1 4 ¢ (Corollary
5.2), one can repeat the proof of Theorem 6.5 of [18]. O

Lemma 5.6. Let A be a simple TAS-algebra, and let w € CU(A). Then, u € Uy(A) and
cel(u) < 8.

Proof. The proof is a repeating of that of Lemma 6.9 of [18]. Instead appealing to 3.4 of [25],
one uses Lemma 5.4 in the proof. U

Theorem 5.7 (See Theorem 6.10 of [18]). Let A be a simple TAS-algebra. Let u,v € U(A) such
that [u] = [v] in K;(A) and
uf P € Ug(A)  and  cel((u)fu®) < L.
Then,
cel(u*v) < 8m + L/k.
Moreover, there is y € Ug(A) with cel(y) < L/k such that u*v =7 in U(A)/CU(A).

Proof. The proof is similar to that of Theorem 6.10 of [18]. Write
wv = Hexp(iai) and  (uF)*of = Hexp(ibm),
J m

where a; and b, are self-adjoint. We may assume that > [|b,|| < L, since cel((u*)*u*) < L.
Write M = > ||b,||. Since A is a TAS-algebra, for any § > 0 with /(1 —0) <e/2(M + L +1)
and sufficiently small > 0 and sufficiently large finite subset G, there is a projection p € A and
a sub-C*-algebra S C A with 15 = p such that S is a direct sum of splitting interval algebras,
and

(1) pxp €, S for any z € G,
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(2) [[u—u @ ui|| <mand ||v — vy ® v1]| < n for some unitaries ug, vy in (1 —p)A(1 —p) and
uy, vy in pAp,
(3) cel(ufvg) < M +11in (1 —p)A(1 — p) and cel((u¥)*v¥) < L in S,
(4) 7(1 —p) <6 for any 7 € T(A).
Without loss of generality, we may assume that the dimension of any nonzero irreducible repre-
sentation of S is greater that M := max(27?/e, K), where K is the constant of Lemma 5.4.

Let us assume that S'is consisted of one direct summand and has generic dimension n. Without
loss of generality, we may assume that there exists 0 < § < 1/4 such that (u})*v} is constant on
[0,0] and on [1 —§,1]. Consider the restriction of S to [§,1 — d]. By Lemma 3.3 (1) of [25], there
exists a € (M, (C([0,1 — 6])))s.a. such that

det(exp(ia)(u})*of) =1 for any t € [§,1 — §].

Using the connectivity of the unitary subgroup of a matrix algebras, one may assume further
that

a(0) = diag{ri, ..., "'my, P s T 20 vy T i) e Tn}
W—/ N N ,
1 vV Vv
o mg méo

and

a(l —9§) = diag{s1, -, Sme» P N N PRI

ml vV vV
1 1 l
my myt

with products of each group of r’s or s’s equal to one. Therefore, one can extend a constantly to
0,1] to get an element in S. Since the restriction of (u})*v} is constant on [0, 4] and on [1 -6, 1],
one has that

det(exp(ia)(u})*vf) =1 for any t € Sp(9).
Therefore
det((exp(ia/k)uiv))*) =1 for any t € Sp(9),
and
det(exp(ia/k)ujvi) = exp(i2ln/k) for any ¢ € (0, 1),
for some [ € 0,1,....k — 1. Define the function f in the following way: On (0,1 — §], set
f = —2ir/(nk)1,; on points 0 and 1, define a; = — ZT:S); rj/m(()i) and b; = — Z;Tél) rj/mgi)
Set

f(0) = diag{ay, ..., a1, as, ..., as, ..., ayy, .., az, },

mtl) mé méo
and
f(l) = diag{bl, ey bl, bg, ceey bg, . bh, . bh}y
1 1 ]
my my myt
and define
t t

£ = (1= DFO) + 570), te0.d],
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t t

£ = (500) + 1+ 50 f), e [i-61)

We then have f € S with || f|| < |la|| /M + 27 < L/M + 27 and
det(exp(if)exp(ia/k)ujvy) =1 for any t € Sp(95).
By Lemma 5.3, z; := exp(if)exp(ia/k)ujv; € CU(S). Moreover, by Lemma 5.4, there are

unitaries wq, we, and w3 with ||w;|| < 27 such that

llexp(if) exp(ia/k)ujv; — exp(iw;) exp(iwy) exp(iws)|| < g,
and hence

|lujvy — exp(if) exp(ia/k) exp(iw;) exp(iws) exp(iws)|| < e.
Therefore,

cel(ujvy) < L/M + L/k + 67.

Then, by Lemma 6.4 of [18], there is ¥ € CU(A) and y” € Uy(A) such that (uo®p)*(vo®p) =
y'y" and cel(y”) < /2. Note that ((1 —p) @ z1)y’ € CU(A). Therefore

u*v = exp(if) exp(ia)w
for some wy € Up(A) with cel(w) < e/2 for sufficiently small 7. By Lemma 5.6, one has that
cel(uv) <2n/M + L/k+8m +¢/2 < 8m+ L/k +¢,
as desired. O

Theorem 5.8 (See Theorem 6.11 of [18]). Let A be a simple TAS-algebra. Then the the group
Uo(A)/CU(A) is torsion free.

Proof. The proof is the same as that of Theorem 6.11 of [18], and also essentially the same as
that of Theorem 5.7. O

Corollary 5.9 (See Corollary 6.12 of [18]). Let B,, be a sequence of unit simple TAS-algebras.
Let HZ Ki(B,,) be the set of sequence z = {z,}, where z, € Ky(B,) and each z, can be represented
by a unitary in a matriz algebra over B,,. Then, the kernel of the map

E(]]B.) = [[ Ei(B.) — 0

is a divisible and torsion free subgroup of Ki([[,, Bn).

Proof. Using Theorem 5.5 and Theorem 5.7 instead of 6.5 and 6.10 of [18], one can repeat the
argument of 6.12 of [18]. O

Let C’ be a homogeneous C*-algebra PM,,(C(X))P, where X = S'Vv .- v S VY for some
finite CW complex Y with torsion K; and dimension no more than 3, and P is a projection in
M, (C(X)) with rank r > 6. Then K;(PM,,(C(X))P) = Tor(K;(C")) & G; where Gy is s copies
of Z and Gy is the torsion part of K;(C). Denote by D' = @;_, E;, where E; = M, (C(T)).
Then, there is an obvious map II : PM,(C(X))P — D’. We have that K;(D’) = G and it is
not surjective if s > 2. Denote by II; : PM,,(C(X))P — E; to be the composition of II with the
projection from D’ to E;.
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Denote by C a finite direct sum of the C*-algebras of form C’, matrix algebras, splitting
interval algebras, and pM,,(C(Y))p with dim(Y") < 3, Rank(p) > 6, and K'(Y) is finite. Write
D by the direct sum of D’s in the C*-algebras of form C’. Then, It follows from 7.1 of [18] that

U(C)/CU(C) = Up(C)/CU(C) & Gy & Tor(K(C)).

We will set 7, 71, 72 to be the projection maps from U(C')/CU(C') to each component according
to the decomposition above. As in [18], we have the following lemmas to control the exponential
length in the classification theorem. The proofs are repeating the arguments in [18].

Lemma 5.10 (See Lemma 7.2 of [18]). Let C' = @' C; be as above and U € U(C) be a finite
subset and F' be the group generated by U. Suppose that G is a subgroup of U(C)/CU(C) which
contains F, 71 (U(C)/CU(C)), and 72(U(C)/CU(C)). Suppose that the composition map ~y : F —
U(D)/CU(D) — U(D)/Uy(D) is injective and v(F) is free. Let B be a unital C*-algebra and
A : G — U(B)/CU(B) be a homomorphism such that A(G N Uy(C))/CU(C) C Uy(B)/CU(B).
Then there are homomorphism ( : U(D)/CU(D) — U(B)/CU(B) with 5(Uy(D)/CU(D)) C
U(B)/CU(B), and 6 : m(U(C)/CU(C)) — U(B)/CU(B) such that
Boll* omy(w) = A(w) (6 o my(1isa))

for any w € F and such that 0(g) = A_m(U(C)/CU(C))(g7Y) for any g € m(U(C)/CU(C)).
Moreover, 3(Uy(D)/CU(D)) C Uy(B)/CU(B).

If furthermore B is a simple TAS-algebra and A(U(C)/CU(C)) C Uy(B)/CU(B), then 3o
I o (m)lp = Alp.

Proof. The first part of the statement is exactly the same as that of Lemma 7.2 of [18]. Noting
that Uy(B)/CU(B) is torsion free by Theorem 5.8, then the second part of the statement follows.
0]

Lemma 5.11 (See Lemma 7.3 of [18]). Let B be a separable simple TAS-algebra and let C be as

above. LetU C U(B) be a finite subset and let F' be the subgroup generated by U such that kq(F')

is free, where k1 : U(B)/CU(B) — Ky(B) is the quotient map. Suppose that o : K1(C') — K1(B)

is a one-to-one homomorphism and L : F — U(C)/CU(C) is a ono-to-one homomorphism with

L(F N Uy(C)/CUC)) C Uy(B)/CU(B) such that 7, o L is one-to-one and
aorfoL(g)=ri(g) forall geF,

where k] : UC)/CUC) — Ki(C) is the quotient map. Then there exists a homomorphism

g UC)/CUCC) — UB)/CUB) with 5(Uy(C)/CUC)) C Uy(B)/CUB) such that

BolL(f)=f
for all f € F.

Proof. The proof is exactly a repeating the that of Lemma 7.3 of [18]. O

Lemma 5.12 (See Lemma 7.4 of [18]). Let B be a simple separable TAS-algebra and C as
above. Let F' be a group generated by a finite subset U C U(C) such that (m)|gp is one-to-
one. Let G be a subgroup containing F, m (U(C)/CU(C)) and my( U(C)/CU(C)). Suppose that
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a: UC)/CUIC) — UB)/CUB) is a homomorphism (a(Uy(C)/CUC)) C Uy(B)/CU(B)).
Then for any € > 0, there is 6 > 0 satisfying the following: if ¢ = ¢po® ¢1 : C — B is a
G — n-multiplicative completely positive linear contraction such that

(1) both ¢o and ¢y are G — n-multiplicative,

(2) G is sufficiently large and n is sufficiently small depending only on F and C' (such that ¢* is
well defined on a subgroup of U(C)/CU(C) containing all of F, mo(F), = (U(C)/CU(C)),
and m(U(C)/CU(C))),

(3) ¢o is homotopically trivial (homotopic to a point evaluation), (¢o)«0 is well-defined and
(9]l (0) = s,

(4) 7(po(1e)) < 6 for all T € T(B) (assume ey = ¢o(1c)),

then there is a homomorphism ® : C' — eqBey such that
(1) @ is homotopically trivial and (P).o = (¢)s0 and
(2) a(w) 1 (P ® ¢1)Hw) = go, where g, € Uy(B) and cel(g,) < € for any w € U.

Proof. By Theorem 5.8, the group U(B)/CU(B) is torsion free. One then can repeat the argu-
ment of Lemma 7.4 of [18]. O

Lemma 5.13 (See Lemma 7.5 of [18]). Let B be a separable simple TAS-algebra and C' as above.
Let U C U(B) be a finite subset and F be the subgroup generated by U such that k1(F) is free,
where k : U(B)/CU(B) — Ky(B) is the quotient map. Let ¢ : C'— B be a homomorphism such
that (¢).«1 is one-to-one. Suppose that j, L : F — U(C)/CU(C) are two one-to-one homomor-
phisms with j(F),L(F) C Uy/CU(C) such that ky o ¢t o L = k1 0 ¢* 0 j = ki|p, and they are
one-to-one.

Then for any € > 0, there exists d > 0 such that if p = ¢o D ¢y : C — B, where ¢y and ¢1 are
homomorphisms satisfying the following:

(1) 7(¢o(1e)) < 0 for all T € T(B) and

(2) ¢o is homotopically trivial,
then there is a homomorphism ¢ : C — eqBey (eg = ¢o(1¢c)) such that

(1) [¥] = [¢o] in Homy(K(C), K(B)) and

(2) (¢t o () Y @ @)} L(w)) = goy where g, € Uy(B) and cel(g,) < & for any w € U.

Proof. The argument of Lemma 7.5 of [18] can be duplicated: In the proof, instead using Lemma
7.4 of [18], one uses Lemma 5.12. O

With those lemmas, we have the following classification theorem. The proof is also a duplicate
of Lin’s argument of the classification theorem for tracially Al-algebras in [18].

Theorem 5.14. Let A be a simple separable TAS-algebra which satisfies UCT. If there is a
simple inductive limit C*-algebra B as in Section 2.3 (the class CS) such that

(Ko(A), Ko(A)™, [1a]o, K1(A), T(A)) = (Ko(B), Ko(B)™, [18]0, K1(B), T(B)),

then A = B. Moreover, the x-isomorphism can be chosen to induce the isomorphism on the
muariants.
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Proof. Denote by k the isomorphism
kit (Ko(A), Ko(A) ", [La]o; Ki(4)) — (Ko(B), Ko(B) ", [1]o; Ki(B)),

and let 6 be the isomorphism from 7'(B) to T'(A) compatible with x. Since A and B satisfy
the UCT, there is a € Homy (K(A), K(B))* which induces k. Moreover, o can be chosen to be
invertible. Let L : U(B) — R™ be defined as follows:

2cel(u) + 87 + /16 if u € Uy(B)
L(u) =< 167 + /16 if u ¢ Ug(B) and [u]; is torsion-free in K;(B)
(2cel(u®))/k + 167 + 7/16 if u ¢ Uy(B) and [u]; has torsion of order k.

Fix ¢ > 0 and finite subset F C B. Let ¢’ > 0, the natural number n, finite subset P C P(B),
finite subsets S C B be as required in Theorem 4.6. Then there exist mutually orthogonal
projections ¢, p1, - -+, p, with ¢ < p; and py, - - - , p, mutually unitary equivalent, a C*-subalgebra
S1 which is a splitting interval algebra with 15, = p; and unital S—4/ /2-multiplicative completely
positive contractions hg : B — qBgq with ho(x) = gxq, and hy : B — S such that

||z = ho(2) ® (hu(x) @ - @ ha(x))|] < 61/16

TV
n copies

for all z € S. Put S = M,(S1) C (1 —¢q)B(1 — q). Let Py, Go, H,d9 and o7 be required by
Theorem 4.6. Set 6 = min{dy, d’}. We may assume that Py contains the minimal projections of
S which present a generating set of the positive cone of Kg(.5).

Without loss of generality, we may assume for each u € U(B) NPy has the form quq & (1 —
q)u(l — q), where qug € U(¢Bq) and (1 — q)u(l — q) € U(C). Since B is the inductive limit
of B;, we also assume g € By and quq € U(¢B1q). Let U’ = {quq,u € U(B) NP} and let F
be the subgroup of U(¢Bq) generated by U’. Let F be the image of F in U(qBq)/CU(¢Bq)
where CU(gBgq) is the commutator subgroup of U(¢Bq). By 6.6(3) of [18], we have F' = (F' N
Uo(q¢Bq)/CU(qBq)) @ Fy @ Fy, where Fy is torsion and F} is torsion free. Furthermore, we can
assume U' = Uy UU, with Uy generating (FNUy(qBq)/CU(qBq)) ® Fy and U, generating Fy. We
also assume ¢ € By and Uy, U; C qB1q. Note that Ki(B,,) — Ki(B+1) — K;i(B) is one-to-one
for all m.

Let G; be a finite subset of B containing S, Gy, H,U',{q, p1,- - ,p,} and a finite generating set
of S. We assume G; C B;. By Theorem 3.24, there exists a G; — ¢/4 multiplicative completely
positive linear contraction L; : B — A such that

[L]|pup, = o Hpup,

and

071 (7)(a) — 7(Li(a))| < 0/2 foralla€ H,7 € T(A).
We assume that L} is well defined on F. Define Li(A) — R in the same manner as the L.
Let F; be a finite subset of A. Let 6] > 0, the natural number n;, finite subset P; C P(A),
finite subsets S; C A as required in Theorem 4.6 (for A,L;,F; and £/4). Then there exist
mutually orthogonal projections ¢, p},---,p, with ¢ < p| and p},---,p/, mutually unitary
equivalent, a C*-subalgebra S; which is a splitting interval algebra with 1g = p} and unital
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S; — §1 /4-multiplicative completely positive contractions hy : A — ¢’ Aq¢’ with h{(x) = ¢'xz¢’, and
hy : A — S} such that

|z = ho(z) & (hi(z) & --- @ by ()] < 61/16

TV
ni copies

for all x € S). We assume Ly(S) C S;. Set Sy = M,(S5) C (1 — ¢)A(l — ¢'), and let
Po1, Go1, Hi, 901 and gy also be as required by Theorem 4.6. Let §; = min{d}, dp1}. We may
assume that §; < /2,01 < 0/4 and Py; contains the minimal projections of Sy which present
the generating set of the positive cone of K¢(S;). We also assume that ¢’ commutes with each
elements of H; and &y, and [L1](P UPy) C [P].

Again, we assume for each u € U(A) NPy has the form ¢'uqg & (1 — ¢ )u(l — ¢'), where
quq € U(¢Aq¢') and (1 —¢)u(l—¢') € U(S1). Let V' = {q'u¢’,u € U(A) NP1} and let F’ be the
subgroup of U(q’Aq') generated by V'. Let F’ be the image of F' in U(¢’Aq’)/CU(¢'A¢’). By 6.6(3)
of [18], we have F' = (F'NUy(¢'Aq")/CU(q'Aq")) ® F} @ F/, where F} is torsion and F] is torsion
free. Furthermore, we can assume V' = VUV, with V, generates (F'NUq(q'Aq')/CU(qd'Aq)) ® F})
and V), generates FY.

Let G} be a finite subset of A which contains Sy, Gy, L1(G}), H1, V', {¢, p},--- ,p,,} and a finite
generating set of S;. By Theorem 3.24, a G, — §;/4 multiplicative completely positive linear
contraction ¢} : A — B such that

[(I)l] |791U7’01 = a|771U7301

and
10(7)(a) — 7(L1(a))| < o/2 foralla € L1H U Hy, T € T(B).
We also assume ()% is well defined on F’, (®} o L;)* is well defined on F and the image of @/
is contained in B,,.
Let B/, = ¢B,q. Since B is simple, we may assume the rank of ¢ is sufficiently large (> 6). By
the construction , we have [®] o L1](q) is equivalent to q. Therefore we may assume

||®) 0 Li(q) —q]| < d/4

by adjoining a unitary.

Write B,, = @;nzl B,.(j), where each B, (j) is a splitting interval algebra or the homogenous
algebra with dimension less than 3. Therefore, we can write = ¢4 BB -+ - D q with 0 <1 <m
and ¢; # 0. Choose an integer N; > 0 such that N;[g;] > 3[1p,(;). Note that we assume g;
has rank at least 6. By applying an inner automorphism, we may assume that @;:1 B,(j) is a
hereditary C*-sub-algebra of My, (B],). Since Fj is finite generated, with sufficiently large n, we
obtain a homomorphism j : Fy — U(¢B/,q)/CU(gB.q) such that ¢}, o j =idz. Then

K10 ¢h o () o Li)H|p = K10k oj = ki,

where r1 : U(¢Bq)/CU(¢Bq) — Ki(g¢Bq) is the quotient map. Note that K;(¢Bq) = Ky(B). Let
A; and 6 be as in 5.13. We may assume that A; < o1/4. To simplify notation, we assume that
¢n(q) = q. By the assumption on B, we may write that ¢,|p = (¢n)o ® (¢n)1, Where

(1) T((an)O(lB;) < (51/2(]\[1 + 1)2 for all 7 € T(B) and
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(2) (¢n)o is homotopically trivial (but non-zero).
It follows from Lemma 5.13 that there is a homomorphism A : B], — eqBeg such that
(1) [h] = [(¢n)o] in Homy (K(B;,), K(B)) and

(2) (0} 0 () (h @ (6,)1)' (A (w)) = Gu, where g, € Uo(qBg) and cel(g,) < /4 (in
U(qBq)) for all w € U;.

Define (we have assume that B,, C My, (B)))
W =ho (@ idMN1)|Q9§.:1 Bn(j)?
and define " = h' & (¢n)|am . B.(j)- Let ®1 = @' o @), we have
@1 ]lpomn = [@]lpum, and |70 By(a) — 70 B)(a)] < 01/2
for all a € Ag,. and 7 € T(B). For all w € Uy, we have
cel(w*(®y o Ly(w))) < 8m +¢/4 in U(¢Bq).
For any w € Uy, we also have
cel(w*(® o Ly(w))) < 2cel(w) + 7/64 or < 87 + 2cel(w”)/k + /16
in U(¢Bq), depending in [w] = 0 or [w] has order k in K;(B). Therefore
cel(idp (ho(u)) ™1 (@ 0 Ly (ho(u))) < L(u) in U(gBq)
for all uw € U(B) NP;. Since we also have

[id]|lpup, = [®1 © Li]lpup, and sup 7(a) = 7(®y 0 Li(a))| <8
TeT (B

for all @ € H, by Theorem 4.6, there is a unitary W € U(B) such that
[Wo®yoLi(x)W* —z|| <e/2 for any z € F.

Let 7 C B. We may assume Fy C B, (m} > n). Let & > 0, the natural number ny,
finite subset P, C P(B), finite subsets Sy C B as required in Theorem 4.6. Then there exist
mutually orthogonal projections ¢”,p{,--- ,p!! with ¢” < p! and p7,--- ,p” mutually unitary
equivalent, a C*-subalgebra S3 which is a splitting interval algebra with 1g, = p{ and unital
S — 0}/4-multiplicative completely positive contractions h{ : B — ¢"Bq" with h{(z) = ¢"zq",
and h{ : B — S such that

||z — hg(z) & (hi(z) & -~ & By (z))|| < /16

Vv
n copies

for all z € S, Put Sy = M,,(S3) C (1 —¢")B(1 —¢"). Let Pog, Goa, Ha, dp2 and o2 > 0 be
required by Theorem 4.6. Set dy = min{d}, dp2}. We may assume that oy < 01/4, do < d1/4,
[®(P1 U Po1) C [Pe] and Pye contains the minimal projections of Sy which present a generating
set of the positive cone of Ky(Sz). Furthermore, we may assume that each v € U(B) N Py has
the form ¢"uq” @& (1 — ¢")u(l — ¢"), where ¢"uq” € U(¢"Bq") and (1 — ¢")u(l — ¢") € U(S,).
Put W = {¢"uq¢" : uw € U(B) N Py}. Let F” be the subgroup generated by W. Write F” =
(F" N Uy(¢"Bq")/CU(¢"Bq")) @ EF} @ F}', where F} is torsion and F}' is torsion free. We may
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also assume that ®}(F’) ¢ F”. Furthermore, we also assume that W = W, U W, where W,
generates F” NUy(¢"Bq")/CU(¢"Bq") ® F} and W, generates FY.

Let G4 be a finite subset which contains Sa, Goo, ¢”, Y, - -+ ,plt, Ha, 1(G2), a generating set of
Sy and W. Without losing of generality, we can assume ®;(A) C B,, for some m > m/, and
there is a completely positive linear map J : B — B,, such that

[1/(a) —id(a)]| < 62/8.
Then we can find a projection p' € B,, such that
lo(q") — q'l| < b2/2.

We may write B,, = @jlem(j). By choosing large m, we may also assume that ¢’ has at least
rank 6. We write ¢ = ¢} @ - - - @ ¢ according to the direct sum decomposition (¢; # 0 for each
i). Let Ny > 0 be an integer such that Ny[q}] > 3[1,,¢;] for any j. Set B, = ¢ B,q. Note ot
is one-to-one on F|. We may further assume that G} contains ¢}, --- ,¢q and a generating set of
By, and B,,.

Now, let L, : B — A be a G} — §,/16(N, + 1)*multiplicative completely positive linear
contraction such that

[L/2]|7>2 = a_1|PUP02 and

sup {|7(L5(a)) — 071 (7)(a)|} < dy/4 for any a € Hy U @ (H,).

TETA

We may assume (L) is well defined on F”. Let e € A is a projection such that
115 0 ®1(q") — el| < b2/4.

Since ¢’ € Py, le] = [¢] in Ko(A). Therefore, we can assume e = ¢ = L), o 1(¢’) by adjoining
some unitary in A. Note that F] is free and (¢, 1)1 is one-to-one. We get that

a0 (dn) 0 Ky 0 (81)¥(9) = i(g)

for all g € F], where } : U(B.,)/CU(B.,) — Ky(B’,) and k; : U(7B¢)/CU(¢B{) — Ki(7B¢q)
are the quotient maps. Note that we have K;(¢'Bq¢) = K;(B). By Lemma 5.11, there ex-
ists a homomorphism (3 : U(B],)/CU(B],) — U(q'Aq')/CU(q'Aq") with 5(Uy(B.,)/CU(BL,)) C
Uo(¢’Aq")/CU(¢' Aq’) such that
Bo(®})(w) =
for all w € F]. Let 8, = §(¢/16). By the assumption on B, there is M > m such that ¢, =
qbfg?M B gbf?ll?M . B,, — Bjs such that qﬁfﬁ?M is homotopically trivial and 7(¢py, o ¢$?M(1B;n)) <
A, /4(Ny+1)% for all 7 € T(B). To simplify the notation, we assume that ef, = L’20¢MO¢>£2?M(1B;”)
and €] = Lo ¢y 0 QSS?M(I B, ) are mutually orthogonal projections. It follows from Lemma 5.12
that there is a homomorphism V' : B], — ejAe such that
(1) @ is homotopically trivial, ®,, = [L}] o (¢ © ¢£2,)M)*0|K0(B§n) and

(2) (B(®} (@) ") B (Lyoparo gy ) (B} (@) = Gu where g, € Up(q'Ag’) and cel(g,,) < /4
(in U(¢'Aq¢')) for all w € V.
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As in the construction of the map from A to B, we have a homomorphism & : B,, — ¢'A¢
such t}}at @' is homotopically trivial, ®,; = [L}] o (¢ar © dmar)so and | = @', Define
Ly=(®" @& Lyogyo gb;l%w) o J. One can verify that
[L2]|732U7’02 = [LIQHP2U7’02 = ail‘PzUPoz and
|70 Ly(a) — 7o Ly(a)| < o9/4
for all @ € A, with norm 1 and 7 € T'(A). In particular

sup {|7 0 Lyo®i(a) — 7(a)|} < 01/2
TET(A)

for all @ € Hy. Since 3o ®}(w) = w for all w € V;, we have
cel(id 4 (hg(w*)) La(®1(hg(w)))) < 87 + cel(gy) + /4 < 8w +¢/2
in U(¢’Aq’) for all w € V;. We also have
cel(id 4 (hy(w*)) Lo (@1 (hy(w))) < 2cel((w) + /16 or < 87 + 2cel(w”)/k + 7/16
in U(¢'Aq¢’) for all w € V, (depends on [w] = 0 or has torsion k in K;(A)). Therefore, we have
cel(id(hl () L(®y (hy(w))) < L(u)
for all w € U(A) NPy in U(¢’A¢’). By Theorem 4.6, we have a unitary Z € U(A) such that
[|Z(Ly o ®(a))Z* —al| <e/16 forall z € F.

Therefore, by replacing Ly by ad o Ly, we obtain the approximate intertwining diagram. By
applying Elliott’s intertwining argument, we see that A is isomorphic to B, and the isomorphism
induces the given isomorphism between the invariants. ([l

6. A REMARK ON THE RANGE OF THE INVARIANT
Let {G,G*,u} be a scale-ordered group. Denote by S,(G) be the convex of states on G, i.e.,
Su(G)={p: G —=R: p(G*) CR" p(u) = 1}.

The convex S,(G) is compact with the pointwise convergence topology.

The range of the invariants of the class of TAS-algebras is strictly larger than the class of AH-
algebras. For instance, it follows from [9] that there exists simple inductive limit A of splitting
interval algebras such that S, (K (A)) is a square, and hence Ky(A) is not a Riesz group. However,
the class of TAS-algebra still does not exhaust all possible invariants.

Theorem 6.1. Let G be a scale-order group. If G = lim(Gy, ¢;), then S,(G) = Im(S,(G;), (1))

Lemma 6.2. Let S be a splitting interval algebra. Denote by A the convex set of the states on
the scaled-order Ky(S). For any n vertices {ei,...,e,} of A, one has

n— [g] — 1 < dim(conv{ey, ...,e,}).
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Proof. Since S is a nuclear C*-algebra, any state on K¢(.S) comes from a tracial state of S. Then,
each extreme state corresponds to the Dirac measure concentrated on a splitting point. For the
given extreme points {ey, ..., e, }, which corresponds to certain splitting points of S, the number
of the relations them is at most [}]. Note that for an n-simplex, each such relation on the vertices
reduces the dimension by 1. Thus, one has

dim(conv{e, ...,e,}) > n — [Z] -1,
as desired. OJ

Corollary 6.3. Let A be a simple TAS-algebra. Denote by A the convex S, (Ko(A)). Then, for
any finite extreme points {eq,...,e,} T A, one has

n— [%] — 1 < dim(conv{ey, ...,e,}).
In particular, if the number of the vertices of A is finite, denoted by m, one then has
m — [%] —1 < dim(A).

Proof. By Theorem 6.1, one has the decomposition
A= @(Su(Ko(Si), ©i)

for some splitting interval algebra S;. For sufficiently large ¢, there is a map ¢; : A — S, (Ko(5;))
such that {¢;(e1), ..., pi(en)} are distinct vertices of S, (Kg(S;)). By Lemma 6.2, one has

n— [%} — 1 < dim(g;(conv{ey, ...,e,})) < dim(conv{ey, ..., e, }),

as desired. ]
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